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If we knew K Population Means (Yy), for k =1,2,.... K

we could determine the TRUE Ranking with CERTAINTY
Vi<Yo< <Y< < Yk

But (assume) we don't know the K Population Means.

Then, with a sample from each population, we could compute

K Sample Estimates (yx), for k =1,2,.... K

and determine an ESTIMATED Ranking, with UNCERTAINTY,
N<yp<--<pu<-- <k

OBJECTIVE:

Measure and show UNCERTAINTY in ESTIMATED Ranking.
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TWO METHODS for ESTIMATED Ranking:

(1) INDI: uses family of K confidence intervals for

individual parameters Y,
K
(2) DIFF: uses family of <2> confidence intervals for

difference of parameters Y — Yir
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BASIC DATA: “mean travel time to work in 2011" (K = 9 States)

ESTIMATED ESTIMATE (y«x) STANDARD
RANK STATE (k) (minutes) ERROR
9 Maryland (MD) 32.2 0.1
8 New York (NY) 315 0.1
7 New Jersey (NJ) 30.5 0.1
6 District of Columbia (DC) 30.1 0.3
5 lllinois (IL) 28.2 0.1
4 Massachusetts (MA) 28.0 0.1
3 Virginia (VA) 277 0.1
2 Georgia (GA) 27.1 0.2
2 California (CA) 27.1 0.1

Source: 1-Year Data, American Community Survey (2011), U.S. Census Bureau
Basic Assumption:

_)_/k ~ N( Yk, SEk) with Yi unknown & standard error SEx known by

estimation.
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Define (UNKNOWN TRUE RANK) of k% population as

=1+ (Number of Populations k' where Y, < \_/k.)

Define (KNOWN ESTIMATED RANK) of k' population as

# =1 + (Number of Populations k' where y < y.)

Higher estimates get Higher estimated ranks.

Lower estimates get Lower estimated ranks.
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Method 1, (INDI, 2020): For K = 9 states, construct a
100(1 — )% joint confidence region for TRUE Ranking using family

of K = 9 joint confidence intervals for Y) with overall coverage 100(1 — )%

()'/k — z3SEy, i —I—z;SEk>, for k=1,2,...,9,

1/9 and

where 7y = 1—(1—04)

SE, is STANDARD ERROR of ESTIMATOR .
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Method 1, (INDI, 2020): For K = 9 states, construct a
100(1 — )% joint confidence region for TRUE Ranking using family

of K = 9 joint confidence intervals for Y) with overall coverage 100(1 — )%
()'/k — z35E, yk+ z;SEk>, for k=1,2,...,9,

where 7y = 1-— (1 — Oé)l/g and
SEi is STANDARD ERROR of ESTIMATOR .

As done with multiple comparisons, call the adjustment from « to  an
Independence (or Siddk, 1967) correction.
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For « =0.10 and K =9,

y=1-(1—a)/?=0.0116 and zy = 2.523.

Thus, Independence (INDI) corrected joint confidence interval

for YMaryland is

(32.2 ~(2.523)(0.1),32.2 + (2.523)(0.1)) - (31.9,32.5),

and for YnewYork IS

(31.5 — (2.523)(0.1),31.5 + (2.523)(0.1))
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For « =0.10 and K =9,

y=1-(1—a)/?=0.0116 and zy = 2.523.

Thus, Independence (INDI) corrected joint confidence interval

for YMaryland is

(32.2 ~(2.523)(0.1),32.2 + (2.523)(0.1)) - (31.9,32.5),

and for YnewYork IS

(31.5 ~ (2.523)(0.1),31.5 + (2.523)(0.1)) - (31.2,31.8).
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For each k where k =1,2,..., K, let
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P State (k) Vi ERROR for Yy 's

9 Maryland (MD) 3222 01 (31.9,325)
8 New York (NY) 315 0.1 (31.2,31.8)
7 New Jersey (NJ) 30.5 0.1 (30.2,30.8)
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.. is a collection of possible TRUE Rankings.
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5 VA MA IL
4 VA MA IL
3 GA VA MA IL
2 CA GA VA
1 CA GA
A GA VA MA T BC NJ NY MD

Tommy Wright, U.S. Census Bureau

STATES ORDERED BY ESTIMATES

nnnnnnnnnnnn



INDI 90% JOINT CONFIDENCE REGION FOR TRUE RANKING...

.. is a collection of possible TRUE Rankings.

RANK
9 MD
8 NY
7 DC NJ
6 DC NJ
5 VA MA IL
4 VA MA IL
3 GA VA MA IL
2 CA GA VA
1 CA GA
A GA VA MA T BC NJ NY MD

STATES ORDERED BY ESTIMATES

The 90% joint confidence region:

Tommy Wright, U.S. Census Bureau

nnnnnnnnnnnn



INDI 90% JOINT CONFIDENCE REGION FOR TRUE RANKING...

.. is a collection of possible TRUE Rankings.

RANK
9 MD
8 NY
7 DC NJ
6 DC NJ
5 VA MA IL
4 VA MA IL
3 GA VA MA IL
2 CA GA VA
1 CA GA
A GA VA MA T BC NJ NY MD

STATES ORDERED BY ESTIMATES

The 90% joint confidence region:

- measures uncertainty in ESTIMATED Ranking.

Tommy Wright, U.S. Census Bureau

nnnnnnnnnnnn



INDI 90% JOINT CONFIDENCE REGION FOR TRUE RANKING...

.. is a collection of possible TRUE Rankings.

RANK
9 MD
8 NY
7 DC NJ
6 DC NJ
5 VA MA IL
4 VA MA IL
3 GA VA MA IL
2 CA GA VA
1 CA GA
A GA VA MA T BC NJ NY MD

STATES ORDERED BY ESTIMATES

The 90% joint confidence region:

- measures uncertainty in ESTIMATED Ranking.
- contains ESTIMATED Ranking (bold),

Tommy Wright, U.S. Census Bureau

xxxxxxxxxxxx



INDI 90% JOINT CONFIDENCE REGION FOR TRUE RANKING...

.. is a collection of possible TRUE Rankings.

RANK
9 MD
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7 DC NJ
6 DC NJ
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2 CA GA VA
1 CA GA
A GA VA MA T BC NJ NY MD
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The 90% joint confidence region:
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Another possible TRUE Ranking is shown in last column.

A Second
Possible
TRUE

Ranking

MD MD

NY NY

DC NJ DC

DC NJ NJ

MA IL IL
VA MA IL MA

GA VA MA IL VA
CA GA VA CA

RANK

H N WO N OO
<
>

CA GA VA MA IL DC NJ NY MD
STATES ORDERED BY ESTIMATES
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RANK
9 MD
8 NY
7 DC NJ
6 DC NJ
5 VA MA IL
4 VA MA IL
3 GA VA MA IL
2 CA GA VA
1 CA GA
A GA VA MA i DC NJ NY MD

STATES ORDERED BY ESTIMATES

90% joint confidence region reveals four things:

- uncertainty in ESTIMATED Ranking;

- other possible TRUE Rankings beyond ESTIMATED Ranking;

- MA’'s TRUE Rank could range from 3 to 5;
- rank 4 could be given to VA, MA, or IL.
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using family of (2) = 36 joint confidence intervals
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)

SEwr = \/[SE(¥k)]? + [SE(7x)]? is STANDARD ERROR of ¥ — .

where Yx = , and

Tommy Wright, U.S. Census Bureau Ranking

nnnnnnnnnnnn



Method 2, (DIFF): For K = 9 states, construct a
100(1 — )% joint confidence region for TRUE Ranking

using family of (2) = 36 joint confidence intervals for Y, — Y,

with overall coverage 100(1 — «)%

(()7/( — Vi) =z SEe, (Vk — ) + Z"YZ*SEkk’)v

for yir < ¥k, and k =1,2,...,9, and k' # k,

[0}

where Yx = 7K\ and
2

SEwr = \/[SE(¥k)]? + [SE(7x)]? is STANDARD ERROR of ¥ — .

Call adjustment from « to y* a Bonferroni Correction.
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For « = 0.10 and K =9,

a 0.10
k= ( K) ~ 0@~ 0.002777
2
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For « = 0.10 and K =9,

o 0.10
= = = 0.002 « = 2.991316.
vk (K) [0(8)]/2 0.002777 and Za: 991316
2
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For « = 0.10 and K =9,

o 0.10
= = = 0.002 « = 2.991316.
vk (K) [0(8)]/2 0.002777 and Za: 991316
2

Thus, Bonferroni corrected joint confidence interval

for Ynewdersey — YDistrictofColumbia 1S

((30.5730.1)7(2.991316) [0.1]2 + [0.3]2, (30.5—30.1)+(2.991316) [o.1]2+[o.3]2)
— (-0.55, 1.35);

and for Yvirginia — Ycalifornia: We have

((27.7—27.1)—(2.991316) [0.1]2 + [0.1]2, (27.2—27.1)+(2.991316)\/m>

= (0.18, 1.02).
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Ak = {k" interval for Y — Y) lies left of the number 0 }
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For each k where k =1,2,..., K, let

Ak = {k" interval for Y — Y) lies left of the number 0 }
Aok = {k" interval for Yy — Y overlaps the number 0 }

Ark = {k" interval for Y — Y lies right of the number 0 }
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Table 2a: Computing Details for <

9

) DIFF 90% Joint Confidence Intervals Yj — Y}

2
k CA GA VA VA L DC NJ NY
VD | (4.68,5.52)  (4.43,5.77)  (4.08,4.92) (3.78,4.62) (3.58,4.42) (1.15,3.05) (1.28,2.12) (0.28,1.12)
NY | (3.98,4.82)  (3.73,5.07)  (3.38,4.22)  (3.08,3.92) (2.88,3.72)  (0.45,2.35) (0.58,1.42)
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VD | (4.68,5.52)  (4.43,5.77)  (4.08,4.92) (3.78,4.62) (3.58,4.42) (1.15,3.05) (1.28,2.12) (0.28,1.12)
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NJ | (2.98,3.82)  (2.73,4.07)  (2.38,3.22)  (2.08,2.92) (1.88,2.72) (—.55,1.35)
DC | (2.05,3.95)  (1.92,4.08)  (1.45,3.35)  (1.15,3.05) (0.95,2.85)

IL | (0.68,1.52)  (0.43,1.77)  (0.08,0.92) (—.22,0.62)
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MA | (0.48,1.32)  (0.23,1.57) (—.12,0.72)
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k/

Table 2b: State k Additional Detailed DIFF Computations for
rc € {|Arkl + 1, |Agk| + 2, |Ar| + 3, ..., |[Agk| + |Aok] + 1}
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2
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MA | (0.48,1.32)  (0.23,1.57) (—.12,0.72)
VA | (0.18,1.02) (—.07,1.27)
GA | (—.67,0.67)
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DIFF 90% Joint Confidence
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MA | (0.48,1.32)  (0.23,1.57) (—.12,0.72)
VA | (0.18,1.02) (—.07,1.27)
GA | (—.67,0.67)
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rc € {|Arkl + 1, |Agk| + 2, |Ar| + 3, ..., |[Agk| + |Aok] + 1}
DIFF 90% Joint Confidence
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MA | (0.48,1.32)  (0.23,1.57) (—.12,0.72)
VA | (0.18,1.02) (—.07,1.27)
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MD | (4.68,5.52)  (4.43,5.77)  (4.08,4.92)  (3.78,4.62) (3.58,4.42)  (1.15,3.05) (1.28,2.12) (0.28,1.12)
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DC | (2.05,3.95)  (1.92,4.08)  (1.45,3.35)  (1.15,3.05) (0.95,2.85)
IL | (0.68,1.52)  (0.43,1.77)  (0.08,0.92) (—.22,0.62)
MA | (0.48,1.32)  (0.23,1.57) (—.12,0.72)
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Table 2b: State k Additional Detailed DIFF Computations for
rc € {|Arkl + 1, |Agk| + 2, |Ar| + 3, ..., |[Agk| + |Aok] + 1}
DIFF 90% Joint Confidence
k ARk Aok Region for True Ranking
MD  {CA, GA, VA, MA, IL, DC, NJ, NY} 197
NY  {CA, GA, VA, MA, IL, DC, NJ} {8}
NJ  {CA, GA, VA, MA, IL} {DC} {6,7}
cefisiis

Tommy Wright, U.S. Census Bureau

Ranking

18/23



Table 2a: Computing Details for <

9

) DIFF 90% Joint Confidence Intervals Yj — Y}

2
k CA GA VA MA IL DC NJ NY
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DC | (2.05,3.95)  (1.92,4.08)  (1.45,3.35)  (1.15,3.05) (0.95,2.85)
IL | (0.68,1.52)  (0.43,1.77)  (0.08,0.92) (—.22,0.62)
MA | (0.48,1.32)  (0.23,1.57) (—.12,0.72)
VA | (0.18,1.02) (—.07,1.27)
GA | (—.67,0.67)
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Table 2b: State k Additional Detailed DIFF Computations for
rc € {|Arkl + 1, |Agk| + 2, |Ar| + 3, ..., |[Agk| + |Aok] + 1}
DIFF 90% Joint Confidence
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NY  {CA, GA, VA, MA, IL, DC, NJ} 0 {8}
NJ  {CA, GA, VA, MA, IL} {DC} {6,7}
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DC | (2.05,3.95)  (1.92,4.08)  (1.45,3.35)  (1.15,3.05) (0.95,2.85)
IL | (0.68,1.52)  (0.43,1.77)  (0.08,0.92) (—.22,0.62)
MA | (0.48,1.32)  (0.23,1.57) (—.12,0.72)
VA | (0.18,1.02) (—.07,1.27)
GA | (—.67,0.67)
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Table 2a: Computing Details for <

9

) DIFF 90% Joint Confidence Intervals Yj — Y}

2
k CA GA VA MA IL DC NJ NY
MD | (4.68,5.52)  (4.43,5.77)  (4.08,4.92)  (3.78,4.62) (3.58,4.42)  (1.15,3.05) (1.28,2.12) (0.28,1.12)
NY | (3.98,4.82)  (3.73,5.07)  (3.38,4.22)  (3.08,3.92) (2.88,3.72)  (0.45,2.35) (0.58,1.42)
NJ | (2.98,3.82)  (2.73,4.07)  (2.38,3.22)  (2.08,2.92) (1.88,2.72) (—.55,1.35)
DC | (2.05,3.95)  (1.92,4.08)  (1.45,3.35)  (1.15,3.05) (0.95,2.85)
IL | (0.68,1.52)  (0.43,1.77)  (0.08,0.92) (—.22,0.62)
MA | (0.48,1.32)  (0.23,1.57) (—.12,0.72)
VA | (0.18,1.02) (—.07,1.27)
GA | (—.67,0.67)
k/
Table 2b: State k Additional Detailed DIFF Computations for
rc € {|Arkl + 1, |Agk| + 2, |Ar| + 3, ..., |[Agk| + |Aok] + 1}
DIFF 90% Joint Confidence
k ARk Aok Region for True Ranking
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MA  {CA, GA} {vA} {3,4}
VA {CA} {GA} {2,3}
GA @ {ca} {1,2}
CA 0 0 {1}
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DIFF 90% JOINT CONFIDENCE REGION FOR TRUE RANKING...

. is a collection of possible TRUE Rankings.

RANK
9 MD
8 NY
7 NJ
6 DC NJ
5 IL
4 MA IL
3 VA MA
2 CA GA VA
1 CA GA
CA GA VA MA i e NJ NY MD
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INDI 90% JOINT CONFIDENCE REGION FOR TRUE RANKING...

RANK
9 MD
8 NY
7 DC NJ
6 DC NJ
5 VA MA IL
4 VA MA IL
3 GA VA MA IL
2 CA GA VA
1 CA GA

CA GA VA MA i DC NJ NY MD

STATES ORDERED BY ESTIMATES
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INDI 90% JOINT CONFIDENCE REGION FOR TRUE RANKING...

RANK

9 MD
8 NY
7 DC NJ
6 DC NJ
5 VA MA IL
4 VA MA IL
3 GA VA MA IL
2 CA GA VA
1 CA GA

CA GA VA MA i DC NJ NY MD

STATES ORDERED BY ESTIMATES
DIFF 90% JOINT CONFIDENCE REGION FOR TRUE RANKING...
RANK

9 MD
8 NY
7 NJ
6 DC NJ
5 IL
4 MA IL
3 VA MA
2 CA GA VA
1 CA GA

CA GA VA MA i DC NJ NY MD Caiisiis

Tommy Wright, U.S. Census Bureau

STATES ORDERED BY ESTIMATES

Ranking

20/23



INDI: e € {|Aukl + 1, Akl + 2, Akl + 3, ooy [ALk] + [Aok| + 1}
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INDI: e € {|Aukl + 1, Akl + 2, Akl + 3, ooy [ALk] + [Aok| + 1}

DIFF: r, € {|Arc| + 1, |Ark| + 2, |Ark| + 3, ..., |Ari| + |Aok| + 1}
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INDI DIFF INDI 90% Joint DIFF 90% Joint
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INDI DIFF INDI 90% Joint DIFF 90% Joint
Confidence Region  Confidence Region
(LS Nok Aok for Ranking for Ranking
9 MD 0 0 {9} {9}
8 NY 0 0 {8} {8}
7 NJ {DC} {DC} {6,7} {6,7}
6 DC {NJ} 0 {6,7} {6}
5 IL {MA, VA} {MA} {3,4,5} {4,5}
4  MA {IL, VA} {VA} {3,4,5} {3,4}
3 VA {IL, MA, GA} {GA} {2,3,4,5} {2,3}
2 GA {VA, CA} {CA} {1,2,3} {1,2}
2 CA {GA} 0 {1,2} {1,2}*
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INDI: e € {|Aukl + 1, Akl + 2, Akl + 3, ooy [ALk] + [Aok| + 1}
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INDI DIFF INDI 90% Joint DIFF 90% Joint
Confidence Region  Confidence Region
(LS Nok Aok for Ranking for Ranking
9 MD 0 0 {9} {9}
8 NY 0 0 {8} {8}
7 NJ {DC} {DC} {6,7} {6,7}
6 DC {NJ} 0 {6,7} {6}
5 IL {MA, VA} {MA} {3,4,5} {4,5}
4  MA {IL, VA} {VA} {3,4,5} {3,4}
3 VA {IL, MA, GA} {GA} {2,3,4,5} {2,3}
2 GA {VA, CA} {CA} {1,2,3} {1,2}
2 CA {GA} 0 {1,2} {1,2}*

Sets in DIFF column are subsets of sets in INDI column.

Census

Tommy Wright, U.S. Census Bureau Ranking 21/23



Theorem:

cefisiis

Tommy Wright, U.S. Census Bureau Ranking 22/23



Theorem:

If 222 V/[SE(Vi)I? + [SE(Yio )2
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Theorem:

If 212 /[SE(Vi)I2 + [SE(Yi)2 < 23 [SE(Vi) + SE(Vir)],
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Theorem:

If 252 VISE(YOR + [SE(Yi)? < z3 [SE(Yx) + SE(Yi)], then
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Theorem:

If 252 VISE(YOR + [SE(Yi)? < z3 [SE(Yx) + SE(Yi)], then
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Theorem:

If 252 VISE(YOR + [SE(Yi)? < z3 [SE(Yx) + SE(Yi)], then

Aok € Nox.
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