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-In survey sampling, effective use of sampling weights enable us to
remove the selection bias Iin the sample.

-We propose a semiparametric efficient estimator by using the
Empirical Likelilhood (EL) method that does not require assumptions
on a specific distribution.

- The proposed EL method is easily extendable to cases where external
Information is available.
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(X, Y5, 2 Wi 0, R) iy N F, Setting

X W Z Y R o

II 01
O

0

. Y : response variable
. X : covariate of interest

. 7 : other covariates

. W:inverse of inclusion probability, i.e., W:=P@6=1|X,Y,Z, W)~

. 5 : sampling indicator

N
. n:= ) & size of the sampled dataset /

=1

. R : response indicator of Y mlssmg

Informative sampling: W tY| (X, Z2)
Sample missing at random (Pfefferman, 1993, ISR): YL R | (6 = 1,X,Z, W)
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Example of Informative Samplinc

Informative sampling: WktY| (X, 2Z)

Data accessible to Data accessible to data analysts
survey weight designers
X,Z
(X,Z) - - S ( )
M Y ----------------- P> W
Y |14

— WLY| (X, Z)



Estimator from previous studies

. Target: Z-estimator 6 : the unigue solution to

E{UX,Y;0)} =0

e.g. Mean of the response variable 6 =EY) = UX,Y;0)=0-Y

-Doubly Robust (DR) estimator (Kim and Haziza, 2014): the solution to

R,
Z [—U(X Y; 9)+<1——>E{U(X Y;0) | X Zl-,Wl-}] —

7

-DR estimator has double robustness and asymptotic normality but
does NOT have semiparametric efficiency.
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Our aim and contribution

-Deriving the semiparametric efficient score function.
-Proposing a double robust semiparametric efficient estimator.

-Constructing a multiple robust EL estimator.



Eificient estimator




What iIs semiparametric efficiency?

- The semiparametric efficient estimator gives the smallest asymptotic
variance In the class of Regular and Asymptotic Linear (RAL) estimators.

.0 is the semiparametric efficient estimator (Bickel et al., 1993; Tsiatis, 20006)

. ]
& \/N@O.4— 0, = N D 0uir(X. Y, Z, W, 5, R) + 0,(1) and
N =1
V&I‘(Qﬂeﬂ?) S Var(qo)

\ A I <
<v¢ = {go € Z; 0 1s RAL estimartor, \/N(0 — 0,)) = T Z o(X;, Y, Z;, Wi, 0, R;) + 0,(1) })
N iy

. @ 1S called the “efficient influence function”.
Do B = E{Sgéﬁ}‘ls‘@, e So g 1S Called the “efficient score function”.

. @ @Nd Sy g have the one-to-one correspondence.
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Efficient score

Theorem 1.
The efficient score function In this setting Is

R
Sy g = W [—U(X, Y: 0) + (1
/A

R
) gé’(Xa Za W)

JU

~ g S@, Aug
SH, DR

where 7 :=n(x,z,w) =P(R=1|6=1,x,z,w), §X,Z W) =E{UX,Y;0) | X,Z, W},

+ (1 — oW)(C(X; 0)

E|{(W-DUX,Y;0) | X|

(X0 = EW—1|X)

. Sy pr - double robust estimator (e.g. Kim and Haziza, 2014)

. Sy, aug » AUgMenNtation term
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Adaptive estimator

.In practice, the functions z(x, z, w), g4(x,z, w), C(X; ) are generally unknown

— some working models are required
. The method of moments estimator é,,, is the solution to

Al RUX,Y;0) R, ) A
D |awig = +(1-- 2,X.Z, W) % + (1 =8sW)C(X:0)| = 0.
(X Ziy W) (X, Zi, W)

=1

Theorem 2.
Under some regularity conditions,

. (Efficiency) if all the working models are correct, the estimator 6,,,, achieves
the efficiency bound;
. (Double robustness) It either z(X,Z, W) or g4,X,Z, W) Is correct, the estimator

6, has consistency and asymptotic normality.
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Multiple robust EL estimator




Empirical Likelihood (EL) estimator

Advantages of the EL method for constructing estimators :

- Easy derivation of multiple robust estimators

- Possible integration of previous studies and external information

For multiple robust estimators, consider the following candidate models
P = {7l j=1,...,J}: multiple models for =

¢ = {glMl; k=1,...,K}: multiple models for g,

€ ={CY: | =1,...,L}: multiple models for C(X;0)
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Proposed EL estimator

The proposed EL estimator 05 : the solution to

Z P pPSRWUX, Y, 0) = 0

91 = arg max arg max

=1 /
First step . N Second step
Zlog 2 (0) 5

(1)
l

|
nl
n

1 1
N (2)
L0 0, = argmax arg max Z log p-~/,
s 1% :__
subject to Z pD = | 10 =
: (2) —
. : subject to Z P,
=1

Z pi(l){ﬁ[j](xi’ Zi, W) — 77;[{]} 0 (G=1,... N
= ¥ 21 =Wy X) =0 (= 1....,L)
ny . I

> pl.(l){W oU(X, Z,, W) — 'W["]} =0 (k=1,..K),

where

1 n
—[J] =—27’i'[]](X Z., W), —w[k] - ZW [k](X Z, W).

=1 =1 16



Theoretical result of EL estimator

P = {z; j=1,...,J}: multiple models for =

¢ = {glkl; k=1,...,K}: multiple models for g,
€ ={CY; [ =1,...,L}: multiple models for C(X;0)
Theorem 3.

Under some regularity conditions,
(Multiple robustness) When J+ K models have at least one correct

model in 2 and €, the proposed estimators 6, have consistency.

(Semiparametric Efficiency) Moreover, 0, are efficient if each &, €, €

contain at least one correct model.
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EL method with external information

- Individual data from an internal study

Avallable data are . .
- Summary statistics from relevant external studies.

X W Z Y R o

1
,1 .
0
0
0

External data

’3 . summary statistics of X How can we use

the information of 4 7

1
1
1
‘ e.g. X
1

0

A is an estimator of some functional g that is the unique solution to E{w(X: )} =0
.2 ,: The asymptotic variance of

.A consistent estimator %, is also availalole18



Proposed EL estimator

The proposed EL estimator O o - The solution to

Z P PSRWUX, Y 6) = 0

First step /" is the same.

Second step (Zhang et al.. 2020)

VaN

6, = arg max arg max Z log p(z) ——(ﬁ ﬁ)TZ 1(,5 p),
0.p

(2)
l

N
subject to 2 p@ =1, Z p A1 =sWyCNX) =0 (I=1...,L), Z pPy(X;; p) =0

=1
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Numerical experiment



HT and KH estimators

We compared Horvitz-Thompson (HT) and Kim and Haziza (KH)
estimators with our proposed multiply-robust empirical likelihood
estimators.

N N A
S.R-W. . . _ O RW.Y. I,

i=1 i Zﬁl oW,/ 7, |
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Working models for z and ¢

We prepared three models for each =, m :
(Correct) #V(x, z, w; V) = expit(¢(§1) + ¢1(1)x + qbz(l)z + ¢3(1)w),
7P (x, 7, w; p\P) = expit(gbéz) + qbl(z)x + qbz(z)z + qb?fz)xz),

7O(x, 2, w; ) = expit{s;(x; ) + 5523 ¢},

(Correct) gWM(x, z, w; EWV) = é(gl) + él(l)x + 52(1)2 + 53(1) log(w — 1),
gP(x,z,wi E®) = £ 4 EPx + £z + £z,

g9, 7, w; ED) = 5,(x; ) + 5,(z; ),

.5, §; - smoothing splines with three degrees of freedom.
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Estimates of E(Y)

0.2

0.0

-0.2

-0.4

|

Setting1
e - — =
o : - XN E o 8
E = 5 8
| H H e
5 = |
LR B i
o o o 8

We prepared tour models for
our multiply-robust estimators:

Effop10 : combination of z'V, 7%, g, ¢,
Eff 000 : COmMbination of z'V, 7%, g, ¢©),
Effyop10 : combination of #'%), 79, g, ¢,
Effyoi00 : COmMbination of z'%, 7Y, g, ¢©.
HT, , KH;; , Eff;;;; :

i,j,k,l =1 — correct working model

-KH: double robustness but less efficient

23



Conclusion



Contribution otz

-We derived the semiparametric efficient score function and I ; 1
proposed a double robust estimator.

-By using the two-step EL method, we proposed the EL 0
estimator with multiple robustness. Setting 3

X W Z Y R o
: I O 1

we also proposed an EL estimator when an external
summary statistic is available. See Morikawa, Beppu, and o

Aida (2023, arXiv: 231 1.06719) for detalils. 0

_|_
External summary
25 statistics e.g. X

-We provided a similar argument in Setting 2. As Setting 3,
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(X, Y5, 2 Wi 0, R) iy N F, Setting

X W Z Y R o

II 01
O

0

. Y : response variable
. X : covariate of interest

. 7 : other covariates

. W:inverse of inclusion probability, i.e., W:=P@6=1|X,Y,Z, W)~

. 5 : sampling indicator

N
. n:= ) & size of the sampled dataset
=1

- Z - - X - R
. R : response indicator of Y
0
Informative sampling: W tY| (X, Z2) | |
Y - W > 0

Sample missing at random (Pfefferman, 1993, ISR): YL R | (6 = 1,X,Z, W)
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Adaptive estimator tfor E(Y)

.For example, we consider the estimation of E(Y) (i.e. UX,Y,;60) =Y -0 )
the method of moments. The estimator iIs

A R;Y; K; \ A
6 —_ 2 51‘)‘71 ~ + 1 A g(Xi9 Zia W) + (1 T 51‘)‘/1)K(Xl) ’
N . ﬂ(Xia Zi9 ‘M) ]T(Xi’ Zi’ ‘M)

where &(x) Is an estimated parametric working model for

E{(W-1)Y|x}
EW-—-11x)

K(X) =

30



Empirical Likelihood (EL)

-EL 1S @ non-semi parametric method commonly applied In survey sampling
(Owen, 1988, Biometrika; Qin, 1994, AoS)
.Empirical weights p. are estimated subject to constraints:

uneven step widths.

N
arg max arg max H D Fy(x) = Zpi(9)1 (y; <)
0 P1s-- nl 1 =1
e Zpl B ZplU(yl N g

=1
We propose the multiple robust semiparametric estimator by using EL
= {zV; j=1,...,J}: multiple models for =,

I I I S

0.0 04 038

Model Candidates : = {g!¥: k=1,...,K}: multiple models for g

— {CH[”; [ =1,...,L}: multiple models for C(X;6)
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1 1 1
X~N(0,=),Z~N[0.=),Y|x,z~N[x—2—).
' 0 0 2

2
logcW—-1) | x,y,z~N (2.95 — 0.25x = 0.45y — 0.1z,4/0.05 )

—_

: }m 400
0
: ~ 9400
0

e

5| w ~ Binom(w™!)

exp(—0.3 + 0.75x — 0.5z + 0.05w)
1 +exp(—0.3 +0.75x — 0.5z + 0.05w)

PR=1|6=1,x.2.w) =

N = 10000, 1teration = 2000.
Target: 0 = E(Y)
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X, Y, Z, W, 5)ey _y~ F,iid. Setting 1 Setting 2
X W Z Y o X W Z Y o

III1 IIII1
1 1
0

. Y: response variable

. Xx: covariate of interest

. z: other covariates

. w: Inverse of Inclusion probability

.., W:=PG=1|X,Y,Z W)

. 5: sampling Indicator

. n:= Y ¢ . size of the sampled dataset

N
—1

l

Bl : available

Informative sampling: w17 x, z)
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Efficient estimator in survey sampling

Setting 1 Setting 2
X W Z Y 6 X W Z Y 6

III1 IIII1
1 1
0 0

- Morikawa et al.(2022, arXiv) proposed the
estimator that is solution to

Z {5;W,U(X, (1-8W)C©®:;X)} =0, :
. E{W-1U®) | X} . .
where C(6;X) = W11 In Setting 1 and

EXW—DUW@)} in Setting 2.

C0;X) =C(0) = W= 1)

- This estimator Is a semiparametric efficient estimator,
..e., It attains the smallest asymptotic variance in the class of
RAL estimators

34



Empirical Likelihood method

We will explain the Empirical Likelihood (EL) method in a simple case.

y =0 ... yy). ODSErved variable

mg . = N
p = (p.px--py). €VENT probabillity of y, 1.e. Y p =1, 0<p <1
i=1

[1» : likelihood function

9, . unigue solution to E{uwr;0)} =0

Consider following maximization problem:

N
arg max arg max I I P;
0 DPis-- Dy, 1

. N N
subject to Y pueie) =0, Y p=1.
i=1 =1

35



Impression of EL

Empirical distribution

Constraints are lep,.=1 only, i.e. based on EL weights
i=1 —
subject to = 1. -«
arg prlnain H D; 1 ZPZ 3 -
. SHE
-~ same welights p, = n-!
Equal width of steps N y

Fx) = Y pd(y; <x)=N7' Y Iy < )
i=1 ]

uneven step widths.

arg max arg max H D;

0 Pis-- nll

. N
subject to ZpiU(yi;9)=O, Y pi=1.
i=1 =

S I N S |

0.0 04 038

-~ welghts p0 depends on ¢ )
F@) = ) pOI(y; < x)

36




How to calculate EL estimator

- By using the method of Lagrange multiplier, we maximize

N N N
H= ) logp;— N pU(;0) - V(Zpi - 1)
=1

=1 =1

with respect to p.4.y.

- Simple calculation yields

oH 1

— = NAU(y; 0) —y

op; D; 1 1

N o = AT NI U050
Zpl—=N—y=O & y=N

37



How to calculate EL estimator

. The likelihood function iIs

N N
I = Zlngl X — Z lOg{l +/1U(y,-; 0)},
i=1 i=1

where 4,7 satisfies the following equation:

_2 /IVHU(yl,H) _ 0
AU(y;; 0)

_ﬁ: V00 _
1 + /IU(yl, 6)

- Under mild conditions, the maximum empirical likelihood
estimator (MELE) 4 has consistency and asymptotic normality.

- See Qin and Lawless(1994) and Owen(1988) for more details.



Setup of Setting 1

X, Y, Z, W, 6, R)i—y. v ~ F, 11 Settlng ]

. v: response variable X W Z Y ¢

. . 1
- X: covariate of interest :
. z: Other covariates 1
. w: Inverse of inclusion probabillity, 0

0

.., W:=P6=1]|X.Y.Z W)

- 5: sampling indicator

Semiparametric efficient estimator 4 is the solution to
N

D {WUX,, Y;:0) + (1 — 5W)C(6:X) } =0,
=1

E{(W-1HU@O) | X
where C(0;X) = 1 Uy 1 4]

EOW—1[X) (Morikawa et al., 2022)
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Proposed EL estimator

- We propose the following EL estimator:

N
O = arg max arg max Z log p;,
0 DPis-- PN i

subject to

N N N
Y pi=1, Y pSWUKX, Y;0) =0, Y p(l—5W)CO:;X) =0,
=1 =1 i=1

Theorem 1.

Under some regularity conditions,

- The proposed EL estimator has consistency and asymptotic
normality.

. The asymptotic variance of 4, attains the semiparametric

efficient bound.

40



Setup of Setting 2

(X, Y Z Wi . R)iy y ~ F.iLd Setting 2
. Y: response variable X W 2 Y o
. x: covariate of interest I I II 1
. z: Other covariates 1
.- w: Inverse of inclusion probability, 0
.., W:=P6=1]|X.Y.Z W)
- 5: sampling indicator 0

Semiparametric efficient estimator 4 is solution to
N

N {EWUX,, Y30) + (1 - W)C©O)} = 0,
=1

E{(W-1U(®
where  C(0) = ! SO

EOW— 1) (Morikawa et al. 2022)
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Likelihood function

. Likelihood function:

N . 1-9o;
H {P(5 — 1 | Xia Yia Zia VVl)f(Xla Yia Zi? VVi)}éi { {1 T P(5 — 1 | X, ya <y W)}f(-xa ya <s W)dXd)’dZdW}

=1
N n 1=o
H {Vvi_lpi}éi { 1= Z Wi_lpi}
i=1 =1

Use w=prs=1|xv,zw)"' and replace rx,v.z,w) with p,

N )

14

[Ty {1 - Wﬂpz} o« [Tt 111

i=1 i=1 i=1 Setting 2

X W Z Y &
1

)]
0

where V = 2 W p..
=1

N n
dog[[{p)" (1= vy == 6logp+ (V= mlog(1 - V),
=1 i=1
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Proposed EL estimator

- We propose the following EL estimator:

(éEL, V) = arg max arg max Z o;logp, + (N — n)log(1 — V),
6,V DPlo- Py 1

subject to

n

Zpi = 1, ipiU(Xb Y;0) =0, ipi(Wi_l -V)=0
i=1 i=1

=1

Theorem 2.

Under some regularity conditions,

- The proposed EL estimator has consistency and asymptotic
normality.

. The asymptotic variance of 4, attains the semiparametric
efficient bound.
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EL method with missing

value



§ Setting | Setting 2
X, Y, Z, W;,6,R)i—y _y~ F,1Ld.

12 7171

X W 7Z Y Rs X W Z Y R

. Y: response variable

. x: covariate of interest I
. 7. Oother covariates
. w: Inverse of inclusion probability

.&., W:=P6=1]|X.Y.Z W)

- 5: sampling indicator

. n:=Y ¢ Size of the sampled dataset Z+— X > R
=1
><
- R . response indicator of v y M s

Informative sampling: w1 ¥]x,2)

MAR miSSingneSS: PR=1|6=1,x,v,z,w)=PR=1|6=1,x,2,w) = n(x,z,w).
45



Efficient score in Setting 1.7
Theorem 3.

The efficient score function in Settings 1 and 2 are

- . _
Sy g = 6W | —U(X, Y; 0) + (1 - —> E{UKX,Y;0) | X,Z, W} | + (1 = 6W)C(X; 6)
B T | 5 .

SG, Aug
SH, DR

where - = (x,z,w),

E(W-1DUX,Y:0) | X| . : E|W-1DUX,Y;0)| .
( il ) 1X] IN Settlng 1 andcx:o) = co) = ( U ) IN
EW-1|X) EW-1)

Setting 2.

C(X;0) =

s, or . double robust estimator (e.g. Kim and Haziza, 2014)

So. aue » @UGMeNtation term
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EL estimator with missinc

- We derive the semiparametric efficient estimator via EL.

- One natural EL estimator based on efficient score Is

N
O = arg max arg max Z log p;,
0 DPls-- PN 1

EL without missing

N

subject to b, = srgmanarg mx ' 1og,

subject to

N N N
Y =1, Y pSWUX,Y:0)=0, Y p(l-5W)C@®:X) =0,
i=1 i=1 i=1

N N
Y pi=1, ) p(l - 5W)C(@O;X) =0,
=1 =1

Al RUX, Y 0) R, A
Zplélm A : 1 A m Xia Zl’9 W/l) — Oa
i1 (X, Zi, W) (X, Zi, W)

47



Challenging of multiple robustness

. The constraint includes two working models #,,

Al RUX,Y; 6) R, A
Zplélm : 1 m Xia Zi9 W/l) — Oa

T Xi9 Zi9 VVI) n Xi9 Zi? VV:)

Reason for difficulty

2, zw) j=1,..J . candidate models for »
m®ozw) k=1,... Kk . candidate models for m

A1 A1

. N R. R.
Need sx k constraints {ZplﬁiWi{ oy <1 S m[k1)} 0, j=1,..,J k= 1K}
i=1

We want to reduce the number of constraints to s+«

48



Proposed EL estimator

The EL estimator is constructed in 2 steps.

Setting |

X Z W 'Y 6 R

1 1 1
First step (same in Settings 1 and 2) I =
2 .‘ ¢
H) 5Dy — (1) = P
1) = arg max 3 o, g ||

i .=1 E e e E

| N 0

!
subjectto D p =1,
i=1

Setting 2
a , , X Z WY §R
Zpi(l) {]%[J](Xi’zi’ ‘J/l) _ﬁ-gl]]} — O (.] — 19°°°9J)! 1 |
i=1 P
J+K{ . I L1
> o0 Walx, z, Wy i} =0 (k=1,...,K), =
constraints 7 1 0
0
0

. 1 .. 1
where #/ = —#ix, z, w), ¥ =—wmlkx,Zz, w).
n n

49



Proposed EL estimator in Setting 1

Second step in Setting 1

N
Opp | = arg m@ax arg max Z log pl.(z),
P~
o=l

N
subjectto ) p?=1.
i=1

1" "1

N
D P pPERWUX, Y;;0) = 0,
=1

N
Y PP —sW)Clx) =0 (I=1...,L),
i=1

50



Proposed EL estimator in Setting 2

Second step in Setting 2

(@ELZ, ‘A/) = arg max arg max Z o;logp, + (N — n)log(1 — V),
oV pP..p L

. 2)
subjectto  2,p7 =1
=1

Setting 2
) X Z WY 5R
Y ppPSRUKX, Y;0) =0, 11
i=1 1 1
n 1 O
@wl-v)=0 s
Zp, (W, ) -

i=1 0

0

51



Theoretical result of EL estimator

2= {7 j=1,..75. multiple models for »
A = {m¥; k=1,..,k}. multiple models for m
% ={C); 1=1,.,L}. multiple models for ccx;o)

Theorem 5.

Under some regularity conditions,
. (Multiple robustness) When 7+ xk models have at least one

correct model in # and .#, the proposed estimators é,,.4,, have

consistency.
. (Efficiency) Moreover, 4, .6y, are efficient it each #, .#, € contain

at least one correct model.

52



. When w, =1, the first step of the EL weights ,® is the
same as Han (2014, JASA).

. Robustness against near-zero #,zw) Proposed EL

estimator does not use 1/2u.z w), Unlike the method of

moments estimator
- good finite-sample performance (Han, 2014, JASA).
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EL method with external

Information




Avallable

- Individual data from an internal study
- Summary statistics from relevant external studies.

X W Z Y o

IIII1
1
0+

External data

[ : summary statistics of x
e.g. x

How can we use the information of 5 7

55



Setting 2
X W Z Y o6

(X, 7, W, v,8)), . Individual observations in Setting 2 IIII

from the internal distribution p, e #,
. . summary statistics based on individual
observations from the external distribution p, e %,

. f is an estimator of some functional g(P,) that is

the unique solution to E, {w(X,Y; )} =0

56



Mathematical Assumption

-Hu et al. (2023, arXiv) assumed the following conditions:

Assumption

. The summary statistics 5 I1s a RAL estimator of swe).
. Asymptotic normality »'2( - g} - NO.Z)).
. A consistent estimator £, and the sample size of

external data » are available.
. Sample size ratios converge m/n - p € (0,).

y ,B(Po) — ,B(P1)

57



Proposed EL estimator

- Motivated by Zhang et al.(2020, Biometrika), we propose
the following EL estimator:

(@FEL, V) = arg max arg max Z 5;logp. + (N — n)log(1 = V) —m(f} — ,B)Til‘l(ﬁ — p)/2
60,V DPis-- Py, o

subject to

Y=l YU v;0=0, 3 pow - v)=0
i=1 i=1

=1

Y pw(X, Y ) =0
=1

58



Proposed EL estimator

Theorem 6.

Under some regularity conditions,
. The proposed EL estimator 4., has consistency and asymptotic

normality.
he asymptotic variance IS
E@3) +A{Z)/p—EGSHIAT,
where A = E(gnl)En®),
¢ . €fficient influence function only using internal data, and
e . efficient influence function for s based on internal individual data.
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The asymptotic variance of the proposed estimator Is

—A{Z/p + E@®)) AT,

Efficiency bound only
using Internal data

. When p - o0, I.e., the external sample size is larger than that of

the internal data; thus 8, is more efficient than the estimators

using only Internal data.

.p = 0 = Negligible impact of data consolidation.

. See Hu et al. (2023, arXiv) for more details.
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Numerical experiment



1 1 1
X~N(0,—),Z~N[O,—},Y |x,z~N|x—2—].
2 2 2

2
log(W—1) | x,y,z ~N (2.95 — 0.25x — 0.45y — 0.12,4/0.05 >

5| w ~ Binom(w™h)

exp(—0.3 + 0.75x — 0.5z + 0.05w)
1 +exp(—0.3+0.75x — 0.5z + 0.05w)

PR=1|6=1,x,z2,w) =

N = 10000, Iteration = 200o.
~ 400

Target: ¢ = E)

~ 200

~ 9400
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We compared Horvitz-Thompson (HT) and Kim and Haziza (KH)
estimators with our proposed multiply-robust empirical
likelihood estimators.

N N .
HT : Z — (Y= 0yp) =0 & Oy 1= Nl
=1 Zi=1 oR;W,/ 7;

. ] & R.Y. R\ .
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We prepared three models for each zm:

(Correct) 7'V(x, z, w; gb(l)) = expit(qﬁél) + gbl(l)x + ¢2(1)z + qb3(1)w),
7P (x, z, w; 9P = expit(@p\? + ¢ Px + PPz + PP xz),
7I(x, z, w; 9D = expit{g,(x; p) + g2(z; 9P)},

(Correct) mW(x, z, w; D) = f(gl) + cfl(l)x + 62(1)2 + 53(1) log(w — 1),
m®(x, z, w; E@) = 5(52) n 51(2))6 + 52(2)2 + 53(2))62,

m(3)(x, Z, W, 5(3)) = §1(X; €b(3)) + §2(Z; ¢(3)),

. .2 - Smoothing splines with three degrees of freedom.

. 2z® and m® are misspecified, but It Is expected that show better performance t
own more complex models.
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We prepared four models for our multiply-robust estimators:

Eff o0 - COMbBINation of 20,z m®, m®;
Eff,000 - COMDINAtion of 20,z m®, m®;
Effy o - COMDINation of 7,20, m®, m®;

Effy . COMbINation of 2@, 20, m®, m®.
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Estimates of E(Y)

0.2

0.0

-0.2

-0.4

Setting1

@ O ool—-----

HT, , KH,

ij Effijlkl "

i,jk,l=1 - correct working model

- KH: double robustness
but less efficient
. Eff,o0. SEMIParametric efficient

Proposed estimators perform well
even If all the working models are
misspecified

- better representation of the
generalized additive models.



Settings 2 & 3

0.8
O QOOO0D®
0O @®OO OO O
0 @@ O0mAD

O OO G000 O

0.6

04

0.2

0.0

-0.2

Sample mean of ex) , I.e.

M = =
M~y x; Is available from

=1
another external data
source. (M = 10?% or 104

Eff,, IN Setting 2,
EffY) 1N Setting 3.

ij|kl

Some iteration suffer
from weak identification
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