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Variational Multiple Imputation in High-Dimensional Regression Models
With Missing Responses
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Abstract

Multiple imputation has become one of the standard methods in drawing inferences in many in-
complete data applications. Applications of multiple imputation in relatively more complex settings
such as high-dimensional clustered data require specialized methods to overcome the computational
burden. Using mixed-effects models , we develop methods that can be applied to continuous, binary,
or categorical incomplete data. We overcome the computational burden by employing variational
Bayesian inference for sampling the posterior predictive distribution missing data. These methods
specifically target high-dimensional covariates and work with spike-and-slab priors, which force
the variables of importance to be in the imputation model. The individual regression computation is
then incorporated in an increasingly popular variable-by-variable imputation algorithm. Finally, we
use calibration-based algorithms to adopt these methods to multiply-impute categorical variables.
We present a simulation study to assess the performance of these methods in a repetitive sampling
framework.

Key Words: Clustered data, missing data, variational inference, multiple imputation,
sequential hierarchical regression imputation, calibration-based imputation, spike-and-slab
variable selection

1. Introduction

Missing data is typically seen as norma rather than exception in a wide range of areas rang-
ing from survey data analysis to signal processing, compressed sensing (Candes and Recht,
2009, Candes and Tao, 2010, Candes and Plan, 2010, Gross, 2011), collaborative filter-
ing, and recommendation systems (Koren et al., 2009). For example, in the Netflix Prize
competition, some movies which are not rated can be treated as missing. The participants
must predict grades on the entire qualifying set with the scores for half of the data. The
missing data problems also occur in the computer experiments and biomedical applications
because of equipment limitations (Bayarri et al., 2007). The analysis of numerous missing
data problems have been attracting an increasing attention.

To deal with missing data, statisticians have relied many imputation methods. How-
ever, a recurring problem of imputation is the impact on the statistical uncertainty. Mul-
tiple imputation (MI) aims to solve this aspect of imputation. A sensible strategy of MI
is to sample missing data from their underlying distribution, and by doing so, statisticians
hope to account for the uncertainty inherent to missing values in contrast to a single im-
putation (Rubin, 1987). The MI strategy is usually implemented within a fully Bayesian
model, which additionally incorporates the uncertainty in the unknown parameters. And
computational aspects are typically based on Markov Chain Monte Carlo techniques.

In this work, we are particularly interested in the problem of variable selection in linear
mixed-effect models in the presence of missing responses. Classically, variable selection in
general linear models was addressed by certain information-criterion-based model selection
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approaches, such as Akaike information criterion (AIC) (Akaike, 1974) and Bayesian in-
formation criterion (BIC) (Schwarz, 1978). These model selection approaches suffers from
computation inefficiency, which is exponential in the number of variables. The computa-
tion bottleneck of variable selection for linear models was successfully tackled by LASSO
(Tibshirani, 1996) and its variants (Zou, 2006, Zou and Hastie, 2005) through a collection
of seminal convex optimization approach.

These methods are frequentist by their nature and are not user-friendly from the per-
spective of missing data and MI. To address this issue, Li and Yucel (2020) proposed to ap-
ply the spike-and-slab prior for variable selection in the context of a fully Bayesian model,
such that simulation-based MI can be performed through sampling the posterior predictive
distribution of the missing responses. Theoretical properties of the spike-and-slab prior for
standard linear regression model with high dimensionality has been explored in Castillo
et al. (2015). However, as is commented in Castillo et al. (2015), high-dimensional vari-
able selection problems are out of scope of fully Bayesian models at the present time due to
the need to explore the entire space of all possible models is exponential in the number of
variables. This problem becomes particularly challenging when MCMC is implemented.

The main purpose of this work is to propose a computational efficient method that can
deal with high-dimensional variable selection problem in the linear mixed-effect model
and MI of missing responses. This is completed by an optimization-based approximate
inference method, referred to as the variational inference (Bishop, 2006). In contrast
to MCMC methods, which are simulation-based inference algorithms, and the resulting
Markov chains could be time-consuming to converge or exhibits poor mixing behavior,
variational inference is a collection of approximate Bayesian inference methods that are for-
mulated as a mathematical optimization problem. Specifically, we develop a computational-
efficient variational inference algorithm for approximate inference of high-dimensional lin-
ear mixed-effect model, which can be applied for MI of missing responses. In particular,
we combine the proposed variational inference method for variable selection with various
MI method, including the sequential hierarchical regression imputation (SHRIMP) (Yucel
et al., 2017) for continous data, and the calibration-based imputation (Yucel et al., 2008,
2011) for binary and ordinal data. The advantage of the proposed method is that it addresses
the computation bottleneck of variable selection problem in Bayesian models through ap-
proximate inference and also allows a collection of MI approaches that deal with missing
data.

The rest of this working paper is arranged as follows. In Section 2, we first briefly
review the high-dimensional linear mixed-effect model with missing responses, and then
elaborate on the Bayesian model with the spike-and-slab prior. In Section 3, we develop the
proposed variational inference algorithm with the spike-and-slab prior for variable selection
in the presence of missing responses. This section is the core of the entire work. Section 4
demonstrates how the variational inference algorithm serves as a building block that can be
embedded for different MI methods for missing responses, including the sequential hierar-
chical regression imputation method for continuous data and the calibration-based routine
for categorical data. The usefulness of the proposed methodology is empirically presented
in Section 5 through the analyses of simulated examples. We conclude the work with a
discussion in Section 6.

2. High-Dimensional Linear Mixed-effect Model with Missing Responses

Let us consider a linear mixed-effects model with random intercept only for continuous
response variable y;;, which has also been considered in Yucel et al. (2017):

yij =XgB+Zibi+ey, i=1,...,m, j=1,...,n, 1)

1679



JSM 2021 - Survey Research Methods Section

where B € RP is the fixed-effect, by, ... ,bml'ksjl 'N(0, ¥) are the random effects, and
.E .11, ey Emn

i 'N(0,02) are the errors. The responses y;;’s are either observed or missing, but the
missing portion can be imputed via the last cycle of the sequantial hierarchical regression
imputation (SHRIMP) strategy, as is suggested in Yucel et al. (2017). Finally, x;; € RP’s
are the individual-level covariates that can also be either observed or missing, and the miss-
ing portion can be imputed using some other imputation method.

In this work we consider the scenario where the number of covariates p is compara-
ble or even larger than the sample size. The fixed-effect regression coefficient vector 3
is assumed to be sparse, namely, the number of non-zero coordinates of 3 is compara-
bly smaller than the sample size. Consequently, the number of active covariates, namely,
those coordinates of x;;’s corresponding the non-zero coordinates of 3, is also significantly
smaller than the sample size presumably. The inference focus here is to “recover” the miss-
ing portion of the missing responses y;;’s (i.e., multiple imputation with the appropriate
uncertainty) but also to account for the variable selection structure due to the sparsity of
3 and recover the variable selection structure. Leveraging a fully Bayesian model, in Li
and Yucel (2020), the authors developed a Gibbs sampler to draw posterior samples from
the joint distribution of (3, b1, ..., by, ob,,0¢), as well as to draw samples of the missing
data y ;s from the corresponding posterior predictive distribution. To select the variables
among T;j1, ..., Tjjp, a spike-and-slab prior distribution is assigned to the regression co-
efficient 3, and this spike-and-slab variable selection approach has been broadly applied
to Bayesian variable selection. When we have to deal with the high dimensional model
where the dimension p of the regression coefficient vector 3 is comparable or significantly
larger than m or n, the variable selction process in the Markov Chain Monte Carlo can be
extremely slow because the algorithm requires randomly searching the model space with
2P probabilities. In what follows we develop an optimization-based variational inference
for variable selection in the presence of missing data.

2.1 Background on variational inference

We first briefly review the generic variational inference method, also referred to as vari-
ational Bayes. For a detailed description, we refer the readers to Chapter 10 of Bishop
(2006). It is a family of approximate Bayesian inference methods that differ from classical
simulation-based Bayesian inference method (e.g., MCMC or approximate Bayesian com-
putation). Compared with Markov Chain Monte Carlo samplers, the variational inference is
formulated as a mathematical optimization problem and is comparably faster than MCMC.
Specialized to the linear mixed-effect model of interest, the variational inference begins
with a fully Bayesian model by specifying appropriate prior distributions of the model
parameters. Since the linear mixed-effect model has the mixed-effect coefficient zy, . . . , z,,
and the missing portion of the responses (denoted by Y (i) generically) as latent variables
in addition to the model parameters (denoted by ® generically), the posterior inference also
takes the latent variables into account and we shall denote the set of all latent variables and
parameters by ®. Meanwhile we denote the set of all observed variables by Y (o), and

P = {Y(mis)vﬁ)bl)' . .,bn,T7‘Il,V,V,’U),’}/, 0-670-07N0}~

We first specificy the complete Bayesian model through the prior distribution p(®), and
our goal is to find a distribution ¢(®) as an approximation for the posterior distribution
p(® | Y). The distribution ¢ is referred to as the variational distribution. To begin with, we
first observe the following decomposition of the log marginal distribution of the observed
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responses In p(Y (ghs) )
In p(Y (obs)) = £(q) + KL(q||p)

where L(q) is referred to as the evidence lower bound (ELBO) that can be written as

co) = [a@n{"52 aa.

and KL(q||p) is the Kullback-Leibler (KL) divergence between the the variational distribu-
tion ¢ and the posterior distribution p(® | Y (,1,s)) of ® given Y (opg):

KL(qllp) = —/q(é)ln{zj(;({ﬁ}dﬁ

To obtain an approximation ¢ for the posterior distribution, a reasonable choice is to mini-
mize the Kullback-Leibler divergence KL(¢||p), and this in turn is equivalent to maximize
the ELBO L(q).

2.2 Bayesian linear mixed-effect model with a spike-and-slab prior

To lay the foundation of the variational inference in the context of the linear mixed-effect
model with missing responses, we first specify the fully Bayesian model by assigning a
hiearchical prior distribution to ®. First note that there are 9 sets of latent latent variables
in total:

{Y(Obs)w@’ B, Uea W, uo, O—ga wa’Y}a

where B = [by,...,b,,] € R™*™, Denote Limis) = 1(5,7) 1 yij isNAi = 1,...,m,j =
1,...,n} the set of indices (i, j) corresponding to Y (i5) and Z4ps) the indices corre-
sponding to Y (op). The sampling model of the complete data (Y (ops); Y (mis), B) can be
described as

p(Y(obs)aY(miS)v Z | @) = p(Y(obs | B 9) (Y(mis ’ B, G)p(B | @),
p(Y(obs) |B) = H (y’bj | B,bi, 0 e)

(iaj)el-(obs)

p(Y(mis) ‘ B) = H (yw ‘ /87 iy O e) 2)

( "j)el-(mm)

p(B|®) = Hpb | ®).

Foreachi=1,...,mand j = 1,...,n, we have

p(ylj ‘ 167b170—g) - (yl] ‘ Xz]ﬁ + ZTb'HO-e)

1 (yij — Xij ;l;b )2
expq — 5
/2702 20;
m

1
p(b;|¥) = N(b; | 0, ¥) - exp (—b;-r\Il_le) :
E V2m) I‘I'\Z 2

The key to enforce sparsity in the fixed-effect regression coefficient vector 3 lies in the
spike-and-slab prior distribution (Castillo et al., 2012, 2015). Specifically, for each coordi-
nate O, k = 1, ..., p, the spike-and-slab distribution allows [, to take zero with a strictly
positive probability w, and with probability 1 — w, (% is generated from an absolutely con-
tinuous distribution supported on R (here we specifically take the continuous component
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to be a normal). Formally, given the zero selection probability w, an auxiliary component
assignment variable -y, is generated from Bernoulli(1 — w). The auxiliary variable ~; has
the following interpretation: if v = 0, then we set 5 = 0, and if v, = 1, then we draw Sy,
from the continuous component of the spike-and-slab distribution. The prior samples each
coordinate 31, ..., 3, independently given the selection probability w. Consequently, the
conditional prior of 3 given w can be described as follows:

(Bl 0, 05)dB = | [{N(Brlro, 08)dBx} % {d0dBx }

i~

>
Il

1

Il
|~

1 1 Tk
NeTe exp {—%g(ﬂk - Mo)2} d,@k] [SodBi] 7, (3)

w (1 — w)l—')’k’

k=1

|~

p(vk|w) =

k=1

where (110, 03) are the hyperparameters. The complete hierarchical prior distribution is
completed by assigning the following hyperprior distributions to the hyperparameters as
well as o2 for the sake of conjugacy:

p(w) = Beta(w | @y, by) o w* (1 — w)?» L,

ba1 1 a1+1
2 _ 2 _ Y _a
p(oZ) =1G(oZ | a1,b1) = 7F(a1) ( ) exp{ } ,

o2
0-6

1 2
p(p) =N(p|0,1) = E(” 2, @)

1)\2 1
p(Ug):IG(ag | 1,1) = <2> exp{—2}7
0'0 O'O

v—I—1

p(TH =W, V) [T 2 exp {—;tr(\II_IV_I)}.

Then the entire hierarchical Bayesian model is completed by the distributions (2), (3), and

).

3. Variational Inference With a Spike-and-Slab Prior

Leveraging the hierarchical Bayesian model in Section 2.2, in this section, we are now in
a position to describe the framework of variational inference in the context of the linear
mixed-effect model with missing responses. We follow the commonly-adopted mean-field
approximation assumption and set the variational distributions in the following factorized
form (Bishop, 2006):

9(®) = a(Y (mis))a(B,7)a(B)a(07)a(¥)a(ko)a(o5)a(w). (5)
Here, v = [y1,. .., 7p]T is the p-dimensional auxiliary variable that specify the sparsity of
3 in the spike-and-slab distribution setup. Note, however, that the mathematical optimiza-

tion problem

max L{q(®)} subjectto ¢(P) satisfies constraint (5)
q
is an infinite-dimensional optimization problem because constraint (5) is still an infinite-

dimensional statistical manifold. Although an easy-to-implement coordinate-ascent vari-
ational algorithm can be obtained when the likelihood is in the exponential family form
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as suggested by Bishop (2006), our case brings additional computational bottleneck as we
introduce the spike-and-slab prior (3) for 3 with singularity. Alternatively, it is also rea-
sonable to posit certain parametric form of the variational distributions ¢ such that (5) can
be further reduced to a finite-dimensional statistical manifold (see, for example, Blei et al.,
2003). Hence, we further assume the following parametric form of the variational distribu-
tions for the sake of conjugacy:

Q(Y(mis) | (ﬂyijvagij)(i,j)el(mm)) = H N(yij | ﬁyz‘j’&zﬁ)v
(ivj)ez(mis)

p
08,7 | Ok, 7ig,. 55, )h_)dB = [ [ {0sN(Bxk | ftg,. 65, )8k} ™ {(1 — 6x)d0d B} 7,

k=1
~ o~ m o~
Q(B’ﬁblvq’17--'7ﬁbm7 m):HN(bz ‘ﬁbp‘I’bi)v
=1

(W |, bw) = Beta(w | G, by) =

B(aw, bw)
(0)
Note that we could use a Wishart variational distribution to approximate the posterior of the
precision matrix P! for the random effect coefficient by, ..., b,,. Here we use a Dirac

point mass at ¥~ to indicate that a point estimator for W is taken, and the resulting solution
is a maximum a posteriori estimator for ¥. We also remark that the set of parameters

_ ~ A2 ~ a2 ~ &
= ::{ (iuyz‘j ) O-yi]- )Z'ijI(mis)? (gk, KBy T3, )]pgzla (“’bia ‘Ilbi)?ll,
(aagv bcrg)v (aa§7 bo§)7 v, (ﬁum 320)7 (awv bw) } :

are the variables to be learned by optimizing the objective function £(q). The the varia-
tional inference is implemented by iteratively maximizing the objective function £(g) with
respect to the variational parameters =. Below, we present the complete variational infer-
ence algorithm. The detailed derivation is deferred to Appendix.

H Input:
Response matrix Y € R™*™ (with potentially missing entries)
Fixed effect covariate tensor X = [Z;k|mxnxp

Random effect covariate tensor Z = [2jj¢|mxnxi

1. Step 1: Randomly initialize the variational parameters
= = { (g 52, VT O s 55 (B T ),
(6027 bag)a (aoga b02)> v, (//Zuoaaﬁo)a (awv bw) } .

and compute the following matrices related to the fixed-effect covariate tensor X:

Dl(X) = Z injx;g-, D2(X) - Z Z diag(xzzjl? tee 7x12jp)‘

i=1 j=1 i=1 j=1

1683



JSM 2021 - Survey Research Methods Section

2. Step 2: Loop until the objective function 2 converges:

e Update T by maximizing {2 with respect to U This yields

~ 1 m ~
g b e + Wy )+ VL
— (m-i-V-l-l) {Z(“bzl‘l’bi + b1)+ }

i=1

e Update fiy, ., EZ” for all (4, ) € Zmis) using the following formula:

p o~
~ —~ T ~ ~9 Qg2
fij «— > wihlklip, + 23000, Oy, — =

k=1 ' by

e Update (65, 113, , 8@) forall k = 1,...,p. This step is the major computation
bottleneck of the entire algorithm and we seek an updating rule that can be
vectorized. Foralli =1,...,mandj =1,...,n, we set

N Yij if (4, 7) & Z(mis)»
Yij <4 ~ el )
Hyijs if (Zaj) € Z(mis)a
2 yi2j7 if (27]) ¢ I(mis)7
<yz’j>q — ~2 ~92 if (i T
Yij + O-yija 1 (27]) € (mis)+

Set

m n

V= > > xi(ij — Z5Hb,)-

i=1 j=1
Next, we consider vectorized updating formula for 6, fig, &%, where 0 =
(01,07, Bg = [fig,,- - fig,)", and 63 = [65,...,53 ]T. Denote
1, = [1,...,1]T € RP. For any function f : D C R — R, we denote f(x)
generically as the entrywise application of f to the elements of x, namely,
f(w1, ..., zp)Y) = [f(21),..., f(zp)]T. Denote x; o x5 as the entrywise
product between two vector Xj, xo of the same dimension, and x; /x5 as the
entrywise ratio between x; and x2. Finally, we use ¢ () to denote the digamma
function ¥ (x) = (d/dx) In[I'(z)], where I'(-) is the Gamma function. Then 6
can be obtained by first computing the update for logit(8):

. - ~ 1, .. 1. ~ 1, 1
logit(6) «— [maw) ~0ba) + () - 5 )| 1,4 3G+ 31,
> 'u’Bk :u#ol )o (l’l’ﬁk M#ol ) + 3;30 1, + 5’%]
2
)
N 1 a2 G2\
5 bag by2
—< ZZXUOXU pﬁoﬁﬁ—i—ag).
0'2 =1 j=1

Then @ can be directly obtained by taking 8 <— logit~!(logit(8)). Set

© = diag(b1,...,0,).
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We then compute the updates for 113 and 5’%:

-1

bo2 i=1 j=1 o2
~ ~ ~ -1
aUZ aog aag
ug <— —< | D1(X)® + | =< D;(X)(I, - ®) + =1,
bag o2 bag
Gty 4 Ot 71
X | ==v+=—u
bgg bgg po+p

Note that the above vectorized updating rules can be easily implemented in R,
MATLAB, or Python.

e Update (pip,, \/I\lbi) foralli=1,...,m

o~ 2
fib, <— Wb, | ==Y (Jij — iTjB)Zij ;
bUZ 7=1
—1
_ Gt Iy p o~
W, +— | == ZijZ;; + v
boz 51

— 0kt ,uﬁ + ekdﬁk

+
NE
M=

—
M@

@&
=

§°

H,_/

P
-2 Z Z Yij (Z Tk, + Z;gﬁm)

k=1

m
+2 Z Z /’l’blzz] (Z xz]kaUﬁk> )

i=1 j=1

3
3

agg a1+ DR /503 — b+ §SSR,

~ 1< ~ I~ o
G2 <— 1+ 52@, boz ¢— 1+ 529k[(uuo — i, )? + G + 53,

k=1 k=1
P R P
Gw=aw+ Y Ok by=by+ > (1-0)
k=1 k=1

- -1
s a,2 L R a,
Ty < 1+A—°Z€k , ,LLMO(—U Zekuﬂk

bag k=1 o k=1

3. Step 3: Output variational parameters
~ 2 ~ a2 ~ =
{(Myi]- ) inj )i,jGI(mis> ) (9k7 KBy s 03, )Z:p (u'bia ‘I’bi );ih

(2,02 (@o2,502), W, (s 72), (@ ) | -
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4. Application in Multiple Imputation of Missing Data

In this section, we discuss the application of the variational inference algorithm developed
in Section 3 to mulitiple imputation of missing data. Although in Section 2 the response
variable y;;’s are necessarily continuous and the sampling model of interest posits a linear
mixed-effect model with Gaussian noise, we will see next that the variational inference
algorithm is also valid even if the sampling model is misspecified. For example, in Section
4.2, the response variable is categorical but we can still apply a misspecified linear mixed-
effect model for variational inference. In this case, a calibration-based method due to Yucel
et al. (2008) and Yucel et al. (2011) can be applied improve the multiple imputation method
based on rounding continuous imputation method.

4.1 Sequential hierarchical regression imputation for continuous data

We first consider the case where the responses y;;’s are continuous. Recall that the linear
mixed-effect model (1) assumes that the noise ¢;;’s are Gaussian. Therefore, the responses
in the sampling model (1) is necessarily continuous, so that the variational inference algo-
rithm developed in Section 3 are directly applicable. Note, however, that the inference task
in Section 3 was to compute an approximation to the exact posterior distribution, referred to
as the variational distribution, by solving a mathematical optimization problem. In contrast,
the focus here is on the multiple imputation of the missing portion Y (,,,is) of the response
matrix Y. The two goals can be simultaneously accomplished when the MCMC is applied
for posterior computation. In an MCMC sampler, posterior samples of the model parame-
ters ® are drawn from a Markov chain that converges to the exact posterior distribution of
O given Y (g), Whereas posterior predictive samples of the Y (i) serves as the imputed
values of the missing portion of Y. In what follows, we slightly explore the strategy for
imputation of Y (1,i5) using the output of the variational inference algorithm in Section 3.
We follow the sequential hierarchical regression imputation (SHRIMP) strategy devel-
oped in Yucel et al. (2017), which has also been applied in Li and Yucel (2020). The basic
idea is that the response variables y;;’s are sorted by columns according to the missing ratio.
The left-most column of Y after sorting has the least number of missing values, whereas
the right-most column of Y after sorting has the most number of missing values. Formally,

for a column j € {1,...,n}, we define the missing ratio as the percentage of missingness:
(mis) _ 1§
R = ~ > 1(yij isNA).
i=1

Then SHRIMP relables the column indices [n] = {1,2,...,n} as {j1,...,Jn} such that

Rginis) < R](I:ﬁ) forall » = 1,2,...,n — 1. Namely, the ratio of the missing percentage

of a column in Y is always no greater than that of the next column after sorting. Then for
each fixed 7, SHRIMP sequentially impute missing values of y;; from j = ji to j = jj.

Below, we outline the step-by-step procedure for imputation of Y (i) using the output
of the variational inference algorithm.

B Input:
Response matrix Y € R"*™ (with potentially missing entries)
Fixed effect covariate tensor X = [Zij|mxnxp

Random effect covariate tensor Z = [2jjt}mxnxi

Number of MIs M € N
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1. Step 1: Run variational inference. Call the variational inference algorithm in Sec-
tion 3 to obtain the variational parameters

~ 2 ~ a2 ~ =
{(Nyij 5 O-yij)i,jGI(mis)a (Hkh KBy, s O,Bk )Z:p (lj'bia ‘I’bi)?ll’

(@2 bo2)s (@2 502) B (s 53 ), (@ ) | -

2. Step 2: Sort column indices. For each column 53 = 1,...,n, compute the percent-
age of missingness
. 1 & )
R§mls> = Z 1(y;j is NA).
i=1
Order the column indices {1,2, ..., n} of the response matrix Y such that the sorted

s —=

indices {j1, ..., jn} satisfy R§ forallr =1,...,n— 1.

3. Step 3: Draw missing values. Fort = 1,..., M: Sample
(02) ) ~ TG (@2, by2),
B ~ NS (33) D) + (1 - 0N)d0, k=1,....p.
For:=1,...,m, sample
b; ~ N(fib,, T, );
Forr =1,...,n:1f (,5) € Z(1nis), sample
Gy, ~ NGB + 2] by, (02))

End For
End for
Set Y*) = [ﬂgé)]mxn, where

ij
?/{t) _ {yija if (27,7) §é I(mis)a
Tl i () € T

4. Step 4: Output

4.2 Calibration-based imputation for categorical data

We now turn to the case where the response variable y;;’s are categorical. According to the
aforementioned linear mixed-effect model (1) with Gaussian noise €;;’s, the response ma-
trix Y consists of continuous data. Here we adopt a technique, referred to as the calibration-
based imputation method (Yucel et al., 2008, 2011), that allows for the model misspecifica-
tion when the specified model is designed for continuous data but the actual data is categor-
ical. The technique is a quite general imputation method for missing categorical data. The
basic requirement is that there exists a surrogate imputation model p('Y ) that generates
continuous data such that the categorical data Y can be viewed as a discretized version of
the continuous data Y < generated from the surrogate imputation model p(Y¢).

The key idea of the calibration-based imputation method can be loosely stated as fol-
lows. We generate two copies Y ¢, Y (qup),c Using an imputation method based on the
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continuous surrogate model p(Y¢). Let Y(ops),c> Y (mis),c be the portion of Y¢ cor-
responding to the observed or missing locations of Y (4ps) O Y (y56) in Y, respectively,
and we define Y (s dup),c @1d Y (1is dup),c fOr Y (qup),c similarly. Suppose the number
of total categories in Y is GG and the categories are labeled as ¢ = 1,2,...,G. Then
the calibration-based imputation method proposes to compute a sequence of cut-off values

—00 = g, 1, . . ., Cg—1 that can be determined as follows. For each (i, j) pair correspond-

ing to an observed y;;, we let yi(j“p) = g if the (i, j)th element of Y (ops dup),c lies in the

interval (cg—1, ¢g]. The cut-off values ¢, ..., c4—1 are selected such that for each category

g=1,...,G,
o™ =gr= Y 1y =g}

(i7j)EI(obs) (ivj)el—(obs)

In other words, the proportions of different categories after applying the cut-off values
€0, €1y -+ -5 Cg—1 10 Y (ghs dup),c Matches with the proportions of different categories in
Y (obs)- These cut-off values can be computed explicitly using quantiles of Y (415 dup),c-

We now describe the outline of the calibration-based imputation method using the out-
put of the variational inference algorithm developed in Section 3.

B Input:
Categorical response matrix Y € R™*" (with potentially missing entries)
Fixed effect covariate tensor X = [Z;k|mxnxp
Random effect covariate tensor Z = [2;j¢|mxnxi
Number of MIs M € N,

1. Step 1: Run variational inference. Call the variational inference algorithm in Sec-
tion 3 to obtain the variational parameters

~ a2 ~ 2 ~ 3
{(N?Ji]‘ ’ inj)i7jez(mis)7 (O, HBi> 0, )i:l’ (Bb,, ¥b, )iz1,

(aogv bag)a (6027 bcrg)v v, (ﬁuma\io)a (aw’ bw) } :

2. Step 2: Generate imputed data for missing responses.
Fort=1,...,M:

Sample
(02)®) ~ IG(@y2, by2),
D~ gN@S (33D + (1 -0, k=1,....p.
Fori=1,...,m, sample
b; ~ N(fin,, ¥, );
For j =1,...,n: sample
(™) ~ NGB + 2y, (02) 1),
(W)™ ~ NEBY + 28iby, (02)0).
End for
End for
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Foreachg =1,2,...,G — 1, compute
1
Sét) =17 E Hyi; < g}
| (obs)| o
(Zvj)EI(obs)

Compute the sét)—sample quantile cét) of {ygé)up) o(@,7) 1 (4,5) & Zimis) } such that

W=t T UM <) g=1..6-1

Liobs

| (Obb)| (ivj)ez(obs)
Set cét) = —oo and C(Gt) = +o0. Set the tth imputed complete data to be YO =
[@f?], where

3. Step 3: Output

5. Numerical examples

5.1 Continuous data example

We first consider a well-specified example with continuous responses. The generative
model for the synthetic data is the same as (1):
iid. Lid.
yij = Xi5B + z;bi + €5, € <N(0,02), b N(0, ®),

where? = 1,....,m,j = 1,...,n. Wesetm = 50, n = 20, p = 100, and [ = 3. The
coordinates of the fixed-effect covariates x;;’s are independently generated from N(0, 32)
for all 4, j, and the coordinates of the random-effect covariances z;;’s are independently
drawn from N(0, 1) for all 4,j. The fixed-effect regression coefficient 3 is assumed to
have a weakly sparse structure. We adopt the “three-peak curve’example constructed in
Johnstone and Lu (2009) and set the coordinates of 3 = [y, ..., ﬁp]T € RP as follows:

0.7 0.5
Br =——Beta (k/p | 1500, 3000) + Q—OBeta(l{/p | 1200, 900)

~ 20
0.5
+ 2—0Beta(/<:/p | 600, 160),
where Beta(t | a,b) is the density of the Beta(a, b) distribution evaluated at ¢t € [0, 1].
Figure 1 below visualizes the true values of 3; as a functionof j = 1, ..., p, from which we

can see that a significant portion of the coordinates of 3 are rather close to 0, whereas only
several coordinates are bounded away from 0. The covariance matrix W for the random
effect is set to be the 3 x 3 identity matrix.

The response matrix Y € R”*" is contaminated by missing values. We consider the
missing at random mechanism, meaning that the distribution of the missingness depends
on the observed variables but not the missing values. To this end, we generate a collection
of binary random variables I' = [7; ;] x», to assign missing values to Y. Specifically, we
take

Yij ~ Bernoulli(pij), Wherelogit(pij) = OR+ 511115.%'2']'1.
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True value of beta

o
o |
-
o
o
E — ] °
@ \
= Io °
g . u\ oo
1\
; i A
° [ o % o b
e T T T T T T
0 20 40 60 80 100
j=12..p

Figure 1: True value of 8 = [f1, ..., 3] in Section 5.1.

Here the parameters aup and S5 are tunned such that the overall missing percentage of Y
is approximately 27%, i.e., (1/mn) > 7" >0 vij ~ 0.27. We then set y;; to be NA if
7vi; = 1, and maintain the orignal value of y;; if y;; = 0.

The inference tasks here is two fold: Parameter estimation and multiple imputation. We
first focus on the performance of the parameter estimation for the fixed-effect regression
coefficient 3 in the presence of the potential missing values in the response matrix Y. To
this end, we implement the proposed variational inference algorithm in Section 3, together
with the classical lasso method (Tibshirani, 1996) implemented in the glmnet package,
and the pan package (Zhao and Schafer, 2013) for comparison. The entire experiment
is repeated for 1000 Monte Carlo replicates. For each replicate of the synthetic dataset,
we compute three types of estimation error for the estimate ﬁ obtained from the three
methods: The 2-norm error ||3 — 3|2 = [Zk(B\k — Br)?]'/2, the 1-norm error H,B Bl =
Dok ]ﬁk Bk |, and the infinity-norm error ||[3 Blloo = maxy |6k Bk|- Here ( represents a
generic estimate for 3. For the variational inference method, ﬁ is taken to be the variational
posterior mean; For the pan package, we take B to be the posterior mean. Below, Figure
2 visualizes the boxplots of the three types of the estimation errors across the 1000 Monte
Carlo replicates for the three methods. We can see that in terms of the 2-norm errors and

2-norm Error of beta 1-norm Error of beta Infinity—norm Error of beta
] - - L . i
' ' 3
g | E <7 D =4 ° -+
(=} o | . 1 "
— o N
. ; o | E —+ 2 E
| —— S
0 : B 0
i . T = g ‘ g : :
i i - < 8 S e
c 7 4 . E
— o | E— — L
d p—— —
T

0.05
L
0.02
L

Variational lasso pan Variational lasso pan Variational lasso pan

Figure 2: The boxplots of the 2-norm errors, the 1-norm errors, and the infinity-norm errors
for estimating 3 using the variational inference method, the lasso, and the pan package,
for the simulated example in Section 5.1.

the 1-norm errors, the variational posterior mean is significantly smaller than the other two
competitors. In terms of the infinity-norm errors, the variational posterior mean is slightly
better than the pan package, and both are also significantly better than the lasso estimate.
We also remark that both the variational inference method and the pan package provide
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natural environments for dealing with missing responses and are able to perform multiple
imputation. This part of the analysis demonstrates that advantage of the proposed method
in terms of the parameter estimation in the presence of missing responses and sparsity.
In addition, we also provide the visualization of the point estimates using the variational
inference method, the lasso, and the pan package in a randomly selected replicate in Figure
3 below. From the perspective of a single synthetic dataset, the performance of the lasso is
similar to the variational inference method, but the panpackage provides a worse estimate
because the sparsity structure of 3 is not captured.

Continuous data: Estimating beta using variational inference Continuous data: Estimating beta using lasso Continuous data: Estimating beta using pan

| Variational posterior means — Lasso estimates —— pan posterior means
i — - True values - — - True values — - True values

beta_j
beta_j
beta_j

Figure 3: Visualization of the estimation for 3 using the variational inference method, the
lasso, and the pan package, for the simulated example in Section 5.1.

We next investigate the performance of the multiple imputation strategy elaborated on
Section 4.1. In preparation for doing so, we develop another layer of the conditional model
using the response matrix Y as the covariate. Specifically, we consider the following (con-
ditional) linear mixed-effect model:

Ujj = Oy + 91yij +v; +ei5, U1, .. ,Uml"léi'N(O, 1), eijl"l\'ﬁi'N(O, 0.32),

1 =1,...,m,j = 1,...,n, where we set the fixed-effect coefficient as y = —2 and
01 = 4. Here, the matrix Y contains missing values but the response variable u;; are
generated using the complete data before Y is contaminated by NA’s. The aforementioned
1000 Monte Carlo replicates are applied here to generate the corresponding second layer
responses u;;’s, ¢ = 1,...,m,j = 1,...,n. For the imputation methods, we implement
the proposed SHRIMP strategy in Section 4.1, together with the pan package, for com-
parison. The number of imputation is set to M = 5. As the focus here is to evaluate the
performance of the multiple imputation methods, we choose to use the plain-vanilla 1m
function in R to perform the regression analysis for 6y and 6. After obtaining the estimates
for Ay and 0, using the 1m function in R, we apply the Rubin’s rule for combined analysis
(Rubin, 1987). Figure 4 below demonstrates the boxplots of the point estimates for 6y and
01 based on the variational Bayes multiple imputation (VBMI) method developed in Sec-
tion 4.1, and the pan package imputation estimates. We can see that in terms of the point
estimates, the two methods provide similar peformance. Furthermore, Figure 5 presents the
widths of the confidence interval for y and 6; computed using the Rubin’s combined anal-
ysis across the 1000 Monte Carlo replicates. The performance here is also similar, with the
pan package producing some slightly wider confidence intervals. However, the key dif-
ference between the two methods is in the coverage probability of the confidence interval,
which are tabulated in Table 1 below. The covarage probabilities are comparatively smaller
than the nominal coverage probability 95% due to the model misspecification. Still, the
VBMI method outperforms the pan package with higher coverage probabilities for both
0o and 01, demonstrating the power of the proposed method.
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Figure 4: Visualization of the boxplots of 6y and #; using the variational Bayes multiple
imputation (VBMI) method and the pan package, for the simulated example in Section
5.1.
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Figure 5: Visualization of the boxplots of the confidence interval widths for 6y and 6,
using the variational Bayes multiple imputation (VBMI) method and the pan package, for
the simulated example in Section 5.1.

Table 1: Coverage probability of the confidence intervals for 8y and 6, using the varia-
tional Bayes multiple imputation (VBMI) method and the pan package, for the simulated
example in Section 5.1.

¢; VBMI coverage probability pan coverage probability
fo 86.6% 82.9%
01 89.6% 75.3%
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5.2 Categorical data example

We next consider examples with categorical responses. Unlike the setup in Section 5.1,
the sampling model (1) is doomed to be misspecified because the responses y;;’s are nec-
essarily continuous. Nevertheless, the misspecified model (1) is still valid as a continuous
approximation to the underlying categorical model, and can be particularly useful for mul-
tiple imputation when combined with the calibration-based routine, as discussed in Section
4.2. Specialized to the synthetic data analysis in this section, we consider the following two
simulation setups:

e Setup 1: Binary responses. The generative model of the synthetic data is a logistic

mixed-effect model:
. . iid.
yij ~ Bernoulli(p;;), logit(yi;) = %58 + z;bi,  bi,..., by N0, ),

where ¢ = 1,...,m, j = 1,...,n, m = 50, n = 20, p = 100, [ = 3, and
W = I;. We follow the setup in Section 5.1 and generate the coordinates of x;; from
N(0,3?) and the coordinates of z;; from N(0, 1), independently. The fixed-effect
regression coefficient 3 is generated as follows: We first generate the coordinates
of a = [, ..., a10]T independently from N(0,0.12), and then set 8, = ay /| |2
withk =1,...,10,and S = 0 for k = 11,...,p = 100.

e Setup 2: Categorical responses with 5 categories. The generative model of the
synthetic data is a multiclass logistic mixed-effect model:

oG +4lb)
Zfil exp(x;gﬂt + ziiji)7

where : = 1,...,m, j = 1,...,n, K = 5 is the number of categories, m = 50,
n = 20, p = 100, ! = 3, and ¥ = I;. The setup here is similar to Setup 1
above: The coordinates of x;; are generated from N (0, 32) and the coordinates of Zij
are simulated from N(0, 1), independently. The fixed-effect regression coefficients
Bs = [Bs1,-- -, Bsp) T fors =1,..., K are set similar to the 3 in Setup 1 above: We
first draw the coordinates of a5 = [, . . ., @510] T independently from N(0, 0.12),
and then set S5, = ag/||as|l2 withk =1,...,10,and Bg, = 0fork =11,...,p =
100. The generative process is repeated independently for each s = 1,2, 3,4, 5.

P(ylj =S | /617"')16K7B)

For the two simulation setups above, the response matrix Y is also contaminated by missing
values, where the distribution of the missingness is the missing at random (MAR). Specif-
ically, missingness mechanism is set the same as in Section 5.1 to ensure that the overall
missing percentage of the response matrix Y is approximately 27%. The entire experiment
for each setup above is repeated for 1000 Monte Carlo replicates.

As the generative model of the synthetic data differs from the working model (1) em-
ployed here (i.e., model misspecification), we turn our focus to the performance of the
multiple imputation methods rather than the parameter estimation. To this end, we follow
the idea in Section 5.1 and use the response matrix Y as the covariate to construct a second
layer linear model. Specifically, given Y, we consider

u=Y0+e, e~N,(0,,51,). (7)

Here, the second layer response variable u = [uq, ..., um]T is generated from the complete
data Y, but the observable Y is contaminated by the missing values. The regression coef-
ficient @ is gnerated from N,,(0,,,5°I,,). We then apply the aforementioned 1000 Monte
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Carlo replicates for Y to further generate the second layer model (7). Since the observed
second layer covariate matrix 'Y contains missing values and the generative model for Y
can be approximated by the continuous working model (1), we apply the imputation method
elaborated on Section 4.2. For comparison, we consider the pan package and the rounding
to the nearest integer strategy based on pan package adopted in Yucel et al. (2011). The
number of imputation datasets is set as M = 5, followed by the Rubin’s combined analysis
for inference on 6.

Below, Figure 6 and Figure 7 present the boxplots of the 2-norm errors, the 1-norm er-
rors, and the infinity-norm errors for estimating 6 using different imputation methods under
setup 1 and setup 2, respectively. It is clear that estimation error using the VBMI method
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Figure 6: The boxplots of the 2-norm errors, the 1-norm errors, and the infinity-norm errors
for estimating € using the VBMI method, the rounding strategy, and the pan package, for
the simulated example (setup 1) in Section 5.2.

is significantly smaller than the other two competitors in both setups for all three types of
errors. Furthermore, Figure 8 and Figure 9 visualize the empirical coverage probabilities of
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Figure 7: The boxplots of the 2-norm errors, the 1-norm errors, and the infinity-norm errors
for estimating 0 using the VBMI method, the rounding strategy, and the pan package, for
the simulated example (setup 2) in Section 5.2.

the confidence intervals across the 1000 Monte Carlo replicates using the three imputation
methods for setup 1 and setup 2, respectively. We can see that the coverage probabilities
of the confidence intervals using the proposed VBMI method is consistent and satisfactory
in comparison with the other two competitors. In particular, the pan package the round-
ing strategy is rather inconsistent and produces confidence intervals that are not reliable
because the coverage probabilities are significantly lower than the nominal coverage 95%.
Therefore, through empirical demonstration via the analyses of synthetic datasets, we show
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Coverage probabilities of VBMI, pan, and rounding (binary)
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Figure 8: Coverage probabilities of the confidence intervals for 6 using the variational
Bayes multiple imputation (VBMI) method, the pan package, and the rounding strategy,
for the simulated example (setup 1) in Section 5.2.

that the proposed VBMI method is powerful and robust in terms of the imputation for cat-
egorical responses even when the model is misspecified.

Coverage probabilities of VBMI and pan (Categorical)
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Figure 9: Coverage probabilities of the confidence intervals for 8 using the variational
Bayes multiple imputation (VBMI) method, the pan package, and the rounding strategy,
for the simulated example (setup 2) in Section 5.2.

6. Discussion

In this work, we developed a variational inference method for approximate Bayesian in-
ference of the high-dimensional linear mixed-effect model in the presence of missing re-
sponses. The sparsity structure of the regression coefficient vector can be modeled by a
spike-and-slab prior on the coordinates of the regression coefficient. The computation al-
gorithm is easy-to-implement, efficient, and can be faster than the classical Markov chain
Monte Carlo samplers because of the vectorized updating formula for 3, circumventing
the need to explore the entire model selection space with exponential possibilities. The
variational inference method can be further incorporated with the sequential hierarchical
regression imputation strategy for continuous data and the calibration-based imputation
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strategy for categorical data to improve the performance of imputing missing values, which
is quite flexible and powerful.

There are, however, some future extensions. The linear mixed-effect model only serves
as a continuous approximation to the categorical model, and this step of the approximation
can be rather sloppy in high-dimensions. The underlying reasons is that the categorical
model could be potentially highly nonlinear and the working model (1) may not be rich
enough to capture the nonlinearity happening inside the categorical model. It would be in-
teresting to further expand the model structure of (1) by considering a nonparametric com-
ponent, so that it can provides a better approximation to the black-box categorical data in
practice. This step can be further optimized by coping with the variational inference algo-
rithm, so that an easy-to-implement, computationally efficient, and sufficient sophisticated
methodology can be developed to deal with the complex missing data scheme happening
in the contemporary statistics world. We defer this topic to the future research direction.

APPENDIX: Detailed derivation of the variational inference
algorithm in Section 3

In this Appendix, we provide the step-by-step derivation of the updating formulas for the
variational inference algorithm outlined in Section 3. Recall that the objective function is
given by
p(Y(obs)v Y(mis)v B, 6)

Q(Y(mis)7B7®> ’

where p(Y (5bs), Y (mis)» B, @) is given by the joint model (2), (3), and (4), and ¢(Y (1), B, ©)
is the variational distribution

L(q) =E4 |In

Q(Y(mis)u B, e)dY(mls)dBde = Q(Y (mis) | (/‘/Zyij ) 6'\32/” )(i,j)GI(mis) )dY(mls)

< a(B,7 | (On. i, 55, )7—1)dB
(B ‘ l"’b17 lI’la T 7ﬁbm7 ‘Ilm)dB
x q(02 | G2, by2)doZq(B " | \ff)dlIf‘l
(MO ‘ :uuov uo)dﬂoq(go | ao‘ )do'(%
(w | a’UM )dw
The specific form of ¢ is given in (6). The computation of the entire objection function
L(q) is tedious and unnecessary for deriving the coordinate-ascent variational inference
updating formula for each block of the variational parameters. Instead, when focusing on
the derivation of a fixed block of the variational parameter, we only need to consider the

likelihood involving the latent variable and its variational distribution. Below, we discuss
each updating rule separately.

A. Updating ¥

By construction, we have

m
arg max £(q) = arg max | p(¥) + Zlnp(bi | @) | := arg max Q(¥),
¥ v i=1 v
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where
m 1 — v—1-1 1
T — T Ty-1th. v T1-l _ i -lv-l
Q(\Il)_21n|\IIQZ;Eq[bZ»\II bi] + ——— In|¥| StV
1=

m+v—1[—1 - 1 - -
= I |¥[ T — (e (Y 1+ZEq[bib?D)'

7

Maximizing () over the positive definite cone in R/ yields that

~ 1 m
v-—- E bib»T v-!
m—i—u—l—l(; albib; ] + >

1 T -
{Z(/"’bi/”’a_‘_‘l’bi)"’_v 1}'

:m—i—y—l—l ‘
=1

B. Updating variational parameters for Y ;)

We first fix the index (4, j). This reduces to solving the problem

argmax L(q) = argmax E, |In

(ﬁy” 7851 ) (ﬁyij 785LJ )

p(y’Lj ‘ B7bi70-z)
q(yij ‘ ﬁyiwagij)

J

Observe that

Q(ﬂyiﬁaﬁij) = Eq In

p(yij | B, bi, o2)
Q(yij ‘ ﬁyijvggij)

1
202

e

In(2m) ~ 58y (0] ~ By |57 By [ - x5 - 2507

1. 1 ~
In(2m) + 5 (o, ) + 252 [(yi — Tiys,)”]
Yij

+
Q) N~ NI

1. .
== [Eq(yf]) — Eq(yij)Eq(x;Fj,B + ngl)] + 3 ln(a;,j) + constant

p

~2 ~2 ~2 ~ T ~

Fys; T Oyiy = Hy,, (Z TijkOkp, + Ziﬂ“’i)
k=1

+ 3 ln(&Zij) + constant.

Now we proceed to solve

0 i - S IO e
8/\79(”%]‘701/”) =0 = Hy;; = Zﬂfzjk@k/wk + ZijMb;,
Myij k=1
9 (i 32 0 o Gy,
Wa (Hyis» Oy,;) = = Oy, = 2
ij Ce

C. Updating variational parameters for 5

This part is the most challenging part as there does not exist a closed-form updating formula
when we optimize with regard to 6 = [0y,...,6,]. Denote fig = [fig,,...,/ig,]" and
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=2 _ =2 =2 1T :
o5 =1[05, - aﬁp] . First write

1, PY 1 BB, ag)p(8,y | w, o, 00)dB
a(B,v10,18,65)dB

In p(B,v | W, 1o, 00)d3
a(B:v 1 0,108,55)dB

We first consider the expected value of the log-likelihood. Write

a,
E, [Inp(Y | B,B,03)] = —= ( 2) ZZE (yij — x” - z;-rjbi)Q] + constant.

=1 j=1

Q(O,ﬁg,&%) =E,

=E, [Inp(Y | B,B,00)] +E,

The keystone computation is the quadratic form E[(y;; — x}; - z}; b;)?]. When we focus
on the parameter 0, [z, &%, we have

Eql(yij — %338 — 2i;0:)?] = Eq(B" xijx;8) — 2Eq(8) " xi;Eq(yij — 243bi) + constant
= tr {x;xjE L(BE™)} — 25, (8) X,y (s~ zi;b:)
-+ constant.

Let ©® = diag(@) and U = diag(pg). By definition of ¢(8 | 8) = >__ q(B,7 | 6), we
have

E,(887) = ©(1 - ©)U + Odiag(53) + UsOTU™.

It follows that
P

p
tr {xeUE ,B,BT (Z Z; kaMﬁk> + Z x?jk[ek(l - ek)ﬁ%k + Qkagk]
k=1 k=1

p 2 p p
k=1 k=1 k=1

Tj — 0T Udiag(x? U6 + (G5 + ﬁ%)Tdiag(x?j)O.
Therefore, we obtain:

Eq[(yij — xiTj — Tb ) = (x TUB) — 0T Udiag(x? ;) U0 + (0'[3 + uﬁ)leag( )0

— 26" Ux;; ((yij) — Zijl”'bi)'

~ Yij, if (27]) ¢ I(mis)’
ﬁyij? if (ia ]) S I(mis)’

Here we set

Hence, we obtain

E, [np(Y | B,B,02)] = — (% j) izn: x5 U6)?
og =1 j=1
% (;‘fb\ f) zm;zn:lHTUdlag )ue
R @®)
i (f 3) ZZ O'ﬂ +uﬁ)Td1ag( )0
2 b 2 i=1 j=1
+ (% f) z; ”1 0T Ux; ((yig) — Z];Lb ) + constant.
oz /) i=1 j=
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We then compute the second term in (0, fig, 5’%):

(B, | W, po,02)ds

E ———
"1 B,y 6,18,65)d8

In

=500 {10(00) — 0@ +T0)] - 5 10(21) + 50(a) - Gl

k=1

p o 2 P R R
=38, [P 4 Y - 010 E) — vl +5u)

0

k=1 k=1
p p
=) b [ln@k - fln(27r) + ; In ; +) K, [(ﬂ’“;é‘ﬁk) ]
k=1 B k=1 By,
p
— ) (11— 0) In(1 — 6;)
k=1
£ _ S | 1 ~
=300 { (@) - wl@n + )] - 5 n(2m) + 5@ - ) |
T a,e P R R
= =0l — o) + Gy +55,] + (1= 0k)[(bw) — (@ + bu)]
k=1 Y2 k=1
p p
_;0’“ [ln@k—ln(ZTr) +2192’“ 21-@ In(1 — 6;)

€))

¢ We first optimize over (figa, o'ﬂ) This step is relatively straightforward because of
the closed-form solution to the stationary point. It is straightforward to obtain the
derivative of [ig, using (8) and (9):

o0 1 (& 2) i
= == ZZQ@XZX S
= = Jg B
8uﬁ 2 bo.g =1 j=1
1 oo m n
+ 3 <AJE ) Z Z 2@diag(x;;)Opg
bcr% i=1 j=1
1 a m n
S (5) 5 3 met i
bo2 ) i3 j=1
U2 | <N &
+ <A06> Z ((vis) Zzgﬂbl)QXU
boz ) = j=1
Setting the gradient to O yields
-1
_ Uy? o [
ng = Z Z xmxm@ + diag(x? (I = 0)]+ =1,
o2 i=1 7j=1 bog
a 9 a 9 m n R
X | =L poly + == Z Z(yij - ZiTjubi)Xz‘j
o8 o j=1
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We also take the gradient with regard to 0'% to obtain

o0 1 {52 | o= — 1 1 [
— =—= (== diag(x2)0 — ~0o | — | — <2001,
7 2<b )ZZ et °(0%> B

i=1 j=1
Therefore, setting the gradient to 0 yields

-1

~

~ Up2 | o a2
()85 et 2,
o2

i=1 j=1 2b03

4 We next consider optimizing over €, which is comparably more challenging. In this
case, we can view [ig, 3% as constants. Invoking (8) and (9), we write

Qg 53(0) = Q(6, i, 53)

=300 { (@) - w(@ + Bl + [0 - )] + 5 (@)

k=1
z 1 608 -~ ~ N2 A2 | A2 -
+ E Ok 4 5 — = 0kl(ig, — Hpo)™ + 0, + 03] ¢ — E 0 In 6,
k=1 2 2bo‘8 k=1

+ 31 = 0)[$(bw) — ¥(@w + bw)] — D _(1 — 0) In(1 - b))

k=1 k=1
1 (ag2\ b T 2
5|3 <16°U Z [xi;x;; — diag(x;;)] p U6
bag i=1 j=1
1 o2 b ~2 2\T 2
2\ 7 Z (p‘,@ + Uﬂ) dlag(xm)g
baS i=1 j=1
aag i (N — L5y Tye
+ 3 szw(<yw> Z;j b, )x,;; U6.
o2/ i=1 j=1

The technical challenge in optimizing the function above over 6 is that the stationary
point cannot be explicitly computed in a closed-form formula. This is due to the
quadratic function

g9(0) =0TAU, where A =U 4> ) [x;;x; — diag(x;; o x;;)] p U.
i=1 j=1

We borrow the idea of Huang et al. (2016) and consider the following linear approx-
imation of the quadratic function g at the last updated value 6(°'9):

9(0)

Q

g(o(old)) + 2(9(old))TA(9 - a(old))
_ 2(0(old))TA0 + g(o(old)) N 2(0(old))TA0(old)_

Namely, we can approximate Qﬁﬁ P

53 (0) by

o~

03050 = 201 {9(@2) - w(@n + B + 0@y - )+ 5 @)
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p i~ p
1 ez o, -
+> 0 {2 - 23—06;4[(/% = Fo)® + 7 +a§k]} — 0pInb;
k=1

2
90

A~

+ 31 = ) (bw) — ¥ (@w + buw)] — > (1 — ;) In(1 - 6;)
k=1

=1 j=1
agg m n L
- 7 Z Z(uﬂ + a'ﬁ) diag(x;; 0 x;;)0
a

m
2 ~
+{ = ) Z xij((Yij) — ZiTiji)XE;UO + constant.

Qg2
(5] @ {53 - et o v
o2
1
2

Here 0(°1d) is the last iterate of the @ value that can be treated as a constant. Let

1, = [1,...,1]T € RP be the p-dimensional vector of all ones. Hence, we take the
gradient to obtain
5 0.53(0) ~ L [0(@0) — (@ + b)) + 5 [0(@53) — ()] £ 1+ 5 n(FE)
Ly = 2% (g = A l,)? + 62 1, + 63 — 1, — logit(6)
9P 23 , B8 10 P o D Jé] D
90
= [(bw) — ¥(aw + bw)]1p + 1p
1 s m n ~ R
-5 <A%) Z XZZJ o (,u,% + 0'[23)
bo2 ) 5 j=1
Uy2 | e —
+ (/f%) Z (Ui ijMb )(xij © pg)
bo2 ) i j=1

Uy2
( ) szw x;; — diag(x;; o x;5)] Ued)

=1 j=1

P

We now focus on the last two lines of the preceeding display. We use the updating
formula for fi obtained earlier to write

Z Z Yijg — z]l’l’b )Xij o g — Z Z[ijxg — diag(x; o x;5)] Ugld)

i=1 j=1 i=1 j=1
S U Gy2bye
=D UxyxOfig+ Y > Udiag(x};) (I - ©)fig — = “ iy U,
i=1j=1 i=1 j=1 bog%g
by2di,2
—i—ZZUdlag X )Ops — ZZUXZ]XU@;% + —=
=1 j=1 i=1 j=1 eb
m ,2b,e
= Z Z Ud1ag(xfj)u5 -0 h UL,
i=1 j=1 bo'gao'g
m n ~ 7T T o~
~ CLo'Qbo'g R bo.2ao_ -
=S o - g+ O
i=1 j=1 by s o2 bao
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This allows us to remove the last iterate 0(°/Y) and hence, leads to the following
approximation of the gradient

8 Y - ~ 1 . 1
5%3(0) ~ {[0(8) ~ 6@ + 8] + 306G - 1G] 1,4 5 (@)
6 ~2 9, 1 .
+ = [(Bg — liuy1p)* + 00y 1y + 53] + 5 1p — logit(6)
0’3
— [0w) — (@ + D)L, ( ) S5 s o (@ 4 63)
Ue =1 ] 1
+ 32 1 60(2] ~ o~
O — — =— .
127} 0’% bgg Huo U3

Now setting the gradient to O gives rise to

1ogit<e>={[w<aw>—w<aw+6w>]+é[w@g) i)l | 1,+ 5 1(33)

~ SO
+ =2 (i — fipo1p)® + Gty + 05+ 51

- W](Aw) - w(aw "‘/b\w)]]-p o (’Z\ g) ZZX p‘ﬁ + Gﬁ)

(o =1 j=1
o 1 Gg
+Hgo 6\_7% - i/ﬁuo#ﬂ
90

D. Updating variational parameters for B

We now move on to the updating formula for the variational parameters for the random
effect B. This part still requires some work but is significantly simpler than the previous
set of parameters (0, i3, aﬁ) To begin with, we first compute the expected value of the
quadratic form (y;; —
as constants:

2—; - Z;S b;)? and view the variational parameters of y;;, 3, and o2

Eql(yij — %58 — 20:)°] = tr[zij2,;Ey(bb] )] — 2E,(bs) 2 (3i; — x;;Ofip)
-+ constant
= Fin, ZijZ 0, + 2,5 W, 2i; — 20 2i;(Ui; — %,;Ofg)
-+ constant.

Hence, we can proceed to write

p(Y | B,B,o2)p(b; | ¥)
q(b; | fin,, T,)

Q(ﬁbﬂ i\,bz) = Eq In

= > Eqyllnp(yi; | B,bi, 02)] + Eqllnp(b; | ¥)] — Eg[lng(b; | fin,. ¥,)]
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-+ constant
1)\ & 1
=8y (g2 ) D Ealls — x8 — 7o) - 55,057 )
€ le

1 ~ 1 ~ =~ ~
+ 3 Indet ¥; + §Eq[(bi - [J,bi)T‘I’bil (b; — [tp,; )] + constant
n

= —5 =2 {7z, + 28 Wy, 7 — 205, 2i(0i; — x;©hs)}

1o e g o 1 o = 1 ~
- §tr(x1r1\1:bi) — — iy, O iy, + itr(\Ilbil\Ilbi) + 5 Indet T,

[\)

—+ constant

Optimizing over fip,, we obtain

15)9] Uy2 ~
T ~ ~ TA~ \~ 1~
an = . 2 lzizibb, — (Ui — x;;O )2 — ¥ Ab, =0
Kb, o2
7j=1
Gz & e, &
- O¢ E T T,—1 O¢ E
— I‘l‘bl = = Zijzij + lI’ = (yzj - Xz]/@)zlj
b2 j=1 bo2 j=1

Optimizing over Wy, in the positive definite cone in R! we obtain

-1
n

R i )
T -1
‘I’bi = /5 £ E Zijzij + ¥

o2 j=1

E. Updating variational parameters for o>

The updating formula for ZL\UE and Egg involves a delicate and complete computation of the
expected value of the quadratic form E,[(y;; — x}; B — z;l;-bi)Q]. Write
Eql(yij — xi;8 — ;b))
= Eql(yij)*] + tr[zijzEq(bib] )] + tr[xix;Ey (B8")]
— 2B, (yij) x5 Eq(B) + 25 Eq(bs)] + 2Eq(8) "xi5Eq(b;) " 24
~ = ~ \2 ~ ~
= (yfj) + (ZZ'Tiji)2 + z};‘Ilbizij + (x;09p38)" + x?jG)(Ip - O)ug + x%@o%
— 20;;[x;O6g + 2,5 1b,] + 21505 i, Zi;.

Namely, by setting

m n
SSR = > Eql(yij — xi;8 — 2;bi)’]
i=1 j=1
m n
- <y12j> + (Zgﬂbi)Z + ZU‘IIb_LZ”}
i=1 j=1
m n
£33 {x00)* + 2 0(T, - @)% + X2, 053}
i=1 j—1
m n m n
~2) N GG ORs + 2l +2) > AROx; Ak 2,
i=1 j=1 i=1 j=1
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we can write

Q(aagagog) = E [lnp(Y ‘ I@,B,o‘?)] + Eq[lnp(ag | alvbl)] - EQ[IDQ(U
mn 1 1 1 1

e

—b1E< >—|—lnI‘( ) =gz In(by2)

o b(3)]n (3)

mn ~ . > 1 b
— <7 +a — ao_g) [U(ag2) — In(by2)] — 3, [2SSR—|— by — baz]

+InT(Gy2) — Gy2 In(bye).

)
N

LYV

We now optimize over (603, bog) by taking the derivative of 2 and setting them to zero:

o _ (@ +a—a 2) Y (Ay2) — 31 (;SSR‘H” - BUE) ’

3603 2 2
oN mn 1 Gy ( )
== (Mg —+ SSR + b1 — b2 |,

abag ( 2 e ) bag o2 L
00 90 _ ~

=== =0 = Gp=aitg, by = SSR+bi

8602 B 8303 B
F. Updating the rest of the variational parameters

The updating formulas for the rest of the variational parameters can be obtained using

routine methods. Write

(B, | w, po,03)p(0d)

(16 Y | 0 ﬁ,@?a\-ﬁ) (UO |a027b00)

1 p

52 In(b,2)]
a_

p
Z (@ +T50) (1 = 00) + (o — Fig)* + Ty + 0,10k}
k:

Q)
=18

g

— (@52 + DY (@,2) — (by2)] + G

>\

+2[0(@y2) — In(by2)] -

=

oN

g

~
~

+ In F(ZL\J%) — Qg2 In bgg.

Setting the derivatives to zero yields

o0 o9
—Z - =< = 0
8&02 ab 2

l\DM—l
Mﬁ
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—

p
+ 5 2 Ol +50) (1= k) + (s — ip,)* + Gy + 5,100}
k=1

ow
[\

For (ﬁw,gw), we have

n p(/377 | waMOaa(Q))p(w | aUwa)
Q(Baﬂy ’ 07ﬁﬂ7&%)Q(w | a’w’b’w)

= > EqlnlEqnw] + ) Byl — w]Eg[ln(l — w)] + (aw — 1)Eg[Inw]
k=1 k=1

+ (b — DE[In(1 — w)] — (G — 1)Eq[Inw] — (by — 1)Eq[In(1 — w)]
+InT(dy) + InT(by) — InT (@ + bu)

Ok [t(@) — (@ + bu) +Z (1 = ) [ (bw) — ©(@uw + bu)]

+ (aw - 1)[7/}(6111) - ( /b\w)] + (bw - 1)[7/}( w) - w(aw + bw)]
(@ — 1)[$(@w) — (@ + by)] — (b

o~ ~

+InT'(ay) + InT(by) — InT(ay + by)
p
= (Z O + aw — aw) 1/}(%)
p p N
- [ZOk+Z(1—9k)+aw+bw—aw—bw

k=1 k=1

(@ + )

~ o~

+ 5200 = ) + by — B | $(Bu) + I T(@w) + T (G)

Now we optimize over a,, and Zw by taking the derivatives and setting them to zero:

[)9]

p
8AT = (Zek + Gy _aw> ¢,<aw) - ¢/<aw + bw) <p+aw + by _aw - bw) s

k=1

00 [ S . SR
— = [2(1 —0) + b — bw] 0/ (bu) = ¥/ @ + b (p+ 0w+ by — T — b )

k=1
o0 90 P P
— = —=0 Aw: 0 W ]‘_9

Finally, for (11, 6\20 ), we have

In

S p(B,~ | w, po, o2)p(po
Q(:U’Moaaio):]Eq ( | 0) ( ) ]

a(B:v 1 0,88,55)a(ko | Fiug: 52,)
p

35| 12] By FWIE 85— )]~ Rl

1 .
57 Balli )] + constan

+
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a2 L R R R R R R
= == "0k { (i + 5o (1 — Ok) + [(ipy — fig,)* + Gy + 5, 10k}
0§ k=1
1 . . 1 1
— 5(050 + ,uio) —5 In =~ + constant.

O o

Setting the derivative to zero, we have

o0 (O a0 ez g, 11
B L) WS (0% B () L
Oy 2by2 ; e T E, 2, ; 2 2 202
o 09 _0
aﬁuo 88;210
~ -1 s ~ -1
ay2 P a2 P a2 L
O o v I E W R (R W I
o3 k=1 o3 k=1 of k=1
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