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Small Area Prediction of the Mean of a Binomial Random Variable

Andreea L. Erciulescu* Wayne A. Fuller

Abstract

Direct estimates for small areas or subpopulations may not be reliable because of small sample sizes
for such objects. Procedures based on implicit or explicit models have been used to construct better
estimates for given small areas, by exploiting auxiliary information. In this paper we consider binary
responses, and investigate predictors for situations with different amounts of available information.
We use generalized linear mixed models and present bias and mean squared error results for different
prediction methods.
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1. Introduction

Procedures based on models have been used to construct estimates for small areas, by ex-
ploiting auxiliary information. In this paper, we study nested models with a binary response
and random area effects. These models form a subclass of generalized linear mixed models.
We also consider stochastic covariates.

Survey data often contain auxiliary variables with good correlation with the variable of
interest. However, area level auxiliary data may be incomplete. We consider three cases
of auxiliary information, when the covariates have known mean, when the covariates have
unknown distribution, and when the covariates have unknown random mean. For the last
two cases, we describe estimation methods for the area mean of the auxiliary data. Because
the response variable is binary and the auxiliary information is not fixed, estimation and
prediction are not as straight forward as in linear mixed models.

Mixed models with unit level auxiliary data have been used for small area estimation by
a number of authors. Battese, Harter, and Fuller (1988) use a linear mixed model to predict
the area planted with corn and soybeans in lowa counties. Datta and Ghosh (1991) intro-
duce the hierarchical Bayes predictor for general mixed linear models. Larsen (2003) com-
pared estimators for proportions based on two unit level models, a simple model with no
area level covariates and a model using the area level information. Malec (2005) proposes
Bayesian small area estimates for means of binary responses using a multivariate bino-
mial/multinomial model. Jiang (2007) reviews the classical inferential approach for linear
and generalized linear mixed models and discusses the prediction for a function of fixed and
random effects. Ghosh et al (2009) consider a small area model where covariates have un-
known distribution. They assume the sample has been selected so that weights w;; are avail-
able satisfying Z?;l w;j = 1. They consider both hierarchical Bayes and EB estimators
and suggest predictors for the small area proportions of the form Z?;l wi;Pij(xi;), where
Dij(xi;) is either the hierarchical Bayes or EB predictor. Ghosh and Sinha (2007) propose
EB estimators for the small area means, where the covariates in the super-population are
subject to measurement error. Datta, Rao, and Torabi (2010) study a nested error linear
regression model with area level covariates subject to measurement error. They propose a
pseudo-Bayes predictor and a corresponding pseudo-empirical Bayes predictor of a small
area mean. Montanari, Ranalli, and Vicarelli (2010) consider unit level linear mixed models
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and logistic mixed models, for binary response variable and fully known auxiliary infor-
mation. Vizcaino, Cortina, Morales Gonzalez (2011) derive small area estimators for labor
force indicators in Galicia using a multinomial logit mixed model.

2. Models

Consider a binomial response variable y, with realizations y;; for m different areas and
n; different units within each area. That is y;;|b; are independent, following a binomial
distribution, with mean p;;, where b; are the random area effects. Let x; be independent and
identically distributed stochastic vectors of auxiliary information, following a distribution
F,, and let b; be independent and identically distributed, with a density f, with mean 0
and variance 7.

Then our unit level model is

exp(1ij)

_— 1
1+ exp(ng) W

Yyij = h(ni) + eij, mig = xi;8 + by, h(nig) =
for x;; = (1,245), ¢ = 1,2,...,mand j = 1,2,...n;, where ¢ is the index for area, and
J is the index for unit within area. We assume that b; and z;; are mutually independent.
Note that the mean of y;; given (x;;, b;) i8 h(n;5) = pi;(Xi5, b;). Under the assumptions
of model (1), the true small area mean of y is

0; = /pz'j(xijabi)dFm‘(X)a (2

where FY, (x) is the distribution of x in area . Our objective is to construct predictions for
0;.
An example of (1) is the simple unit level mean model for y

exp(a+b;)
1+ exp(a+b;)’

Pa,ij = 3)
where « is a location parameter and b; is the random area effect.

We will have use for an area level model for the vector of covariates x;; = (1, x;;), and
assume

Hgi ~ NI(I"’J;? 255)7 X’L‘lJ’xz ~ NI(I"’mza 266)' (4)

3. Estimation and Prediction

The models (1) and (3) are generalized linear mixed models (GLMMs) and estimates for 3,
o2, a and 03, can be computed using R, by maximizing a Laplacian approximation to the
likelihood. Note that the predicted random area effects and the estimated random effects
variance for model (3) differ from the estimated values under model (1), hence we denote
those for model (3) by b and 6§b, respectively.

We consider two methods for constructing predictions for ;. In the first method, the
minimum mean squared error (MMSE) prediction method, we use the conditional distribu-
tion f(b;|y;;) to compute the unit means of y and then we integrate over the distribution
of x to compute the predictions for #;. In the second method, the ‘plug-in’ method, we di-
rectly substitute the predicted random area effects vector b in p; j. As with the first method,
we integrate estimated p;; over the estimated distribution of x to compute the predictions
for 6;. We compare these two methods using a simulation study.
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3.1 MMSE Prediction

If the parameters of the distributions are known, the MMSE predictor of b; as

b= [ Lol Sl folbo)dbi o oy
JIGZy f (wilbi) fo(bi)db ™

Let pt,,; be the area mean of x;. We present predictions for 6;, for different cases of auxiliary
information, when p,; is known, when the distribution of x is unknown, and when g, is
unknown random. For the first case we assume x is normally distributed with unknown
variance. For the second case, we estimate the distribution of x; following Ghosh et al
(2009). For the third case, we estimate the area mean of x; using an area level model for
the vector of covariates x;; = (1, x;;), given in (4).

&)

3.1.1 Covariate Mean Known

Consider the case when the mean of x is known for area 7 and the form of the distribution
is specified. Then, the MMSE predictor of the small area mean of y is

J pij (%35, 0i) TTZ lf(yzt|b)fb( ;)db y
/ J T2 f(yielbi) fo(bi)db FdFx, (x).

In some finite population situations, the entire finite population of x values may be known
and the integral in (6) is the sum over the population. In practice it is often necessary to
estimate the parameters of the distribution F_,.

(6)

3.1.2 Unspecified distribution for x

If pr; is unknown and treated as fixed, we estimate the distribution of x at point c using the
sample cumulative distribution function (CDF), Z?;l wijl (x4, ), where I(x;j,c) is the
indicator function. For known parameters, the predicted small area mean of y is

S ik, bi) TR f (yielbi) fo (bi)dbi
pi= 2 i JTIELy £ (yit|bi) fo (b )db; ' "

J=1

See Ghosh et al (2009) for an example of the approach.

3.1.3  No Auxiliary Information Used

Under model (3), for known parameters, the MMSE predictor of the small area mean of y

N S Payii T f(yielbi) fo(bi)db

pi = . ; @)
' ST £ (yie|bi) fo (i) dbi
where p, ;; is defined in (3).
3.1.4 Unknown Random Covariate Mean
Consider the model (1) for y and the linear mixed model for x;; given in (4):
Tij :,ux—i-csl-—l—el-j, 5Z'NN(0,(T§), 61']"5@' NN(O,O’?) )
A small area predictor of the mean of x; is
fozi = flz + Yoi(Ti — fiz), (10)

857



JSM 2013 - Survey Research Methods Section

where

fre = Y (65 +n; '62) Fi, Awi = (65 + 1y '67) 763

and

G2 = (Z(m - 1)) > (ay — @)’
i=1 i=1j=1
In (10), z; = n; ! Z?;l x;j denotes the sample area mean of x;, and the variance of the
random area effects 9; is estimated by & 05, the REML estimate constructed as described in
Rao (2003, page 119).

Then a predictor of the small area mean of y is

J pij (%35, 03) TIE%y f (ie|bs )fb( i)db <
b= T Faibo )

where F}(x) is the estimator of Fj(x) with parameter ,, predicted on the basis of model
4).

If Fx and f are continuous distributions, there are many ways to approximate the
integrals in (2,5,6,7,8,11). Algorithms are available in R or one can create a finite discrete
approximation. We consider the normal distribution and let 2z, k = 1,2,...K be a set of
numbers such that

(11)

—Z (zx, 22) = (0,1) (12)

and the {z;} is an approximation for the normal distribution. For example, z; might be
E(k—05K71), k=1,2,.., K — 1, with zxr = £(k+0.5K 1), where £(a) is the ath per-
centile of the normal distribution. The z; are standardized to have mean zero and variance
one. Let x}; = (1,2},) and

Xl = Pai + 2k0c and by, = oy * 2. (13)
Then, the approximated random area predictions b; are

5 _ Sk O T S (warlbf)
SR TI L fyalbh)

Approximations for the integral expressions in (2,6,7,8,11) are:

(i) true small area mean of y

12% xj;, b (14)

(ii) predicted small area mean of y with pt,,; known

*ZZk 1 Pik ijabk)nt lf(yzt|b*)
j=1 Zk IHt 1f(yzt|b)

; (15)

where
T = Haitzi0e, by = Goxzy, f(Yirlbr) = Iy = Upi(Xit, b))+ [yir = 0] (L—pit(Xit, b%)),

858



JSM 2013 - Survey Research Methods Section

and o is estimated using the pooled within-area mean squared

m n;

m
6'62 - (Z nl ZZ ng M:m ;
=1

i=17=1

(iii) predicted small area mean of y using area sample CDF for x

i _ ik (%ij, b ) T2y f (yae|bf)
:n21 I Zk 1 Pik(Xig, b)) T2y k) (16)
27 Z S TTE f(yarlb)

where
by, = 0p * 2, [(Yij10%) = Iyi; = 1pie(xij, 0) + I{yi; = 0](1 — pix (%45, b))

(iv) predicted small area mean of y using simple mean model for y

s Z§=1 pa,ik(bik) H?;i f(yit|b§k)
Srey T £ (el )

, (17)
where
s = oy * 21, [ (Yitb3y) = I[yij; = Upir(b3y) + I[yi; = 0](1 — par(b3y));

(v) predicted small area mean of y using predicted small area mean of x

72 Zk 1 Pik ijabk;) Ht 1f(ylt|bk)7 (18)

j=1 Zk T2 f(yaelb)
where
Ty = flaitzj67, by = Goxzy, f(Yirlbk) = Iy = Upi(Xit, b))+ [yir = 0] (1—pit(Xit, b%)),

and
m m. N

5= (Q (i = 1)) Y0 (g — 1)
i=1 i=1j=1
In application, the parameters must be estimated. That is, p;;(x;;, b;) is replaced with
eap(xj;B8 + bi)
1+ exp(x;-jﬁ +b;)’

Dij(xij,bi) =

é}g is estimated, and p,, ;;(b;) is replaced with

exp(& + b;)

Pa,ij(bi) = - :
Pais (bi) 1+ exp(& + b;)
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3.2 Simulation Results, MMSE Method

We performed a simulation study for m = 36 areas in three groups of 12 areas, with
sizes n; € {2,10,40} and unit level observations x;;. Each sample, (y,x), is generated
using model (1) with 02 = 0.25,, = 0,02 = 0.16, and 0> = 0.36. Thus there is a
random set of b; for each MC sample. The vector of coefficients for the fixed effects is
(Bo, B1) = (—0.8,1) and, for each unit, the probability that y;; = 1 is

exp(—0.8 + Tij + bz)

i = ) 19
Pij 1 +exp(—0.8—|—xij +bi) (19

One thousand MC samples were generated satisfying the model.
Let the estimation models be

e Model 1: Model (1)-(4), with known auxiliary mean pi,;

e Model 2: Model (1), with unknown distribution for x;;

e Model 3: Model (3), simple mean model for y

e Model 4: Model (1)-(4), with unknown random auxiliary mean fi,;.

We fit the estimation models (1) and (3) as generalized linear mixed models (GLMMs),
with the binomial conditional distributions for the response. The model (4) for the covariate
x;; is fit as a linear mixed model (LMM).

The true small area mean of y is given by (14) and the predicted area means of y in the
simulations are given in (15-18), with (8y, 51) and ag estimated using GLMM in R. The
integrals were approximated with X' = 50. The values z7, in (15) are constructed using
the known 1,; and the estimated o2 defined for (15). Similarly, the values xjy in (18) are
constructed using the predicted p,; and the estimated o 2 defined for (18).

We denote the sample mean of y by ¥. We computed the bias and the mean squared
error (MSE) for the predictors averaged over the 1000 samples, averaged over areas with
the same sample size, for the three different sample sizes.

Table 1 contains the estimated bias in predicting the small area mean y;; as a percent
of the standard error of prediction, under the MMSE method. The results are organized
in three rows, corresponsing to the three different sample sizes considered in this study.
The simulation standard errors are presented in parentheses below the bias values. The
estimator of the bias in the predictor is the simulation mean of the difference between the
model predictor and the true parameter 6.

The mean squared errors for the predictions of the mean of y;; and predictions for the
random area effects b; are presented in Table 2. The MSEs are multiplied by one thousand
and are organized in three rows, corresponsing to the three different sample sizes considered
in this study. The simulation MSE standard errors are presented in parentheses below the
MSE values. The estimator of the MSE is the simulation mean of the squared difference
between the model predictor and the true parameter.

Because the estimated biases are small, relative to the standard error of prediction,
the variance of the prediction error is approximatly equal to the MSE. The smallest MSE
corresponds to the prediction error in predicting the mean of y;; under Model 1, when the
auxiliary mean is known. Using Model 1 we estimate the sample variance of the auxiliary
variable, and use the known value for the covariate mean to construct the predicted area
mean of y;;. On the other hand, for the case when the auxiliary mean is unknown and we
make predictions based on the simple mean model of y, we use no covariate information
in predicting b; in (3).
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Table 1: MC BIAS of prediction error as percent of the standard error of prediction, MC
BIAS of §;; — 0; as percent of the standard error, and MC BIAS of b; — b; and MC BIAS
of by; — bo; as percents of the standard errors of predictions

n 6-6' p—6> p—-60> 0-6* y—60 b-b by—Dby
2 144 146 086 -024 -0.17 156  2.18
(1.16)  (1.06) (1.15) (1.14) (0.93) (0.87) (0.88)
10 -1.62 -1.82 -1.64 248 -160 0.69  0.71
(1.11)  (1.07)  (1.05) (1.08) (0.89) (0.96)  (0.95)
40 037 016 012 -002 050 177 228
0.96)  (0.95) (0.94) (0.96) (0.90) (1.23) (1.01)

1. Model 1, known iz;

2. Model 2, unknown distribution for x;;
3. Model 3, simple mean model for y

4. Model 4, unknown random s,

For the case when the auxiliary mean is unknown, the smallest MSE comes from us-
ing Model 4. Making predictions based on Model 4 involves making predictions for the
unknown random covariate mean, using the estimated grand mean of x and estimated vari-
ance of x. Using Model 2 gives smaller MSE than that of the simple mean model for large
sample sizes, but the simple mean model predictor is superior to that based on Model 4 for
small sample sizes.

Table 2: MC MSE (x1000) of prediction errors for the mean of y;;, MC MSE (x1000) of
3ij — 0, MC MSE (x1000) of b; — b; and MC MSE (x1000) of bg; — by;

n 6-6' p—62 p—-6> 0-6* 3-60 b-b by—by
2 931 1617 1421 1246 101.91 22888 236.13
0.12)  (022) (0.18) (0.16) (1.09) (3.04) (3.15)
10 724 863 983 837 2066 18479 210.32
0.10)  (0.12) (0.13) (0.12) (0.27) (2.50)  (3.01)
40 354 393 415 390 517 105.09 176.08
0.05)  (0.06) (0.06) (0.05) (0.07) (1.53) (2.48)

1. Model 1, known piz;

2. Model 2, unknown distribution for x;;
3. Model 3, simple mean model for y

4. Model 4, unknown random i,

3.3 Plug-in Method for b;

Because computer programs are available that give predictions of b;, one may be tempted
to ‘plug-in’ the predicted value of b; into equation (14) to construct the predictor of 6;. Let
the estimated coefficients for the fixed effects be ,3, &, and let the predicted values for the
random area effects be E), f)g, for models (1) and (3), respectively. We construct the plug-in
small area mean prediction for the four methods by:
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K

A -1 ~ * 7 * A

ei,plugin =K sz‘j (Xijv 62)7 where Lij = Mai + 2j0¢;
Jj=1

n;
Pigplugin = 1+ Y Pij (Xij, bi);
j=1

exp(& + 812)

ﬁ',l — : 2 :
PP 4+ eap(a + bi)
and
~ K ~
O prugin = K1Y Pij(a;, bi), where o = fizi + 267 (20)
j=1

3.4 Simulation Results, Plug-in Method for b;

We use the simulation setup of Section 3.2 and construct predictions of #; as defined in
Section 3.3. Table 3 contains the estimated biases of the prediction error as percent of the
standard error of prediction for the corresponding model. Some of the biases in the first
four columns of Table 3 are significantly different from zero and arise because p;; (a:ij, bi)
of (19) is a nonlinear function of (x;;,b;). The absolute values of the relative bias for
the prediction errors for the mean of y;; decrease with the increase in sample size, corre-
sponding to a decrease in the variance of b;. The smallest absolute values for the relative
prediction bias are for estimation Model 1 and estimation Model 2. The absolute biases for
Model 1 and Model 2 are comparable because the variance for Model 1 is smaller than the
variance for Model 2. Model 1, Model 2 and Model 3 have the same variance of b — b.
The by associated with Model 3 estimation has a larger variance.

Table 3: MC BIAS of prediction error as percent of the standard error of prediction, ‘plug-
in method’

0 1 2 ~ 3 4
n eplugin -0 Pplugin — 0 Pplugin — 0 Gplugin -0

2 3.49 228 -5.88 468
(1.18) (1.06) (1.16) (1.15)
10 -4.69 4.65 -5.30 -5.39
(1.12) (1.08) (1.06) (1.09)
40 -1.02 “1.18 -1.24 135
(0.97) (0.96) (0.95) (0.96)

1. Model 1, known i4;

2. Model 2, unknown distribution for x;;
3. Model 3, simple mean model for y

4. Model 4, unknown random i,

The MC MSE of prediction errors for the mean of y;; constructed using the ‘plug-in’
method are slightly larger than, but very close to, the values presented in Table 2. The
procedure using estimated conditional mean is less biased and slightly more efficient than
the ‘plug-in method.’
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Table 4: MC MSE (x1000) of prediction errors for the mean of y;;, ‘plug-in method’

= =~

1 5 2 o 3 4
n Gplugin -0 Pplugin — 0 Pplugin — 0 eplugin -0

2 9.38 16.60 14.36 12.56
(0.13) 0.22) (0.19) (0.17)

10 7.29 8.72 9.89 8.43
(0.10) 0.12) (0.14) (0.12)

40 3.54 3.94 4.15 3.91
(0.05) (0.06) (0.06) (0.05)

1. Model 1, known pi4;

2. Model 2, unknown distribution for x;;
3. Model 3, simple mean model for y

4. Model 4, unknown random s,

4. Conclusions

This work was motivated by real survey situations, in particular those where there is in-
complete auxiliary information. In this paper we presented a unit level model for binomial
response variables, a specific case of a generalized linear mixed model, and constructed
predictors for the area means for different cases of auxiliary information. We showed that
using the ‘plug-in” method can lead to the sizeable bias in predictions.

We presented results for a simulation study, generating data from the unit level model.
The bias in the prediction errors was small, relative to the standard errors of the predictions
for the mean of y;;. The results indicate that, generally, it is better to include auxiliary
information in the model and estimate the distribution, rather than to ignore the auxiliary
information.
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