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Abstract

Measuring trend or change over time is a central problem for many users of social,
economic and demographic data and is of interest in many areas of economics and social
sciences. Smith et al. (2003) recognised that assessing change is one of the most
important challenges in survey statistics. The primary interest of many users is often in
trends rather than cross sectional estimates. Samples at different waves are not
necessarily completely overlapping sets of units, because repeated surveys often use
rotating samples which consist in selecting for each wave new units to replace old units
that have been in the sample for a specified number of waves (Tam, 1984; Nordberg,
2000; Kalton, 2009). Moreover, surveys are usually stratified and units can be selected
with unequal probabilities. In this paper, we propose a novel approach to estimate trends
and its variance taking into account of rotations, stratification and unequal probabilities.
The variance depends on covariances between estimates calculated from different waves.
In a series of simulation based on the Swedish Labour Force Survey, Andersson et al.
(2011) showed that the approach proposed by Berger & Priam (2010) can give more
accurate estimates of covariance than standard estimators of covariance (Tam, 1984;
Qualité & Till¢, 2008). In this paper, we show how the approach proposed by Berger &
Priam (2010) can be used to estimate the variance of a trend parameter. The proposed
method is a semi-parametric design-based approach which is based upon a multivariate
linear regression (or general linear) model (Berger & Priam, 2011). This multivariate
regression model captures the effect of rotations, unequal probabilities, stratification and
unequal probabilities.
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1. Introduction

In this paper, we propose a novel approach to estimate a trend and its variance taking into
account of the rotation, the stratification and the unequal probabilities. In Section 2, we
define the class of rotation designs considered. In Section 3, we defined the trend
parameter. In Section 3.1, we proposed a model-design unbiased estimator of the trend
parameter. In Section 3.2, we show how Berger & Priam (2010) approach can be use to
estimate the variance of a trend parameter.

2. Rotation Designs

Rotation designs consist in selecting, for each wave, new units to replace old units that
have been in the sample for a specified number of waves (Tam, 1984; Nordberg, 2000,
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Kalton, 2009). In Sections 2.1, 2.2 and 2.3, we show how rotation designs can be used to
select samples.

2.1 Unequal Probability Rotation Designs for Two Waves
Let s; and s, denote respectively the first and second wave samples. We consider that

s; and s, have the same fixed sample size n. Assume that s; is a probability sample
without replacement with first-order inclusion probabilities ;. Suppose that s, is a
simple random sample without replacement sample of 7y, units selected without

replacement from s; combined with a sample of nj; =n—n;, units selected without
replacement from U/s; with probabilities ¢; =7;(1—nyo/n)/(1-7x;) ; where U
denotes the population and U/ s; is the set of units not selected at wave 1. Tam (1984)

studied this design when 7z; =n; /N ; where N denotes the population size. Note that the
first-order inclusion probabilities of s, are also given by 7; (Berger & Priam, 2010).

2.2. Random Groups Rotation Designs for Two Waves

There are other rotation designs used in practice such that the rotation groups sampling
design. Suppose that we have a single stratum randomly divided into G rotation groups.
We assume N /G integer. At = g, the first g groups are selected. At =g +1, group
1 rotates out and group g +1 rotates in. By assuming that the G rotation groups are
randomly constructed, the rotation group sampling design and the design described in
Section 2.1 are equivalent when 7z; =n/ N . Rotation groups can be also constructed with
systematic sampling.

2.3 Rotation Designs for More than Two Waves
Consider that we have T waves. Let {57, 55, ..., 8;, ..., s7 } denote a series of samples

selected at each waves, where the sample s, and s,,; are selected using a designs
described in Section 2.1 or 2.2. Thus, any pair of sample s, and s, can be overlapping
sets of units. Let us consider that all the samples s, (f=1,---,T) have the same sample
fixed size n. We denote by n,, the number of units in s, Ns,. Note that in practice

n, 141y i a fixed quantity which does not depend on 7. For example, if 20% of units

rotate in and out from the sample at each wave, we have that n, 1) =0.8xn.

Note that under a rotation groups sampling design in (see Section 2.2) with G groups,
the quantities ny, are fixed and given by ny, = nmax{0,1-17—/1/G}. Note that

ng, =0 if l1—/¢I>G, implying that sy s, = . This means that under rotation groups

sampling, two samples s, and s, will have no units in common when |7 —¢|> G . Under
the rotation design described in Section 2.1, the quantities n, are random, and have a

positive probability of being equal to zero when [ -/ 1> 1.

3734



Section on Survey Research Methods —JSM 2011

3. Estimating a Trend

Suppose that we would like to estimate the trend of a variable of interest y over time.
This trend can be measured by the trend parameter B of the following model

Yie =B Xi + e ; (D
where y;; and x;, denote respectively the values of unit i at wave ¢ of the variable of
interest y and p covariates. The residuals e; are assumed to be correlated within
subjects. We consider that x;, contains the wave number ¢ and possible interactions of ¢

with other covariates or even 2 if the trend is not linear. For example, when x;, =(1,¢)'
we have that B = (5, 5;)" and y; = By + B, t +e; .

In Section 3.1, we propose an estimator for f and an estimator of its variance in Section

3.2. We show that both estimators are approximately design unbiased and take into
account of the rotation design, the inclusion probabilities and stratification.

The classical model-based approach consists in estimating p using a fixed or random
effect model from the sample data given by the values of y; and x;, for the set of units
selected at T consecutive waves. Hence, the sample data are given by {y;,X;, :i€ s},

where s = U,T:1 s; . Note that under a rotation groups sampling design, the sample data is

empty (s=©) when T —1> G (see Section 2.3). Nevertheless, the proposed estimator
(2) and its variance estimator (5) can be still calculated even if s = .

The model-based likelihood approach (Diggle et al. 1994) needs assumption about the
correlations between the ¢; in orders to obtain consistent estimates for the variance-

covariance of the estimator of B. The proposed point estimator of  in Section 3.1 does

not depend on these correlations. However the proposed variance estimator (see Section
3.2) depends on between waves correlations generated by the rotation design. We
propose to estimate these correlations using another multivariate regression model (6).
We show that this approach gives design-based consistent estimator for the correlations
even if model (6) does not fit the data.

3.1 The Proposed Estimator of

Let ﬁU be the usual Ordinary Least Squares (OLS) estimator of B based on the
population values {y;;, x;; :i€ U}. It is well known that ﬁU is model unbiased (Diggle
et al. 1994 page 58); that is, E,, (]§U) =P, where E, () denotes the expectation with

respect to the model (1). We proposed to predict BU by the following design-based
weighted estimator

-1
. T 1 \ T ;i
_ i
By = Z Z — X Xir Z Z Xj | (2)
r=lies, Zi 1=lies, i

If the population model holds B, is also approximately model-design-unbiased, as
Ep(Ey(B) = E, By)=B.
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where E;(-) denote the expectation with respect to the rotation design used.

3.2 An Estimator for the Variance-Covariance of [Ais
Note that ﬁs is a smooth function of Q totals where Q = p(p +1)/2; that is,
By= f(mip) = FR);

where
< ~(q)
Tq :thq ’ (C]Zlny) (3)
t=1
with
(@)
~ w;
Tt(q)zz;[_f. (g=1,---,0)

ies, i

and wi(tq) is defined by the totals involved in (2). For example, under a random groups

rotation design, we have that Q=3 , Wi(zl) =1, w? =y; and wl-(f) =ty; , when

it
x; =(.1).

As ﬁ ¢ 1s a smooth function of totals, we can use the delta method to derive the following
design-based linearised estimator for the variance-covariance

vary (B,) = V(%) vary (3) V(3), (4)
where V(1) = aﬁs /0% is the Ox1 gradient vector of f(T) at 7. Using (3), we have that
T
T= Z%t ,
t=1
where T, = (ft(l),---, ft(Q))‘ . Thus, (4) can be re-written as
A A a T T & n
var,(B) =V @) >, > X VA); (5)

where )A:(, =cov,(%,,%,) is the OxQ matrix block (4, 1) of the covariance matrix £

between the estimators {fl(l),---,fl(Q),---,ft(l),---,f,(Q),---,f(TD,---,f}Q)}. We propose to

use a multivariate regression approach (Berger & Priam, 2010) to calculate the
covariance matrix X .

In a series of simulation based on the Swedish Labour Force Survey, Andersson et al.
(2011) showed that the method proposed by Berger & Priam (2010) gives more accurate
estimates of covariance than standard estimators of covariance (Tam, 1984; Qualité &
Tillé, 2008) for estimate of strata domains. This is not a surprise since the correlations are
implicitly calculated within each stratum (Andersson et al. 2011). This property is
important when the trend parameter is an interaction parameter with strata domains.
Furthermore, the approach proposed by Berger & Priam (2010) can accommodate
temporal stratification and unequal probabilities. Temporal stratification means that the
stratification at ¢ differs from the stratification at ¢ +1; i.e., new strata are created and
units move between strata. However, the approach proposed by Berger & Priam (2010)
relies on the assumption that the sampling fractions are negligible. Berger (2004)
proposed a more general method based on the same principle, which account for large
sampling fractions. For large sampling fractions, it is recommended to use the more
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general estimator proposed by Berger (2004). In the rest of this section, we show how the
approach proposed by Berger & Priam (2010) can be used to calculate the covariance

matrix X, when we have one stratum.

Let vT/lgtq) be defined by vT/l-(tq)zo if i¢s,, and VT’,'(tq)ZWi(tq)/”i if ies, ; where

ie szuthls, . Let n=#s . Consider the following 7xQT matrix of the Wl-(tq) :

W= (Wt’...’VVT) ; where W[ = (ng)”ng)) and W;q) = (Wl(tq)yyﬁ;’%?))'
w=Z,o+¢g; (6)
where a is a LXQT matrix of regression parameters and Zg is a n x L design matrix

which specifies the fixed sizes constraints of the rotation design. The residuals & have a
QT xQT covariance matrix S.

For the rotation design described in Section 2.1, L=27T -1, as we have T design
variables z,.;, and T —1 interactions z;,_j.;z.;; where z,; =1 if ie s, , and z,; =0 if
i€ s;. It can be shown that Xjc z;.; =n and X 7,12, =n¢y), are fixed. For the
rotation scheme describe in Section 2.2, we have additional interactions z.;z;.; , because
the sums X z/.;z,,; =ny, are fixed. The fact that these sums are fixed justifies the

covariate Z used in (6) (Berger & Priam, 2010). More design variables are needed for
stratified designs (Berger & Priam, 2010). The matrix § can be modified to
accommodate two-stage designs (Berger & Priam, 2010).

Berger & Priam (2010) showed that
2=D'SD (7)
is an approximately design unbiased estimator for the covariance matrix between the f,(Q)

when the finite population corrections are negligible. The matrix S is the OLS residual

covariance matrix estimate of the model (6) and D is a diagonal matrix with diagonal
—Iy1/2

i where vér(ft(q)) is a standard design-based variance estimator

elements {var(#\?)$

of ft(q) where (t—1)Q+¢g=j and §qq is the g -th diagonal component of §. The

estimator ¥ is a design-based consistent estimator for the covariance matrix between the

ft(q) even when model (6) does not fit the data. The estimator for the variance of [Ais is

obtained by substituting (7) into (5).

Note that the overall variance (model & design) of ﬁ ¢ 1s given by

var(,) = E,(vary(By)+var, (E;(B))
E,,(var; (B,))+ var, (By)

Ep(vary (B,))
Thus, the proposed variance estimator is also approximately unbiased for the overall

0

0

variance of [Ais ,as
E(var, (By) = E,,(E; (viry (B,))) = E,(varg (B,)) = var(,).
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4. Conclusion

In this paper, we propose a novel approach to estimate a trend parameter and its variance
taking into account of rotations, stratification and unequal probabilities. The point
estimator of the trend parameter is a standard design-based estimator of the population
trend estimator. We show that the proposed estimator is also model-design unbiased. For
variance estimation, we used the delta method as the point estimator is a function of
totals. However, it is necessary to estimate covariances between cross-sectional totals
measured at different waves. We propose a semi-parametric design-based approach
(Berger & Priam, 2011) to estimate these covariances. This model captures the effect of
rotations, unequal probabilities and stratification.
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