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Abstract

The National Assessment of Educational Progress (NAEP) uses jackknife replicate
weights for estimating sampling variances. In the presence of nonnegligible finite
population corrections, the jackknife requires either special factors attached to each sum
of squares or adjustments to be made to the jackknife replicate weights to provide
consistent variance estimators. The NAEP sample design has two stages of selection. We
needed to incorporate a finite population correction for the first-stage of selection
(schools), but not for the second-stage of selection (students). A method is developed for
doing this in a way which is simple, allowing for its use by analysts without the need for
explicit factors attached to sums of squares in variance estimation (the necessary
adjustments are fully incorporated into the weights). The approximation is conservative
in that it slightly overestimates the true variance. This paper provides theoretical results,
and the companion paper Kali et al. (2011) shows results of its application to NAEP
2011.

Key Words: National Assessment of Educational Progress (NAEP), jackknife
replication methods, finite population correction (FPC)

1. Introduction

Finite population corrections are an important part of variances for survey sampling
estimates. A widely-used methodology for estimating variances in practice are replication
methods, including the jackknife, bootstrap, and balanced repeated replication (see for
example Rust and Rao (1996)). Replication methods depend on using the sample itself to
provide information about the variability induced by the sampling process. It is difficult
to incorporate finite population corrections into replicate variance methods because these
factors are not apparent in the sample distribution itself: they are ‘external’ to the sample
distribution. They have to be brought in explicitly in a careful way. This paper describes
the new approach for incorporating finite population corrections into replicate variances
for the National Assessment of Educational Progress (NAEP). This methodology will be
used in future years of the NAEP program, starting with the current year.

NAEP’s variance estimation procedure for many decades has been the jackknife
procedure. Without adjustment, the jackknife procedure essentially provides an unbiased
variance estimator for totals? assuming the finite population correction is negligible. If

! The National Assessment of Educational Progress measures the achievement of fourth-, eighth-, and twelfth-graders in
the United States through a nationally representative sample. It is sponsored by the US Department of Education. General
information about NAEP can be found at http://nces.ed.gov/nationsreportcard/.
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coefficients, distribution function estimates, etc. can be seen as smooth functions of weighted totals. The jackknife
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the finite population corrections are not negligible, then the jackknife variance estimator
can be seen as conservative (it is positively biased as an estimator of the true variance of
the total).

In order to achieve an unbiased variance estimator where the finite population corrections
are all negligible, it is necessary only to work with the first-stage units (the sample units
from the first-stage sample, which in NAEP is generally the school level). Jackknife
replicate weights that perturb first-stage units only will succeed successfully in providing
unbiased variance estimators (see for example Kalton 1979).

The new approach developed in this paper provides jackknife variance estimators that are
less conservative through the application of finite population corrections directly in the
jackknife weighting perturbations. In principle, the concept is very simple. We start with
a set of jackknife perturbations which provide unbiased variance estimators for totals.
These perturbations decrease some weights for a particular replicate and increase others.
The finite population correction can be accounted for by reducing the size of these
perturbations in the exactly appropriate way to achieve variance estimators that are
unbiased estimators of the fully fpc-corrected variance. One can cite Rizzo and Judkins
(2004), Fay (1984), Fay (1989), Flyer (1987), Judkins (1990), and Rao and Wu (1988),
for applications of this technique in a variety of settings.

This paper is one of a pair of papers given in this JSM 2011 session. The second paper is
Kali et al. (2011), and provides empirical results for the application of this procedure to
NAEP 2011.

2. Should Finite Population Corrections be Applied?

An important starting point in any survey and analysis design is deciding whether it is
appropriate to include finite population corrections at all. The fact that the sampling
fraction is nonnegligible does not necessarily mean that finite population corrections
must be applied. If one for example is planning to analyze the sample by using a
superpopulation model, and the inference will be to parameters in the superpopulation
model, then incorporating the finite population correction in variance estimators is not the
correct answer (see for example Korn and Graubard (1999), Section 5.7). In the NAEP
application, there are two stages of selection at the school level and at the student level,
with differing sampling rates (and therefore finite population corrections) associated with
them.

It appears logical in the NAEP application to incorporate finite population corrections at
the school level. At the school level, this will represent the true sampling variance
treating the school sample as a without-replacement sample from the frame of schools for
that jurisdiction. In particular, when all schools in a jurisdiction are included in the
sample, the replicate variance estimator at the school level will be 0, reflecting no
sampling variability in this case. And with the previous procedure this does occur for
schools selected with certainty. For NAEP, we wish to represent a fixed set of schools

estimation theory allows one to assert that the jackknife variance estimator for these other parameters will be consistent
(not unbiased), if it is unbiased for the total, and is consistently conservative (i.e., it converges to a value higher than the
true value) if the jackknife variance estimator is positively biased for the total. See for example Shao and Tu (1995),
Section 2.1.
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within each jurisdiction. We also wish to have a procedure that treats certainty schools
and non-certainty schools consistently.

But what of students? Should the variance be zero for jurisdictions when all schools and
all grade-eligible students are included in the sample? From a strict sampling viewpoint,
the answer is yes. There is no sampling, so the variance should be zero. This is certainly
the correct answer when the estimators are descriptive, and especially for estimates of
totals (total numbers of girls, boys, Blacks, Hispanics, etc.), as the census of schools and
students will give the correct number (putting aside nonresponse and measurement error)
of grade-eligible students within any demographic domain of interest. These
demographic characteristics are ‘fixed’ characteristics: they will not change at any point.

The student characteristics of direct interest however are the students’ proficiency scores,
developed from the answers the students give on the NAEP assessment. These
proficiencies can be viewed as being drawn for each student from an infinite population
of potential proficiencies, for reasons as follows:

n Each student is only given a portion of the full assessment (a set of assigned
blocks of questions), with that portion randomly selected, to reduce burden
on the student;

n The proficiencies are measured using an Item Response Theory model3 as a
complex function of the actual assessment item results;

n Even given a particular fixed assessment (putting aside the IRT and the
randomly assigned blocks), a given student will provide somewhat different
results depending on the exact day of the exam (no student’s answers will be
fully consistent over time: there is some noise coming from the day-to-day
differences in the student’s capabilities and motivation).

The approach then for the NAEP proficiency scores is to view the student assessments as
being drawn from an infinite population. In particular, we have chosen not to incorporate
a finite population correction at the student level. The student assessment results from a
given school are viewed as a with-replacement sample of assessments from an infinite
population of such assessments, even when every grade-eligible student in the school is
assessed. The student-level sampling fraction should always be viewed as negligible:
essentially zero. Again, this is the approach taken previously in NAEP in the case of
students sampled from within certainty schools, and again we wish to use a consistent
approach across certainty and non-certainty schools.

Given this logic, the variance estimated is both a sampling variance and a model
variance: a sampling variance at the school level and a model variance at the student
level.

3 See for example Baker and Kim (2004).
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3. Approximate Variances for NAEP Two-Stage Sampling

We approximate the NAEP sample design for each jurisdiction at the school level as a
heavily stratified design, with each stratum having a sample size of 2 or 3. The NAEP
sample design is in fact a systematic sampling procedure, thus representing it as a heavily
stratified design is an approximation. See for example Wolter (2007), Section 8. Using
this approximation, we can write the population value of interest as follows (S is the
number of strata in the jurisdiction, s designates stratum, N is the number of schools in

the stratum, Ms; is the number of grade-eligible students in the school, and s is the

mean proficiency within the school (a pure model parameter, not a fixed value calculable
for any school)):

Y corresponds to the expectation (under the model for proficiency) of the total
proficiency aggregated over all grade-eligible students in all schools in the jurisdiction.
Y is the mean proficiency within the jurisdiction.

Within each sampled school, we draw a simple random sample of m; ‘proficiencies’ from
an infinite population with mean ; and variance o’ . We designate y; as the estimated
proficiency of each student j=1,..., mg, ns as the school sample size in stratum s, and

_ 1 &
Yi = m_5| ,2—1: Ysij

The estimator from the two-stage sample of Y is as follows:

s N

YA zzzﬂs_ilMsiysi

s=1 i=1

In the general case of without replacement probability proportional to size sampling, the
variance is as follows (see for example Cochran 1977, Equation 11.42%):

* Note that we are leaving out the finite population correction at the second stage, as the second stage is sampling from an
infinite population.
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L Mytt, Mty | &8 Mo
Var(Y)—;;;( sills — su)( 7, ;Zj_sj SJJ +SZ:1: & 7
S Ny Ng s N, 2 2
=339 WA (AP 8 3) SRz
s=1 i=1 j>i s=1 i=1 si
=Var, (Y)+Var( )
with Ay =(zym;—7y) and w, =08 1)

T,

si

7 is equal to the first-stage probability of inclusion for school i, and z; is the joint

probability of inclusion for schools i and j in the same stratum (note that school selection
is independent across strata, so that the joint probability of inclusion in that case is the

product of the first-stage probabilities of inclusion. &’ is the variance among student
assessments in school si. The unbiased variance estimator is as follows:

V(\f)=vl(\f)+v2(\f):
_ZS:ZZ( si SJSIJ S”)[MSIysu_Msjyst +ZS: ng 2;[2

T T

s=1 i=1l j>i 7 si sj s=1 i=1
mSI 2
- 2 —
with s = m, 1;(3’5” - ysi)
S N N _ _ 2 S Ns W S
Z stij (Wsiysi _Wsjysj) + Zzﬂsi —
s=1 i=1 j>i s=1 i=1 msi
. Tl — Tl M.
with d; :M W, =—5 2)
T T

One can cite for example Equation 11.44 in Cochran 1977. dg; can be approximated in a
conservative way in most cases using the following approach. If the 7 ; are nearly equal

within a stratum (to a common value n /N, ), then sampling is nearly equivalent to
simple random sampling without replacement, and z; will be equal in this case to

N (n,—1)/(N,(N,—1)). After algebra, the value for Ay in this case is

(nS/NSZX(Ns -n,)/(N;—1)). Finally, further algebra (see Appendix) shows that
dg; =(-f,)/(n, -1), with f,=n,/N. In this case when the sampling probabilities

within a stratum are close, a conservative approximation of dg; (in that the approximation

~ 1m|n7z7z

is too big, making the variance too big) is dg; = =2 When 7 equals

S

equals ng/Ns, Jsij reduces to the exact dg.

2505



Section on Survey Research Methods — JSM 2011

\7(\?):\71(\?)+\72(\f):
b el 2 &Sy wis?
= zzzdsij (Wsi ysi _Wsj ysj) + ZZESi —r:] &l
s=1 i=1 j>i s=1 i=1 si

with d; = W, =—3 ©)
n,—1 T

. 1- mln(ﬂ' 7[) M

( ) in general is a conservative estimator of Var( ) The actual estimator that is used in
practice is the ratio estimator

Pl i n, =3 M
MO

s=1 i=1 ”SI

This is an approximately unbiased estimator of Y. The appendix develops an
approximate variance expression for Y , which is as follows:

SNS

Var (\7) i N DA |:(Wsi (4 _V))_(Wsj (414 _V))T

s=1 i=1 j>i
1 &8 W

- Zzﬂ-si sisi (4)
0 s=1i=l msi

An approximately unbiased estimator of this expression is as follows:

o(7) =3 S22 (7)o 7))

0 s=1i=1 j>i

>3, M ©)

The replicate variance estimators developed will be designed to duplicate Equation (3)
for totals, and to approximate Equation (5) for means.

4. Replicate Variance Estimators: School Level

Two sets of replicate weights will be developed to implement the variance estimator®.
The first will be designed to reproduce vl(\f) . The second will be designed to reproduce
v, (Y) . The first set will consist of perturbations at the school level only (perturbations in
the w, weights). The second set will consist of perturbations at the student level. The
replicate variance estimator matching vl(\f) is as follows:

® This refers to replicate weights before grouping. In practice a particular replicate weight (e.g., replicate weight 1), will
include perturbations at the school and at the student level.
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V()= 2 (V=Y with PI=58, 3, w7

r=1

Before grouping, each replicate r pertains to a stratum s. In this section for simplicity’s
sake we will assume every ns equals 2. The case ns equals 3 will be developed in Section
5 below. For a stratum in which ng equals 2, there will correspond exactly one replicate r.
This replicate weight will be defined as follows:

Wsi (1+ a'sij) ie Ar
Wi (r) =9 Wy (1_ Jsij ) ie Dr
W,

si

otherwise

A; is the sampled school which is ‘retained’ for replicate weight r (with no finite
population correction this school would receive an r-weight of 2*wy), D, is the sample
school which is ‘deleted’ for replicate weight r (with no finite population correction this
school would receive an r-weight of 0). To incorporate the finite population correction,
the replicate weights are ‘shrunk back’ from 2*wg and 0, giving a replicate weight which
is larger than wg; but smaller than 2*wg; in the A, case, and giving a replicate weight which
is smaller than wg; but greater than 0 in the D, case.

Using this replicate weight definition, the square (\?(r)—\?)z is as follows (assuming
without loss of generality that Y, is the assessment mean for the ‘retained unit’ for the

stratum and Y, is the assessment mean for the ‘deleted unit’ for the stratum).

2

(\f(r)—\f)zz((wsl(l+ 6512)ysl)+(wsz (1_@)782)_(\,\/51751+W52782)) _
= (g ) (W, Vg —W,, ¥ )’

Assuming one replicate r for each stratum s, the replicate variance estimator is as
follows:

Vi (YA) = i(YA(r) _YA)Z = Zs:&slz (Wslysl —W,, Y, )2

r=1 s=1

One can see that this is identical to \71(\?) as given in Equation (3-3), so that the replicate
variance estimator reproduces the unbiased variance estimator.

5. Replicate Variance Estimators: Student Level
At the student level, there will be one replicate for each sampled school (or combination

of schools: see below)®. The overall estimator can be written as a weighted total of
individual proficiency outcomes:

® This is before grouping.
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S Ng S Ns Mg M

Y= ZZWsi Vi = Zzzwssi Yo ~ Withw = Ws _ M

) 01 idl j1 my  7ZgMmg

The replicate variance estimator for replicate r' can be written as:

Ns

Y,\(rl) = iz%wssi (r I)ysij

s=1 i=l j=1

For replicate r' corresponding to school si, the replicate weights are as follows:

Wssi?"" ”si; jeAsi
Wssi(r') =9 Wssi 1- Tsi J € Dsi

W otherwise

The set A is the set of ‘retained students’ for replicate weight r', and the set D are the
‘deleted students’. Ag and Dg; should each be roughly half of the mg; of the students in the
school’s sample. For simplicity’s sake, assume mg; is always even, so that A and Dg; each
have m; /2 students’. Write Y (A) as the mean of the A student proficiencies, and write

Y (D) as the mean of the Dy student proficiencies.

The squared difference (\f(r‘)—\f)z is

2

(Y}\(r')_YA)Z :[Z \/ﬂ.—siwssi ysij - Z ‘\/;siwssi ysij] :”si Vvs%my(ysl(A)_ym(D))z

jehA jeDg
= ”siwszsimszi (ysi (A) -V )2

Suppose Eg is the expectation over the replication process, which draws the without
replacement sample of A (mg/2 from a population of mg). Then E (Vg (A) - Vg )2 is the

variance of a sample mean from a simple random sample without replacement of size
mg/2 from a population of size mg. In the appendix it is shown that:

Ee (V4 (A) -7, )" =s2/m, (6)

Thus

En (Vzr (Y)) =E, [i(\?(r')—\f)zJ :i E, (\?(.r')_\f)2 -

r'=

" The case of odd mg; assigns (msi +1)/2 students to A (or Ds;). None of the substantive results below are changed.
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= (VZr(YA)) is equal to v, (YA) as desired.

6. Replicate Variance Estimators at the School Level: The Case of Triples

This section develops replicate weights for the case in which ng equals 3 for the stratum.
We can assume for simplicity’s sake that ns=3 for every stratum (the case in which ng
sometimes equals 2 and sometimes equals 3 is a straightforward generalization from

Section 4 and this section). We can write vl(\f) in the case of n,=3 as follows:

n S
Vl (Y) = Z{dslz (Wslysl - Wszysz )2 + dslS (Wslysl - Ws3753 )2 + dsZS (Wsz 752 _Wssyss )2}

s=1

We define d, ., = max{dy,,dys, dops . i (¥ ) then is bounded above by

Vlu (YA): Z{ds,max (Wslysl _WSZVSZ )2 + ds,max (Wslysl _Ws3ys3 )2 + ds,max (WSZVSZ _W83783 )2}

There are two replicates assigned to each stratum s, which will be denoted r; and r,. The
three sampled schools are assigned to three sets A, B, and C (one school per set). The
replicate weights are defined as follows:

\'dsmax H dsmax
Wsi[1+ \/5] sie A wsi[1+ ’ ] sie A

N

wy (1) = wsi[1+ “‘j}g“} sieB w, (r,) = Wsi(l V2" svmax) sieB

WS

N

\'ds,max .
(1-2%a, ) sieC [“ ec

otherwise W, otherwise

Sl

Wsi
Wsi

It is shown in the appendix that vrl(\f) defined using these replicates is identical to

Vi, (\f):
E {vrl (\f)} =V, (\f) >V, (\f) Eq (7)

7. Discussion

This paper describes the new variance estimation approach for NAEP, and provides the
philosophy and mathematical derivations underpinning it. The companion paper Kali et
al. (2011) provides an evaluation of using this approach specifically in the NAEP
context. This paper shows that this variance estimation approach is generally successful
in reducing significantly the computed variance in ‘middling’ jurisdictions: those with
significant school-level sampling fractions but in which only a minority of schools are
certainty selections.
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8. Appendix
Proofs of Results in Text

8.1 Proof of Unbiasedness of Variance Estimator in Equation (2)
We will start with the expectation of vl(\f). E; indicates expectation with respect to the
school sample and E; indicates expectation with respect to the student sample.

R S ns ns
E ()] = El{ZZstijEz(wsivsi—ws,-vsj)z}

s=1 il j>i

By (W T =Wy ) = B {(Whatty =Wty )+ (e (5= ) =Wy (9 = 4, ))}2 =
= (Wi — Wy )2 +2*E, {(Wsiﬂsi — Wy Hy )(Wsi (V= 1) =Wy (Vs = 4 ))} -
B (s (7 =)~y (7))} =
= (Wypty —Wypz, ) +2%0+E, {(wsi (Vo — 11 )~ Wy (T — 11 ))2} =
= (Wt = wypry )+ B, (W8 (7, - 1)} +E, {ij (v, — 14 )2} +

+E, {(Wsi (ysi — K )Wsj (ysj — K ))} =

2
=(w 2 2 Gszi 2 Usj
- sitsi — Wsj /usj + WSi —+ WS] o

Si msj

Note that only (Vg4 —4) and (74 —4;) are random under the student sampling

distribution, and are independent of each other (as student sampling between schools is
done independently), giving the result (all covariance terms are 0). Thus,

N S N N 2 5 O-szi 2 O'Szj
E, {Ez (Vl(Y)} =E, zzzdsij (Wsi:usi _Wsj:usj) Wi —+Wg— =
s=1 i=l j>i m; msj
s N, N, ) s N, N, 202_ ; O_Sg
:Zz (Asij){(wsi:usi_wsj:usj) }+ZZZ(ASU) Wy —+ W L=
s=1 i=1 j>i s=1 i=1 j>i msi msj
s Ny N 2 2
=Var, (Y AV we w2 Zal
arl( )+;§JZ( S,J){ws, n +w ms,}
. s N, o2 &
=Var, (Y)JrZwai =3 (Ag)
s=1 izl m; =

Using Cochran (1977), Eqg. 9A.36, we can reduce the last factor as follows:
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ZAS” Z( i ”sij):”si(ns _”si)_(ns _1)7Tsi = ”si(l_”si)

j#i j#i

Thus we have:

£, (£, 00} =Van (7)+ 33 w2 2 1, (- ,)

The second part is to find the expectation of v, (Y)

n

o) fe (55000 | e S 55 i

s=1 i=1 si s=1 i=1l si

Thus, we can write:

E, {E,(v(V)} = E, {E, (V)| +E, {E, (v, (Y)} =
:Varl( A)+Zs:iW§i 0-52' (72'SI (l—;z'si))+ S iﬂ_szl Wrio-;
=Var, )+Z‘ 1 " Wrsrfs' Var(Y)

8.2 Proof of Equation (4)

A

Y is a ratio estimator, and its variance can be approximated using the delta method:

Var (\7) ~ MLS[WVar(MO)+Var(\?)—2\7Cov(l\7lo,\f)}

The variance of Y is given in Equation (1). The variance of l\7l0 can be derived as

follows. There is no second stage sampling inherent in the estimator l\7l0 , as the measures
of size are computed exactly for each cluster. Thus there is only a first term for first-stage
cluster sampling, with the same probabilities of selection for clusters as for Y . Thus

Var( )

zZ

N

>3 (77, - S.,)(Msi _%T ]

, V4 V4

(A ) (i —w )2

S

2M

[u—
V.

p=4

o>

p=4

S

M- M-

T
UN
I
UN

—

j>i
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For the covariance between Y and |\7I0, the first term for first-stage cluster sampling is

only applicable, as the lack of second-stage cluster sampling (effectively) for l\7l0 will
render the covariance at this level equal to 0.

S Ng Ng M/l M,U M M
COV(Y ): siffsi S|7S) si S| =
558 (e s-»{ Mt 0]
S Ng Ng
:Z ( su)( s )(Wsi/usi _Wsj:usj)
s=1 i=1 j>i
Thus
A S Ng N _ _ _ _
Var (Y_) Q#ZZZAS |: siblsi — IuSJ (WsiY _WsjY )2 _Z(WsiY _WsjY )(Wsi/usi _Wsj/usj ):|
0 s=1i=1l j>i
1 S ol
+M_02§;”5| m
R Ll 1SS wee
:M_SSZ:;;;AQJ' |:(Wsi:usi _Wsj:usj)_(WSiY _WsjY )] +M_§;;”si ;]'SI
1 SN N _ 2 1 SN 2 2
= 7 22 2 s (7)o (s 7))+ B2

8.3 Proof of Equation (6)
In this section we show that E(V (A) -y, )’ =s2/mg

From Cochran 1977, Section 2.6, the variance of a sample mean y of size n from a
population of size N, with population variance S? is

N —n
Nn

Var(y)= s?

In this case for the sample mean Y (A), the population size is mg;, the sample size is

mg/2, and the population variance is s, thus
E (y (A)-Y. )2 _1152 _S_;
R Si Si 2 mSi SI mSi

8.4 Proof of Equation (7)
In this section we show that E(v,,(Y))=v,, (¥) whenn, =3

Using the replicate weight definition in Section 6, the sum of squares from the two
replicates r; and r, is as follows:
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s | o JAe | _ -
(\f(rl)—\f)z N (\f(l’z)—\ff: {Wﬂ[l+—\/§ Vo |+ w, |1+ N3 Ve, +(w33(1—./2 dsymax)yﬂ)

_(Wslysl + Wszysz + Ws3753)

. [w51[1+ “(j;gaxjysl +(W52(1—‘/2*d5vmax)752)+[W53[1+ “i}g“])‘/ﬁ]

_(Wslysl + Wsz 732 + W53y53 )

— — 2 — — 2
— ds,max (Wslyslj/_zwszysz _\/§W53753J + ds,max (Wslyslj§W53ys3 _\/EWSZVSZJ

If we take the expectation over the replication process, each of the three school level
means has equal chance of being unit 1, unit 2, and unit 3: so that

E, [(\f(rl) VY +(Y(r) —\fﬂ _

[Wslysl+wszy52 _ﬁw3y3j +(M_\/§W 272
—==oss  se- o 3Ys \/5 s2Js

d V2 =

s,max _ _ 2
+(W52 ys2j§Ws3 Yss _\/EWSJSJ

wlnN

1 {(Wslysl + Wszysz - 2W53753 )2 + (Wslysl + Ws3ys3 - 2W52752 )2}
=5 ds,max _ _ ) =
3 + (Wsz ysZ + W53y53 - 2Wslysl)

(Wslysl)z + (Wszysz )2 + 4(Ws3753 )2 + (Wslysl)2 + 4(W52V52 )2 + (Wssyss )2
4 (Wslysl)z + (Wszysz )2 + (Ws3ys3 )2 +

2 (Wslyslwsz 752 ) + 2 (W51751W53753 ) + 2 (WSZ 752W53753 ) - =
4 (Wslyslwssys:% ) - 4(W52752Ws3753 ) -4 (Wslyslwsz 752 )
-4 (WSZ 752W53753 ) - 4(W51751W52 752 ) - 4 (W51751W53753)

+

Il
+

dS max Vi - - — — —_— —_— — —
= T{G(Wslysl)z + G(Wszysz )2 + 6(W53y53 )2 - 6(Wslyslwszy52 ) - 6(Wslyslws3ys3)_ 6(W52y52Ws3ys3 )} =

= 2*ds,max {(Wslysl)2 + (WSZVSZ )2 + (Ws3ys3 )2 - (Wslyslwszysz ) - (W51751W33753 ) - (W32732W53753 )} o
We can also show:
{(Wslysl — W, ysZ )2 + (Wslysl — W3 753 )2 + (Wsz ysz — W3 yss )2 }:
— {(Wsl ysl )2 - 2(W51 yslwsz 752 ) + (WSZ 752 )2 + (Wsl ysl )2 - 2(Wsl ySlWS3 753)"- (WS3 753 )2 +} —
+ (Wsz Ys2 )2 - 2(Wsz Ys2Wes y53)+ (Wsa yss)z

— {Z(Wslysl )2 + 2(W52 Vsz )2 + 2(W53 753 )2 - }
- 2(W51 yslwsz ysz )_ 2(Wsl ySlWS3 ysB ) - 2(WSZ ySZWS3 ysS )

The two expressions together give us:
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E, [(\f(rl) V) +(Y(r) —\2)1 -
ds,max {(Wslysl - Wszysz )2 + (Wslysl - Wsayss )2 + (Wsz 752 - WsSVsS )2}

Thus we have:

r=1

E{i(ﬂr)—?)z}vm )
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