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Abstract

In survey sampling, a sample unit’s study variables are expanded to population totals by
probability design based (DB) or model based (MB) expansions that implicitly treat a
unit’s study variables as totals over entities called atoms contained in a unit. Expansions
would make little sense if applied to unit statistics other than atom totals, for example,
industry surveys where units are businesses, atoms are employees, and unit study
variables are establishment totals for hours, wages, and number of workers. Other
examples are household, mail, and ecological surveys. Woodruff (2010, 2009), derived
Pre-sampling Model Based Inference from this atom structure, a structure that depends
on probability sampling of population units and of atoms that comprise each unit. It
provides estimates that retain the best properties of both MB and DB inference and that
eliminate the main shortcomings of each. The result can be order-of-magnitude error
reduction. Sampling error under repeated sampling from stratified cluster designs is the
basis for comparison of the Combined Ratio Estimator and the Pre-sampling Model
Based Estimator. Formulae for sampling errors are derived and analyzed.

Key Words: Model Based Inference, Design Based Inference, Pre-sampling Inference

1. Introduction

Sampling inference should be based on randomization, should be multivariate since most
surveys collect data on more than one study variable, should be robust against common
difficulties in sampling applications and seek to minimize or avoid post sampling
adjustments like outlier and non-response corrections. Model conjecture based on sample
data or historical data is another potential source of error that should be eliminated or at
least minimized. These are the goals of Pre-Sampling Model Based Inference (PSMB), a
methodology that was partially developed in several papers, Woodruff (2007, 2008,
2009, 2010).

PSMB models are not conjectured from sample data or historical data but rather derived
deductively from stochastic structure found in many populations. This structure imposes
a model on study variables that is a direct consequence of randomization and this model
in turn provides access to the powerful theorems on Best Linear Unbiased Estimation.
The mathematics supporting this methodology is initiated in this paper.

PSMB procedures expand sampling theory from randomized sample selection to both
randomized sample selection and randomized unit synthesis. By doing so, it provides
insights to the interaction between the sample design and the stochastic properties of the
study variables being measured by the sample survey. It also provides estimates of
population totals that are often far closer to the mark than commonly used Design Based
estimates.
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PSMB combines the best features of both Design Based inference and Model Based
inference while avoiding their main shortcomings. In this paper, estimation error is
defined and analyzed with respect to repeated sampling under stratified cluster sampling
designs. The repeated sampling variance of the BLUE derived under Pre-sampling
models can be orders of magnitude smaller than the repeated sampling variance of
common design based alternatives. Repeated sampling variance expressions for several
PSMB estimators and the standard Design Based estimators: Horwitz-Thompson,
Combined Ratio Estimator, and Separate Ratio Estimator are derived within the expanded
context of both randomized unit selection and randomized unit synthesis.

In survey sampling, a sample unit’s study variables are expanded to population totals.
These expansions implicitly treat a unit’s study variables as totals over entities contained
in each population unit. These entities are called “atoms” in PSMB theory. Neither
Model Based nor Design Based expansions make much sense if applied to unit study
variables other than these atom totals.

For example, in mail surveys the sampling frame of population units consists of mail
containers. The USPS samples these containers to estimate total weight, postage, pieces
etc. by mail flow (e.g. all mail of a given class coming from France to New York by air in
February). The atoms are the mail pieces within each container and the unit (container)
study variables are the number of pieces it contains and its totals over these pieces of
weight and postage. These unit totals are expanded to the population to provide estimates
of population totals for these items. Woodruff (2010, 2009), derived PSMB Inference
from this atom structure within population units, a structure that applies the randomized
assignment of atoms to units in the population or a close approximation to randomized
assignment.

The atom structure within the population units also helps identify sample design
problems that can be avoided or at least reduced by looking at sample design through the
lens of the theorems below. They highlight designs to avoid in Design Based inference
and characteristics of population study variables that particularly aggravate these design
problems. They make explicit the characteristics of population study variables that are
implicitly assumed (and unstated) in most sampling texts. The theorems below deal with
univariate data structures and are an initial effort to explain mathematically the
simulation results contained in previous papers (referenced above) which provide mostly
multivariate results.

This paper makes a modest beginning in expanding sampling theory from randomized
sample selection to both randomized sample selection and randomized unit synthesis.
These techniques express sampling error in terms of both the sample design and the
stochastic structure of the study variables. This leads to improved inference by exposing
situations where a particular sample design can be inefficient and suggests ways to
improve inference.

2. Structures, Techniques, and Theorems
2.1 The Atom Structure for Population Units
A two component Atom Population Model (APM) is used to describe atom study

variables and through them, the unit study variables. Let ¥;; denote the value of the
study variable for atom I of unit j in cluster i. Since there are two quite different random
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processes considered here, a subscript A will distinguish expectation and variance with
respect to the Atom Population Model (APM) from expectation and variance with respect
to the sample design given in Section 2.2 below.

Definition 2.1.1 The notation K}-,N(g,azj means that the expected value of ¥;;; with
respect to the APM, denoted E, (¥;,) , is & and its variance, denoted Var, (V) iso?,

The atom population model (APM) is given by (2.1.1) and (2.1.2):
The {¥;, } are iid, ¥;;;~(z, ¢*),and their support is positive. (2.1.1)

The number of atoms in a unit is also a random variable and this number is denoted A;;
for unit j in cluster i.

The {4,;} areiiid, 4;;~(8,a") , and the support of the {4, ; } is contained in the positive
integers. (21.2)

AI:.'
The unit Y-variable for population unit j in cluster i is: ¥;; =X 2 ¥, . (2.1.3)

A
From this APM, the mean and variance of ¥;; = X 2 ¥, are:

E,(Y,;) = pdand Var,(¥,;) = 662 + pa® or¥;~(ud , 8o + p*a®), with the
{¥.;} independent for all i and j.

Conditional on the number of atoms in a unit, the following unit population model is a
direct consequence of (2.1.1):

Y, =pA, +e

; where &;~(0,4;;6%) and the {e; } are independent. (2.1.4)

The APM (2.1.1) presumes little about the set of atoms {Yi i } - stochastic independence

and the existence of their mean, ¥ and variance, Sf,. This structure is found in many
populations and although minimal, this APM allows great unit-to-unit variation in unit
study variables according to the number of atoms in a unit. This model is generalized in
Woodruff (2009, 2010) to several atom types within each unit which permits yet greater
unit heterogeneity according the distribution of the different atoms types within a unit.
The APM imposes a population model at the unit level that can be complex enough to
substantially capture unit behaviour via these minimal APM assumptions. Maodel
conjecture and potential model failure are lesser concerns.

Voo [from (2.3.2)] is the Best Linear Unbiased Estimator (BLUE) under model (2.1.4).
Since (2.1.4) holds for all study variables (each with its own unique constants gt and cr:)
it follows immediately that if X;; is another study variable that is also an auxiliary

variable (population total of the {X ; j} known), then there exist constants & and ¥~ such
that:

Y,; = 6X,; + ¢;; where @, ;~(0,4;;7*) and the {¢,} are independent. (2.1.5)
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In fact, 8 = %’% andy? = ¢} + 8%02 — 260, where g2 is the % in (2.1.1) for
alXi

the Y-variate, o is the a* for the X-variate, and gy is their atom level covariance (See
Section 3). Since all study variables are related to the {Ai}-} by (2.1.4) with their own
particular constants, (i, a2}, all study variables are related to one another by (2.1.5) with
their own unique constants, 8 and '_r:, for each different pair. Thus, in particular, all
study variables are related to the auxiliary variable, X, by (2.1.5) and a PSMB BLUE is
an immediate consequence.

Given (2.1.5), this PSMB BLUE for the population total is ¥z (3.1.1), the estimator
available when the {.ﬁli }-} are not auxiliary variables (their population total is unknown)

but the {X; }-} are auxiliary variables. This estimator was used by the US Postal Service to

estimate mail volumes (units were mail containers and atoms were their contents, mail
pieces) and by the Bureau of Labor Statistics to estimate employment totals (units were
business establishments and atoms were their employees). Both these agencies derived
this estimator from the model (2.1.5) which was conjectured by data mining. The APM
is an alternative to these model conjectures but with substantially less conjecture from
potentially misleading historical or sample data.

2.2 Sample Design and Sample Design Parameters
The population consists of N units partitioned into K clusters (each unit is in one and only

one cluster). Let U; be the set of units in cluster i and let IJ be the set of all the N units
in the population so that U = U, U, .

Let S denote an SRSWOR (simple random sample without replacement) of size k from
the K clusters.

Let V; denote the number of units in UU;, and 5; be an SRSWOR of size n; from the N;
units in U,

2.3 Estimators and their Sampling Errors
The Horwitz-Thompson estimator for the population total of the {Yi }-} under the design in

Section 2.2 is denoted ¥+ and is:

— K 1".'-'

Yr =;Zess n_l[EJ.ES_[ Y; (2.3.1)
Let A=Zf'::12;11 A;; , the population’s total number of atoms and A=Y, X A,
the total number of atoms in the sample.

i’

The Pre-Sampling Model Based estimator (PSMB) for the finite population total of the
study variables is Afi where fi is the BLUE for & under (2.1.1) and (2.1.2). Denote this
Pre-Sampling Model Based estimator ¥os, then

where Y=}, _ ¥

g | e

F A
Yps = EEEESZ_J’EEL- Yz’_;l' =4 Yz_;l (2.3.2)

JEs;
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¥, weights all sample atom data, {Yi}-, } equally with the Welght .The expectation of 4
under repeated sampling from the cluster sample design is:
N;
E(d) = T D EL Ay
Definition 2.3.1 Expectation, E (. ), without subscript and variance, Var(.), without a

subscript denote expectation and variance with respect to repeated sampling under the
sample design in Section 2.2.

Mean squares that occur in the expressions for sampling variance derived under the
design in Section 2.2 are approximated with their model expectations under (2.1.1) and
(2.1.2). These expectations seem appropriate approximations for large cluster sizes since
the mean squares converge to their expected values as the cluster sizes increase [Law of
Large Numbers (LLN)].

By the Taylor Series linear approximation of the ratio, E , around the expected values of
numerator and denominator, the variance of this ratio can be approximated as:

var (3) = sgvar (¥ - 584) = g Var (S Zies (% — S0 A4) )

EEF} E(F) .
LetZ,; = ¥; —Em ;7 » (the approximation ——= = ft is used below in the estimation

ECA)
E( 1’} _
of mean squares). Then Var (Eeﬂ Zies (Y — 3 0 A }]) =Var(Z,.. X jes; Zij

and writing this as the sum of the expected value of the conditional variance given the
sample outcome S and the variance of the expected value likewise given S,

Var(Zi, Zes, Z;;) = Var (Em :‘E;’ ) U)+

g Z (1__),%'—12[2” z)

_ 1 o [(nged; leog  mel )2 K o ( ”i}ﬂ
_k(l K)K—l le(ﬁizFlzfi K<y, =174 +Kzf=1nf 1=z

L

- Fo o, (¥
Var(¥ps)=Var(4 7)=4’Var (3)=

Az i 1 " n: N 1 i n: N 2
|I EK 'lLE }2( k{l_EJH izl(ﬁzjélzi}._g leﬁ _J'L:j_zi_;l'} +
L=1N;

Ezleﬂ’i (1 - w_l}s;“ ).

Similarly (found in most sampling texts) the variance of the Horwitz-Thompson
estimator under the clustered design in Section 2.2 is:
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Var(Vyr)= ,
TZE N (1= 35k + S(1-5) A, (D), v, - 23R, T y,)

where Sf,i:iﬂ‘?‘ [Y..—?): and ¥, =—E} LY
LEtQi ”LE} 1587 Q E 1Qz ! Qz Z 1}:_:11 :_Efflqz J
55 = ﬁEff:i(Qe — @)%, and ézﬂzf: 1[@ Q)

then writing Var(¥ps) and Var(¥y7) in terms of these {@;} and {@; },

Var(Vas) = 4 . (k (1 - ﬁ] SZ+23E [1 - _L)séf} (2.3.3)

(;EF__‘::E j=1 l.l}

Varir) = S (1-5)s2+ L35 N2 (1- st (2:34)

Var(¥,r) and Var(¥zs) each consist of two parts, one part is sample design components
(number of clusters, cluster sizes, number of sample clusters, and cluster sample sizes)
and the other part is means squares (the S* — Terms). The Law of Large Numbers
(LLN) implies that the mean square terms converge to their expectations under the APM
in section 2.1 as cluster sizes increase. This suggests these mean square terms can be
approximated with their expectations under the APM (2.1.1) and (2.1.2). These APM
expectations and approximations are as follows:

52.=0%3 | from: E,(S2) = 0?8 where E,(.) is defined in Section 2.1.

Si;= o6+ pfa’ | fromE (S7) = a?8 + pfa’,

3 . o8 n- nt
si= =2 ffl , from E,(53) = E;ff:l;_l& :
55. = p2§2- e L (N —N)?* + (p*a® +0%*5)N from

EA{.‘};-)= 5 2.;.; 5 RN —N)?* +(p*a®+0%8)N .

Then Var(?Hr) and Var(?p.g) with respect to repeated sampling can be approximated:

Vm"[YPS)— NZ (K———EE 1y ) :K”z( __E _L_) where

k"‘"K kn

= —E _,m; andn = K7 (2.3.5)

Note: 7 is the average of the cluster sample sizes assigned to each and every cluster
(whether selected or not).

Var(Tir) = (£ — k) 12625 + (026 + u*a®) (SM - N) (2.3.6)
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_ 1 - 1 - a2
where N = X, Ny, N =_XL N, S5 = Z5,(N;,—N)? , and M= Ele;:_

i

kit = E(2,.s1;) , the expected sample size in units where expectation is with respect to
repeated sampling under the cluster design in Section 2.2. When the cluster sample sizes
in units are proportional to the cluster sizes in units,

{n, = CN, for all i where C is a constant}, then:

L’ar':f’HT}z 1+u # (5 _] { _}

var(¥og) S 'm}

In particular, the condition {n; = CN; for all i} implies the design is self-weighting
and under a self weighting design:

Vrzrf?m} u _ SR [1 M} u — 5k fi }
vartps) ” o= O iy > - (ki) 3 (2.37)

Okt is the expected sample size in atoms, a number that can be in the hundreds,
thousands, or greater. Thus if S or it are not zero or near zero this ratio can be quite

H’r}

large. Simulation results in Woodruff (2009), show the ratlo ) can easily be in

the hundreds or greater.

When aII the {N.} are identical, all the {n;} are identical, and all the {A -} are identical,

then ¥yr = ¥ps and when these conditions are inserted into (2.3.5) and (2.3.6),
Var(Vyr ) = Var (¥as).

Substituting the model expectations under (2.1.1) and (2.1.2) of SZ., 5%, 55 , and 5;-

in (2.3.5) and (2.3.6) expresses repeated sampling error in terms of both sample design
parameters and stochastic properties of the study variable(s) under the APM and helps
determine when a sample design may be problematic for a particular study variable.

Inequalities relating Var [?HT) and Var(¥zc) need the following lemmas. Let 7, be a
proposed total sample size in units determined by administrative considerations. The
expected total sample size under the design 2.2 is k7t and thus the reasonable constraint
is that k7t = n_ and this is used in the lemmas below.

Lemma 2.1 For a fixed set of positive integers {N.JZ,, the set of positive integers

Iz
{n}:Z; that minimizes T, 7L subject to the constraint that k72 = n,, isn, = %NE
A 4

Z =2
n

z
forall1=i =K and the value of E;ff:l%!? at these {n; } is =
¥

Proof: Use the method of Lagrange multipliers to solve the system of K+1 linear

equations for the {n, }
n=§%= )% for1sl<Kand0=2 '= —(kii — n.)
l s

L
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I
where L = ;"::1%': — Ak — n,).
The solution is as stated in the Lemma 2.1. Q.E.D.
Lemma 2.2 For a fixed set of positive integers {Ni}f‘;l, the set of positive integers

I
fn, <, that minimizes E;."*':lﬂi— subject to the constraint kil = n_ is n, = ﬁs N,
?‘!l: I

2
forall 1< i <K and the value of T*_, L at these {n;} is ;:
ni

=

Proof: Similar to Lemma 2.1 proof. Q.E.D.

Theorem 23 Var(¥y) = L-'ar[?”}+( M — N],u, a’ + (—— K] ur83s;
under the cluster design described in Section 2.2 and where kit = n_,
Proof: From (2.3.6)
. . K 2
Va*r[YHr) = (;M —N) cr-zé'-l- ( M— N),u: a® + (——K),u 5253
and by Lemma 2.2, M = %L so that ,
g

K kN

ver ) 2 (2 )% + (520 - )i + (£ - 1) o0's}

- ("_i —N)o5+(2M—N)pta® + {——K] u2525% (2.3.8)

kA

K N? k<K n? ,
chr(.‘r’ps) T2\t TE '-1F do

nt Kz_

and by Lemma 2.1, £ = so that
Var(%ps) < 5% (n —EKT) 6o = (L —N)o%6 (2.3.9)

Combining these two inequalities, (2.3.8) and (2.3.9):

Var(yr ) = Var[?m)—l-( M — N}p, o + (__ K) u25252 (2.3.10)
Q.ED.

Theorem 2.1 states that ¥ss, a purely model based estimator, has considerably smaller
repeated sampling variance than the Horwitz-Thompson estimator. This proof also

provides a lower bound for the difference between Var(¥yr) and Var(¥,s), a

difference that can apparently be quite large as observed in numerous simulations and by
inspection of:

(Em —N) p2a? +{——K),LL:5'5.,,
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The proof of Theorem 2.3 implies that (2.3.7), W’"—YHT} © — (6 ‘]
PS

derived under a self-weighting design, is true in general for all de5|gns given by Section
2.2.
(2.3.10) clarifies the roll of cluster size variation in the variance of the Horwitz-

Thompson estimator (?Hr). When 5.hJ increases, the variance of ¥y increases while
Var [YP_.;) is unaffected. This situation occurs in mail sampling where cluster sizes are

unknown in advance, highly variable, and cluster sample sizes are based on available
resources which are roughly constant.

In Theorem 2.3, unit atom counts are used as auxiliary variables. These will seldom be
available for units not in the sample and therefore seldom available as auxiliary variables.
This still makes a useful introduction to the sampling properties of the ¥z compared to
design based alternatives and possibly provides a more appropriate definition of design
effect.

¥..r will next be compared to the ratio of two Horwitz-Thomson estimators using the A-
variate as auxiliary variable. Denote and define this estimator as:

5 _ 4 FHT
Tedy =A% (2.3.11)

= K N ;K N;
where YHl":;EzEs — E_;IES Yz_;l J£1Hl":_EiE:i' _lE_J'Esl- }1:'_:1" and A_ZK 1Z

n; k n;

Approximating ¥ with a Taylor series about the expected values (under repeated

}
sampling) of numerator and denominator, the variance of Y |s approximately:

Var(?m%})= %Zf‘;l{-( —:—‘)51&' + %(1—;)5;._

= _ E(%r) 2 _ 1 ol 2
where T;; = ¥i; —RA; , R /E[ﬂgr) Sr = Nl_—_lzjéi[ﬂj ~T)
TE-—EEJ,‘lTE-}-, and @-—EEE (@ —@) where @ = Z LTy
and @ = E . 0 .

As above, these quantities can be approximated with their expectations under (2.1), and
(22) : R=pu , from E;(R) =p. 5;-- =J8aiN |, from E, {SQ) =§o*N | and
S; =d0?  fromE, (57 ) = da”.

Then:
' 7 (K
Var (1’ _}) = 602 (EM — ) and (2.3.12)

KZ

Var(Yy; ) = 602 (%M - N) + (?— K) A5+ pta’ (EM - N)
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= Var (?R }) + {% - ff) u?62s2 + pta? (%M - N] (2.3.13)

Since the last two terms in (2.3.13) are positive, the variance of ¥ is greater than the
variance of ?Rl,g and (2.3.13) proves the following theorem.

E? 2p2cl 2.2 (%
Theorem 2.4 Var (¥ ) = Var (yR }) +(E-k)preisi+u*a? (Sm —n)
under the cluster design in Section 2.2 and the APM in Section 2.1.

Var(Fyr) - %(1 )

veliy) 7

k
The {Q;} are cluster totals of study variables and to the degree that these totals very from

cluster to cluster, the variance of ¥y increases. The analogous term for the Ype is the
variance of the cluster means of the study variable which tend to be relatively stable
(compared to cluster totals) This explains the increase in repeated sampling variance of
FHT compared to YPS as cluster size variability increases; more on this is found in
Woodruff (2010, 2009, and 2008).

kmﬁ'ﬁ under a self-weighting design & in general. (2.3.14)

3. More Than One Study Variable

3.1 Horwitz-Thompson Ratio Estimator
Consider the ratio estimator based on a more realistic auxiliary variable, a study variable
that is not a unit’s atom count, but it's atom sum of another study variable, X. Let X;

be the value of this study variable for atom I of unit j in cluster i, just as ¥;;;, was deflned

Independence of X;; and ¥;
APM is more appropriate.

;;1 1S no longer an appropriate assumption and a multivariate

In what follows, the notation W~ [4, B] means the expectation and covariance matrix
with respect to the APM of the vector valued random variable W, are 4 and B
respectively. Then let:

Yin K oy O {(Yz )} .. ..
] o~ ¥ ¥ YK 7]
(X:_}_:) (ux)(g 52 )] and the X, are iid for all i, j, and I.

¥YX X
Defining the {¥;] and {X;} as the {¥ ] are given by (2.1.3) it follows that
(-
Xz-}-

Letting Xy, = (

(:ﬁ'_ui,) ( Sof +a’us  Soyy +atu.pu,

. - i oy & these are iid for all i & j.
Opg)’ \Boyy + a’uzpu, Sof +a’u;

Say + a’uy  Bopy + rxz,u,xpy)
Ooyy + @ ugpy  Gogta‘py )

Yy _gn (Y Nz-ﬁpay) ] .
(XE)_ZFl(X._) [(Neﬁﬂx SN Zyy |, foralliandj.

L]
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() =28 () ~ (v ) o] (5) =30 ()~ [72 ) o

L

Thus it follows immediately that,
T J"-u'- = a7 = . . .
E,(FX) = = (Soyy + a®pppy) + N*6%uppy and this implies,

Ey(Syx) = (8ovx + @’ pypx )N + 8% pypi, Sy
Where 5.’:’.5:’ = ﬁ ff:j_(Xi - "’{7:](1’2 - 17:]

From the above,

Y, Y, )
(f ) =1 (f )m [(ﬁi’),%zm] which implies that
. Ny i X L

T 1 7 7
E,(¥.X,) = . (8oyx + a”pypz) + 6 pyuy and

Ey [:SY.-J:‘,-) = Goyy + a’pyuy where Svx; = N-[L_lzjll[xij -X)(¥; - %)

The Horwitz-Thompson Estimator for the population total of the X-variate, its sampling
variance, and its covariance with the Horwitz-Thompson Estimator for the Y-variate are:

XHT:_E:’ES

k ni

E JES; X iy

Var®un= (£~ k) 136253 + (M - N) (a® + 070).

K

Cov(Tyr, Xyr) = (Tz_ K] 6% py iy Sy + (%M - N) (8oyx + a pypyg).

2 Sya, and Sy 4.
respectively. The APM expectations that provide the APM approximations to Sz; , 5 é,}-{ ,

Sz, Sék , Syx , and Sy, are defined analogously to 5§; , 5

51-'3 , and 51,-'.3'. are:

E,(5z) = (078 + pia®)
Ei(52,)= (136°S} +(1ia® +0o)N)
E (Syx) = [(5031» + azﬂxﬁrj‘“_‘r + Ezﬂxﬂfsfi)

Ey [:51’.-2.-) = (Sogy + a’uzpy)

Yyr
Xyt’

Similarly for the ratio estimator ¥_ vy = X
r(3)
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7o | = (Ep— 2 | BF 2 oY "
Var (YR%}) (kM N)S(Jy + = 2 a5 E#XJ”) where X = X 12} P
the population total for the auxiliary variable X.

. E
Next consider a simple un-weighted ratio estimator: Y, = Xﬁ (3.1.1)
ie8 Sjel; ij
This is the BLUE under (2.1.5).
Var(¥,) = ( ——EE iy ) (n§.+ﬁ—;nx 25 va) where n = XX n, and
the ratio:
l«’:r[; - y;, Epw | "m: Ef" 1:'-: -N Ekn? .
l«':r":?_:fll T - k | E = Taik LKT?C 2mEy Ez1 by Lemma
.r.T?cl.xﬂ_EEiiﬁLill' |‘»:'Lr'Er; 1#:: o xl o e J) -
2.1 and Lemma 2.2.
This proves the following theorem.
Theorem 2.5 Under the cluster sample design considered in this paper,

Var [?p) = Var (?RI:%) :

In case the cluster sample sizes are constant, say 1; = 1, for all 1 < i < K, then the

b

L-’rzr(f’ }',J

. R( .

ratio: v—” =1 + . Thus when the cluster sizes vary a great deal and cluster
P

sample sizes are nearly constant, the un-weighted ratio estimator, ¥z, should replace the

HT-Weighted ratio estimator (this situation was encountered with USPS mail surveys)
where— ranged from 1 to 5 and ¥, was used in place of ¥ ( } In that case, it was

justified by a model conjectured from historical data — a second route to the PSMB
BLUE, Yp.

3.2 Stratification and the Combined Ratio Estimator

Finally consider the Combined Ratio Estimator, Cochran (1977), for the population total
of the Y-variate where there are H strata. Let h be the stratum subscript 1 < h < H and
within each stratum let there be a uniqgue APM with APM parameters subscripted by h.

Let these APM parameters be denoted (xp,Tsn, Hyns Gyns O5s @) analogous to the
(iy, 07, iy, 07, 8, a”) in Section 3.1. Let K, ky, Ny; , i , S5, and Sy, be the stratum
h sampling parameters defined exactly as are K, k, N;, n;, 5,and 5, in Section 2.2 for
an un-stratified population.

The population total of the Y-variate is ¥ = Zr_, ¥, where ¥, = E Zw“ ¥,.: and

REj
similarly for X.
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Let ?Hrh be the Horwitz-Thompson estimator for the stratum h total of the Y-variate,

Vui;. Then Vopp, = ;:_:Ezsyﬁ ‘:""‘ E}E_.;ih ¥,;;- The Combined Ratio Estimator is:

= TH_ 7,
FC.. — yZh=aFHTH
Rfl} Lh=: XHTH

By approximating ?Rffi ) with a plane passing through the expected values of numerator
X
and denominator, the variance of ?;ﬁ ) can be approximated as:
X/
-~ . - ¥
Var (Ir’;{%}) = ¥H_, Var(Gyr,) Where Gy = Yy — BXyy; and B =
Let gy, = E(Gri;) = pyn6y — BSyityy. Hen = 0 for all h if and only if all stratum

- L
ratios {7/, } are identical. Let M, = E‘:’z?"-lgﬂ 52 = ﬁzﬂ'ﬂ”m -N,)?,
hi h™

and N, = ™ N, then from (2.3.6).

J"u'-ih_
Var | 75 EH —K’f K, |uZ, 5252
ar = - enOy 5
R%} et kh h | HernPn2Nh

Enl Enl -5 K
+ [Uéhﬁh +P¢Ehfxﬂj (k'h M, — Ni‘z)
R

When the {77 /11y, ) are not all identical then g, # O for at least some h and the

. - = K
variance of Y'f{;-} does not reduce to sums of &5, &, (k—?‘ M, — Nh) but rather to sums of
= i

(%_Kh)”Ghﬁ Sin (02,6, + pk o h]( ~M,, —N] In particular,

P
(f—:-— Kh);.cghé*;.‘:‘;,-h contains the square of the mean number of atoms per unit in
stratum h so unless .‘J"f,-,T is vanishingly small the variance of the combined ratio estimator
will be quite large. This result was found in Woodruff (2009) by a more tortuous route.
It apparently implies that in many sampling problems where the APMs described in this
paper apply, one should use a Combined Ratio Estimator only when all stratum ratios are
nearly identical, otherwise the separate ratio estimator is better.

3.3 Summary
The sampling variances under the cluster sampling design and the APM described above
of the seven estimators considered in this paper are:

K ni EN
o (, kgx o)
kACE K N kn

2) Var (?Rf}—;}) = (Em-n)sc?

1) Var(¥ps ) = N2 = (ﬂ——ziiw) oy

3) Var(ur) = (501 = N) (da® + 620) + (5 — k) 426753
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= Var(?mf_;}) + [%M - N)p§a2 + [%— K} uZ8%s:

6)
¥ Kj zZ picl 2 z 27 fEn
Var (FRC{%}) =2h=1 [(;:‘_ KhJF’Gh 0 Syn + (0gn 0n + pgraz) [ﬁ My, — Nh)]

F5 g Eh 2 z_ 32 [ Byh
7) Var (1”_(“] = ?::1(-.4 My — Ni’:) Gno;  where o =ofht 3 oin — 20y,
Ayl Tk Hyn Bxr
¥ura

R Eyrh

FE . . . FS  _ wH
and YR%} is the separate ratio estimator, YR%} Eh=1X

These formulae can be used to estimate variance via estimation of the APM
parameters from the sample atoms - the number of sample atoms can be quite large
even when sample size in units is modest. This is an alternative to the variance
estimation methodology described in Woodruff (2009).

4. Conclusions

This paper provides some mathematical foundation for Pre-sampling Model Based
Inference where repeated sampling error under stratified cluster designs is the criterion
for comparison. Previous papers, Woodruff (2010,2009,2008,2007) relied on simulation
studies to compare repeated sampling error. The mathematics derived in this paper
provides a more general foundation for PSMB and provides explanation for the
simulation results in those earlier papers.

The theorems presented above highlight situations (sample designs and study variables)
where design based inference should be avoided. They do this by expressing sampling
error in terms of both sample design parameters and APM parameters (the stochastic
structure the study variables inherit from the APM).

The goals of PSMB inference were stated in the Introduction’s first paragraph. Sampling
inference should be based on the impartiality of randomization, it should be multivariate
(as are most sample surveys), and it should avoid (or at least minimize) well intentioned
but opinioned tinkering (outlier adjustment and model conjecture). To accomplish these
goals, it should provide a population model imposed by randomization, it should avoid a
model conjectured from sample data or historical population data, it should be structured
for application of theorems about Best Linear Unbiased Estimation under an imposed
population model, and provide estimates that are robust against sample design
inefficiencies, non-response, and outliers.
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Pre-sampling Model Based Inference is motivated by these goals and developed to
exploit data structures found in many populations. Expansion estimation, whether Model
Based or Design Based, implicitly assumes the atom structure that is made explicit
through the APMs in Section 2.1. This atom structure appears to be a valid description of
many types of population units — containers of mail, buckets of water draw from a
stream, fields of crops on a farm, business establishments. If the context in which the
contents of these containers, buckets, or fields is such that their randomized synthesis is a
reasonable description, then PSMB inference provides a viable alternative to Model
Based and Design Based Inference. This is particularly the case when design
inefficiencies magnify the repeated sampling error of Design Based estimates and reliable
models are not available.

The theorems in this paper require further generalization to cases of several auxiliary
variables and several atom types as studied in Woodruff (2009, 2010). Although unit
study variables cannot be considered iid, since each unit has a different mix of atom
types, the individual atom study variables may well be approximated as such and the
multivariate version of PSMB in Woodruff (2009, 2010) applied. This paper and those
referenced above suggest that probability sampling theory can be usefully expanded from
randomized unit selection to both randomized unit selection and randomized unit
synthesis. Continuing along this path, probability sampling theory can be enhanced by
paralleling and expanding upon subjects found in the standard sampling texts, Cochran
(1977), using methodologies initiated here.
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