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Abstract

Surveys frequently have missing values for some variables for some units. Imputation is a widely used method in

sample surveys as a method of handling missing data problems. We provide a new imputation procedure for various
imputation models retaining many of the desirable properties of model-based imputation estimation and hot-deck
imputation under fractional imputation. The main objective of this procedure is to construct an easy-to-use data set
for general purpose estimation. We provide an extension of fractional imputation methods to general patterns of

missing data via maximum likelihood calibration.
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1. The EM Algorithm for Missing Data

When the full data model is correct and the response mechanism is ignorable, the observed-data likelihood contains
all relevant information about the parameters. Maximum likelihood estimates can be found by solving the estimating
equations produced by setting the derivaties of the observed data log likelihood equations to zero. In some cases, the
expressions for the first derivatives of the observed data log likelihood equation set to zero do not have a closed-form
solution. In such a case, iterative methods can be applied. The Newton Raphson algorithm is one of the candidate
algortihms for solving this problem. This method requires calculating the matrix of second partial derivativs of the
observed data log likelihood function. In pratice, the method requires careful algebraic manipulations and efficient
programming. An alternative strategy for incomplete-data problems, which does not require second derivatives to
be calculated, is the Expectation-Maximization (EM) algorithm propsed by Dempster, Laird and Rubin (1977).

Each iteration of the EM algorithm consists of two process: the E-step (Expectaion) and the M-step (Maximization).

In the E step, the functions of the missing data in the complete data log likelihood function are estimated by their
conditional expectations given the observed data and the current estimated parameters. In the M-step, the completed
log likelihood is maximized as it would be for ordinary ML estimation from the complete data log likelihood
under the assumption that the estimate of the missing data functions from the E-step have their estimated values.
A calculation involving Jensen’s Inequality shows that the algorithm is guaranteed to increase the observed data
likelihood at each iteration. If the log likelihood function is concave, then convergence is assured.

2. Fractional Imputation and Maximum Likelihood

A limitation so far of fractional imputation methods has been the existence of missing data in only a single variable.
Here we consider multivariate normal data with arbitrary patterns of missing data in several variables. Our objective
is to provie compeleted data sets with donors and weight sets retaining many of the desirable properties of ML
estimation. That is, we want the weighted data set with multiple donors for each missing value to match the results
for ML estimation.

In Section 4, we define the imputation method using adjusted fractional weights under the multivariate normal model
and an ignorable response model, which leads to missing data. The resulting estimates of parameters using the
completed data set including the imputed data will be algebraically the same as the maximum likelihood estimates
using only the observed data. As with other fractional imputation methods, one can estimate other parameter that
were not included in the imputation model, such as domain means and proportions. Experience suggests that the
fractional imputation methods provide reasonable estimates for these other parameters.

3. Notation and Model

Consider a finite populatiotl = {1,2,..., N} with p variables potentially recorded for each subject. Forithe
element of the finite population;, = (yi1,-- -, ¥ip), are the values of the variables. We assume that the finite
population is a random sample from a superpopulation model. In this case, we assume the superpopulation model
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is thep-variate normal distribution with megnand covariance matriX = (o;). Fori = 1,...,n, independently

and identically distributedy; ~ N,(u,X). Let Yy = (yl,yg,...,yN)/ be the finite population of siz&. The
interesting parameters are the finite population mean of each variable and the finite population covariance between
two variables. There are defined as followsy = + 3=,y yi; andSjrv = 5 icp Wij — Yi.0) Wik — Yiv)-

For simplicity, the shorter notatiori;andsS;;, are used in this section. Note th#, can be expressed as functions of

the population meang; = N=' >, vij, Yo = NS v, YVig = N7V Y icp iy Yae = NP0 v

andYj, = N~V visyik- asSji = 2 (Vi — Y;Y5).

If data were observed on the complete sample, estimato¥s ehdY;, based on the samplé with sizen are
Jim = Dien WilYij aNdYj n = 3. 4 WilijYir, Wherew;, = N~z !, = P(i € A) is the probability that unit
i is in the sample, and is the set of indices in the sample.

An estimator ofS;y, is constructed as followss;i,, = 25 (Yjk,n — Yjink.n), WHETCYjk s Fjn, ANy, are
sample estimates of the corresponding population means. For simplicity, the shorter nptajigrands;;, are
used in the remainder of this section. By the definitionugf we haveE(y;|Fn) = Y;, E(y;;j|Fn) = Y,
E(ﬂjk‘FN) = }/jky andE(sjk|FN) = Sjk, whereFy = {yl, - ,yN}.

Assuming thatr; is greater than zero for alland does not depend on valuesydior any units in the population,
since the population comes from a model for which all moments exist, the folllowing lemma is true.

LEMMA : Under the superpopulation model and an ignorable sampling mechayjismds;;, are consistent esti-
mators for finite population parameters.

4. Missing Data and the Proposed Method

LetY,, be a sample from the finite population produced by the sampling design. Assume that the sample design and
the response mechanism are ignorable. That is, we assumeg tbajreater than zero for alland does not depend

on values ofy for any units in the population. We also assume the probability that a sampled unit is observed does
not depend on unobserved variables. We wijte= (Y55, Yinis), WhereY,,, is the set of observed values avig; s

is the set of missing values in the sample. Under a missing at random (MAR) assumption, treating the sample as an
iid sample from a multivariate normal distribution, the marginal distribution of the observed'gatean be used

to construct the correct likelihood for use in estimating the model parameters. In the multivariate normal case, under
the MAR assumption, the ML estimates;ondY: can be obtained by maximizing the observed log likelihood with
respect tqu and>.. In some cases, however, even for the multivariate normal model, the observed log likelihood
equations do not have a closed form solution. As was mentioned, iterative methods, such as Newton-Raphson,
Fisher scoring, and the EM algorithm can be used to produce ML estimates.

If the only interest were to produce estimates of model parameters without respect to the finite population and its
sampling design, then estimatesiodndX using maximum likelihood estimation would have been sufficient. The

goal here, however, is estimation of finite population parameters. Further, the estimated parameters in the imputation
model do not necessarily lead to estimates of other parameters not included in the model, such as domain means and
proportions. To repeat, our objective in this section is to provide a method for making an easy-to-use data set for
the analyst that retains properties of the ML estimates and at the same time provides reasonalbe estimates for other
parameters.

To acheive our objective, the imputed valugisfor subject: on variablej has to satisfy the following conditions.
We define the response indicator variableypfby R;; = 1 if variable j is observed for unii and R;; = 0 if
variablej is not observed for unit

WhenR;; = 0, Ry = 0, andRy, = 1for s # j, k, yi; = E(Yijlyovs.ir ), ¥i2 = E(yZ|Yobs,i,0), andylys, =
E(Yi;Yir|Yovs.i» 0), Wherey,,, ; denotes the set of variables observed for umindd = (j1,3) are ML estimates,
which possibly are obtained by iterative methods.

Since a single imputated donor value can not satisfy the above conditions, our approach is to use multiple donors
and assign adjusted fracional weights to the donors in order to satisfy the conditions. The imputed values based on
several donors and fractional weights can be defined as follgivs: >, , , . w};y:;, whereAp ; is the donor set

of indices for missing unit. Note that this donor set for unittan be constructed by a systematic sampling method
from available donors sorted in some manner, simple random sampling without replacement from the observed
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cases, or selection of donors using some nearest neighbor method. If it is not important to use observed values as
imputed values, the imputed values can be generated from the conditional distribution given by observgg.cases

and ML estimates. Then, the proposed method consists of finding the fractional weights satisfying the following
constraints. Two cases can be considered. Firstfpe= 0 andR;, = 1, j # k,

Z w;’kt (17yt]7y1527) = (17E(yij|yobs,i7é)aE(yin‘yObS,iaé)) . (1)
teEAD,;

Second, fork;; = 0, R;, = 0 andR;, = 1 for s # j, k, the constaints are

> wh (L g, e vesyen Vi i) =
tEAD,;

(1 Bis18bs. 6), B Wit lobs,i» ). Ewis it ons.is 0)s BV, oo, ), EWilyons,in0)) - (2)

We can use a regression weighting technique or an empirical likelihood technique to find a solution to (1) and (2).
To avoid the chance of extreme weights, including possibly negative weights, the nonnegative fractional weights
method of Paik and Larsen (2007) or a modified Newton-Raphson method as in Chen, Sitter and Wu (2002) can be
used to solve the constraints. The size of donor sets for missing values do not necessarily need to be very large in
order to do this in general.

5. An Example: Trivariate Normal Sample with Bivariate Missing Data

Suppose thaty z, z) have a trivariate normal distribution with a mean veqio&= (1u,, 1., i) and a covariance
matrix ¥ with entriess = (oyy, 0yz, Oyz, 02z, 02z, 022). LELO = (11, 6). Suppose a random sample with a certain
pattern of missing data is obtained from this distribution. The valuesak observed for all units. Some values

of y andz are missing under the MAR assumption. We can define four groups of units based on their missing data
patterns. The first groud,.. of units have bothy andz observed. The second grouh,.. hasz observed but is
missingy. The third groupA,.,,, hasy observed but is missing The fourth group4,,,,, has bothy andz missing.

Under a MAR assumption, the ML estimatésf 6 can be obtained by maximizing the observed data log likelihood,
possibly with iterative methods of solution.

The constraints (1) and (2) in this situation can be expressed as follows. &ot,,,, > ,c 4, . wi(1,ys,y?) =
(L E(yz‘zw Ly é)v E(yzQ‘Zu L, é)) .Fori € Armr ZteAD.i w;t(l? Zts th) = (17 E(Zi|yia Ly é)y E(Z12|yza T, é)) .
Fori € Ammu ZtEAD,i w;‘t(l, Yty 2ty Yt 2ty y?, 2152) = (1, E(yi|1:i, é), E(Zl|l’z, é), E(yizi|x7;, é), E(yf‘l‘,‘,é), E(zf\xz, é)) .

Since the data are assumed to come from a multivariate normal distribution, we can give explicit formulas for
expectations and conditional expectations:

R . 1 N
N . o & & 2i — fiz
E(yi|zi,2:,0) = iy + (6yz, ya G Lol ,
(y1| iy L4 ) Hy ( yz yl)< 6w Cun T — iy
. . -1, .
- R . & o o
V(yilzi, i, 0) = Gyy — (Gyz, ya) < &Z &iz > ( 53; ) )
o . oz .
E(yilzi,0) = fy+ 22 (2 — fia),
U:EI
R 62
V(yz|x170) = &yy — Ay.x’ and
O—fljm
Clyi,zilzi8) = 6., — 2272, (3)
O-fl/’:l)

Similarly, we can calculate other conditional expectatibiis; |;, 0), V (|2, 0), E(zi|ys, 21, 0), andV (z|y:, x4, 0).

The proposed imputed estimators of population means in Section 3 are defined respectively as

gl,j:z Z wiwiyy; - and ﬂl,jk:Z Z Wi W3 Yt Yiks (4)

iIEALEAD ; iIEALEAD ;
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wherew;; = 0whenR;; = 1andi # t, Ap ; has only one unig;;, andw;; = 1. In addition, the imputed estimators
of population covariance in Section 3can be written as

N

81,3k m(ﬂ],jk = U1,j91,n)- (5)

6. A Theoretical Result

THEOREM : The imputed estimators in (4) and (5) based on the fractional imputation described in this section
are consistent estimators for finite population parameters under the superpopulation model in Section 3 and the
following assumptions. First, assume that

K < %wi < Ky (6)

forall: = 1,..., N, uniformly in n, where K; and K, are fixed constants implying that no extreme weights
dominate the others. Second, suppose that the maximum likelihood estihwftéris available and, under some
regularity conditionsf = 6 + O,(1/+/n). Third, the first derivatives of the conditinal distributi@(y,,;s|yobs. 0)

are bounded.

The proof of this result will be included a paper to be submitted to a refereed journal. Please contact the authors if
you are interested.

7. Discussion of Practical Issues

In order to use the proposed fractional imputation method, one must construct weights satisfying (1) and (2). It is
important to avoid the extreme weights beacuse applying these weights to make estimates for various domain means
and proportions may produce unrealistic estimates for some domains and proportions. In this section, we consider
the method of constructing fractional weights to avoid the chance of extreme weights like negative weights.

We want to select fractional weights;; satisfying (1) and (2) wit) < w}; < 1fort € Ap;. This leads to a
constrained minimization problem that can be solved by Lagrange multipliers. We must minimize the following
expression. For each missing ufit

Qi) = d(wjj o) = NT(W) =X | > wj—1], @)
tEAD,;

wherea;; = 1/M is an initial weight under simple random sampling without replacentghis the size of donor
set,T'(w*) is a re-expression of the statistic in terms of the fractional weights= {w;};,t € Ap;} andd(.,.) is
a distance measure. Note that initial weightsan be considered the empirical probabilites on the donor variables.

Various distance measures can be used for our problem. Specially, Hellinger distance and Entropy distance measures

can be applied for nonnegative weights. A common distance measure between two sets of probabilities is Entropy
w*. . .

measured(ng,atj) = D icAp, wz‘jlog(a—:;). Then we need to solve the following expression under entropy

distance measure:

log(Mw};) +1— X =T (w*) — Ag = 0, (8)

subject to the constrain®S(w*) = 0 and}_,;,,,, - wi; = 1.

In the case of (1), implying that onlj}” variable is missing amongvariablesT'(w*) can be written as

T(w*) = Z w;kt (17 Yt — E(yij‘yobs,ia é)7 yt2J - E(yzgj|y0bs,ia é)) (9)

tEAD,;

and the expression in (8) can be reducetbt@ M w;;) + 1 — A1yz; — )\nyj — Ao = 0. Using the previous formula

Nyej+roy?,
e 1Yt tA2v5;

and)_,c 4, , wi; = 1, the adjusted fractional weights can be writtenugls = where thel,,

A1yt +;\2y$j ’
teAp

k = 1,2 are the solutions t@'(w*) = 0in (9). In general, a Newton-Raphson method can be used to solve the
nonlinear equation®’(w*) = 0. The resulting fractional weights will be positive add< w;; < 1,¢ € Ap; and
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be satisfying the constraints (2) or (1).

Note that the Euclidean distance always has a solution in (7) but the resulting weights can be negative and extremly
large. Otherwise, the Entropy distance measure is guaranteed to obtain non-negative weights but a solution is not
guaranteed for some unlucky samples of donor. To avoid an “unlucky” donor set, one apprach is to use a modified
sampling mechansim to select donors where the first and second moments in donor sets are possibly close to those
of the conditional distribution given by observed data and estimated values of parameters.

Further practical consideration for fractional imputation are discussed in regard to the implementation of the simu-
lation.

8. Variance Estimation

When the final user is different than the data provider, it is common practice to include a set of replicate weights
in the data set for purposes of variance estimation. Fuller and Kim (2005) point out the advantage of providing a
single set of replicate weights: “A single set of replicates can be used for variance estimation for imputed variables,
variables observed on all respondents, and under assumptions, for function of the two types of variables.”

To consider replication variance estimation, let a replication variance estimator for the complete sample be
K

V() =Y el = &0)2, (10)
k=1

with & being any component of the mat@(y;, £(®) is thek-th estimate of x, based on the observation included
in the k-th replicate,K is the number of replicates amg is a factor associated with replicatedetermined by the
replication method. When the original estimaggris a linear estimator, the-th replicate estimate of, can be
written ash.}”) = Yica wg"‘)gi, wherewf’“) denotes the replicate weight for tité unit of thek replication.

Let the kth replicate of the fractional imputation estimator @Sé)b Let a replication variance estimator for the
fractional imputed estimator be

K
V(él,n) = ch(éy,cr)z - él,n)Qv (11)
k=1

: X o(k k) (+k
whereg;n = > ica ZtEAD,i wiw; & andf?l = ica ZteAD,i wz( )wZ(t )gi-
The replicated fractional Weights;.(k) in (11) are to be constructed using a regression weighting technique that
leads to a solution satisfying the following constraints. Rgr= 0andRi. = 1,5 # k, > ,c 4, wi; (1, y1, 7)) =

(1, E(yijlyobs,is ok, E(Y;Yobs.i» éw))- ForR;; =0, Ry, = 0andR;, = 1fors # j, k,

k)* i i 5
ZtGAD,i wgt ) (17 ytj7 Ytk ytjytk7 thja y%k) = (17 E(ylj ‘yobs,ia 9<k))7 E(yik:‘yobs,h 0<k)>7 E(yijyik|yobs,i7 e(k))a
EW |yovs.i»0%)), W2 Yobsi» é(’“))), wheref®) is the MLE estimate of based on thé'" replicate sample.

Provided that the variance estimator of the complete estimator in (10) is consistent, the proposed variance estimator
of the FI estimator is also consistent for the finite population means and covariances.

9. Simulation

In order to demonstrate the performance of the proposed estimators, we generate a finite populatioN 6f size
5,000 with three variable#/; = (Y;, Z;, X;) from trivariate normal distribution with the mean vecjor= (1, 2, 3)
and covariance matriX with entriesé = (o, = 1,0,. = 08,0y, = 1,0.. = 2,0., = 1.5,0,, = 2). In
addition, an indicator of membership in a domdih, is generated from the unifor(0, 1) distribution, independent
of Y;, Z; and X;. The domain will be defined bip; being below a set cutoff value.

Monte Carlo samples of size= 200 were generated by simple random sampling from the finite population. From
each sample, we also generated response indicator varigbjeend R,; from a Bernoulli distribution with the
response rates; = 0.65 andp, = 0.55, independently. The variablg is observed if and only iR;; = 1. The
variableZ; is observed if and only iRy; = 1. The probability of responding to both variables is tfesb * 0.65 =
0.3575, or 35.75%. In simulations, the average rate of responding to both variables was approxiftatsty

For the comparison, we used following methods:
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1. ML Maximum Likelihood Estimation using EM algorithm.
2. FI Fractional Imputation Estimation proposed in this section With= 10 donors.
3. Ml Multiple imputation withM = 10 repeated imputations.
In ML, we used estimates based on complete data set {hetid Z are observed) as the starting values.

In the case of FI, the selection of donors must be done carefully. Since the fractional weights constructed by the
regression weighting technique in Fl can be quite variable, producing some large weights, or even negative weights
to satisfy the constraints (1) and (2). In this simulation, we used a slightly modified selection method based on
the nearest neighbor criterion and simple random sampling. The nearest neighbor criterion is used for avoiding
some extreme weights. Simple random sampling without replacement is used for preserving the observational
distribution, instead of relying on the model to generating simulated values for imputation. In particular, for missing
unit j, two closet donors are selected where one is the closesEQHg ;s |Uops, ) among the set of observed unit
havingU,,s-values greater thal' (Ui | Uops, ) ) and the other one is the closest i@/, ;s |Uops, ) -value among

the set of observed unit havirig,,s-values less thatl (U, ,is|Uops, é). After selecting two donors, th&/ — 2

donors are selected with simple random sampling without replacement. One option when the fractional weights are
negative is to select a new set of donors in the hope that the resulting weights will all be positive. When some of
the final fractional weighta;; are still negative or extreme, then the algorithm for producing nonnegative fractional
regression weights proposed by Paik and Larsen (2007) was applied to produce nonnegative fractional weights
satisfying (1) and (2).

For MI, the missing values are generated from the posterior predictive distribution of the data given the observed
values. The method of multiple imputation for the multivariate normal model is used as follows:

MI 1 For each repetition of the imputatioh,= 1,..., M, draw>?* ) |Uops ~*+4 Inverse-Wishagt_; (S), wherev
is the size of the seﬁ,, and.S is the sum of squares matrlx about the sample mean on completel data
S = ZA U; = U)(U; — U) whereU, is the mean of/; on A,...

MI2 Generatd, | ( ob&ZZ‘k)) ~EEN (U, By)-

MI3 For missing unitj, generate:? | (U(k),E(k)) 4 N(0, Elky)- ThenUjy = E(U;|Uos, U(*k)) + €
is the values associated with ugifor £ imputation.

Ml 4 Repeat steps 1-3 independenily times.
10. Simulation Results

The population parameters that are studied in this simulation are listed below.
1. Population valuest'y, Zn, Syy N+ S22, N Syz.Ns Syz,x @A S,z v,
2. Domain valuesYp y andZp y are means of andZ whereD < 0.45,
3. Py n = proportion ofY > 1.65, and
4. P, n = proportion ofZ < 1.38.

For variance estimation, we have considered the Fl estimator and the Ml estimator of variance. For the FI variance
estimator, we used the jackknife variance estimation method discussed in previous section. In case of the M
variance estimator, the simple variance formula of Rubin (1987) is used.

The Monte Carlo results for 5,000 samples generated are given Table 1 and Table 2. Table 1 shows the mean
and variance of the point estimators for three methods. The properties of the variance estimators (Ml and Fl) are
given in Table 2. Table 2 shows the relative bias and t-statistic for the variance estimators. The relative bias of the

variance estimator is estimated &3 = EMC(V(&)) ‘;“C(’E’) x 100, where V¢ is the Monte Carlo variance
given in Table 1. The t-statistic is the statistic used to test the significance of the bias of the variance estimator:
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_ Exvce(V(E)=Vumo(€r) i inati
t =B x e , WwhereB is the number of replications.

The proposed FI estimator provide the same results as the EM method for the finite populations parameters except

for domain means and proportions. The estimation of domain mean and proportions are not available based on EM
methods.

In Table 1, the proposed FI estimator shows more efficency than the MI estimator for all parameters except the
proportions. Results are about the same when the imputed values are generated from the conditional distribution
given the observed data.

In Table 2, the replication variance estimation procedures are nearly unbiased for all parameters except for the
domain means in this set up. Since the adjusted replicate weights constucted as part of the process for estimating
the variance of the fractional imputed estimator for the finite population means was applied to obtain estimates for
variance of the domain estimators, variance estimation for the domain mean estimators is slighly biased. However,
the FI variance estimators for domain means are much better than the MI variance estimators. The MI variance
estimation procedure provides consistent estimates for the variance of the parameter estimates in the imputation
model. Even though the correct imputation model is used, the variance estimators are seriously biased for domain
means and proportions which are not included in the imputation model. A bias of the MI variance estimator for
domain means where the domain information is not used for imputation was pointed out by Fay (1992) and Kim
and Fuller (2004).

11. Conclusion

Based on the simulation results, the proposed fractional imputation method seems to be a good imputation method
because it retains the diserable propoerties of maximum likelihood estimation when estimating the parameters of
the super population model, uses actually observed values, and produces a single set of general purpose replicate
fractional weights. In addition, it provides reasonable estimates for other parameters that were not included in the
imputation models. As with other fractional imputation methods, an easy-to-use data set was constructed for general
purpose estimation. For the completed data set constructed by the proposed procedure, the standard estimates at the
aggregate level of analysis are equivalent to model-based imputation estimates based on maximum likelihood for
parameters in the imputation model.
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Table 1: Monte Carlo means and variances for imputBable 2: Relative biases and t-statistics for the variance

tion estimators, based on 5,000 samples. estimators, based on 5,000 samples.
Parameter Method Mean Variance Parameter Method RB() t-statistic
Actual 1.02 Yn FI(M=10) 0.51 0.12
Y EM 1.02 0.0062 MI(M=10) -1.61 -0.80
FI(M=10) 1.02 0.0062 ZN FI(M=10) 4.06 2.05
MI(M=10) 1.02  0.0065 MI(M=10) 5.09 2.47
Actual 2.03 Syy N FI(M=10)  -2.66 -1.23
Zn EM 2.03  0.0137 MI(M=10)  -2.76 -1.38
FI(M=10)  2.03  0.0137 SN FI(M=10) 2.34 1.42
MI(M=10) 2.03  0.0147 MI(M=10)  -3.07 1.48
- Actual 1.00 Syz.N FI(M=10) 1.07 0.37
Syy.N EM 1.00  0.0146 MI(M=10)  5.07 2.50
FI(M=10) 1.00 0.0146 Syz,N FI(M=10) -1.28 -0.60
MI(M=10) 0.97 0.0153 MI(M=10) 3.92 191
] Actual 2.03 S.zN FI(M=10) 3.51 1.22
S.:N EM 2.02 0.0063 MI(M=10) 8.47 4.25
FI(M=10)  2.02  0.0063 Yo N FI(M=10) -6.12 -3.13
MI(M=10) 2.04 0.0087 MI(M=10) 14.68 7.29
] Actual 0.82 Zp,N FI(M=10) -7.21 -3.97
Syz,N EM 0.82  0.0207 MI(M=10)  27.93 13.28
FI(M=10) ~ 0.82  0.0207 Py~ FI(M=10)  -1.51 -0.71
MI(M=10) 082  0.0213 MI(M=10)  14.35 6.49
_ Actual 1.01 P.n FI(M=10) 1.60 0.78
Sya,N EM 1.01  0.0172 MI(M=10)  24.00 12.02

FI(M=10) 1.01 0.0172
MI(M=10) 1.01 0.0177
Actual 1.51

Sza,N EM 1.51 0.0384
FI(M=10) 1.51 0.0384
MI(M=10) 1.51 0.0404

Actual 1.02

Yp.n FI(M=10)  1.02  0.0135
MI(M=10) 1.02 0.0191
Actual 2.03

ZD,N FI(M=10) 2.03 0.0211
MI(M=10) 2.03 0.0245
Actual 0.26

P, N FI(M=10) 0.26 0.0012
MI(M=10) 0.26 0.0012
Actual 0.32

P, N FI(M=10) 0.32 0.0013

MI(M=10) 0.32  0.0013
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