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Abstract

A new generalized forced quantitative randomized response
(GFQRR) model for estimating the population total of a
sensitive variable is proposed and studied under a unified
setup. The bias and variance expressions are derived under
unequal probability sampling design. It is shown that the
models due to Eichhorn and Hayre (1983), Bar-Lev,
Bobovitch, and Boukai (2004), Liu and Chow (1976a,
1976b), Stem and Steinhorst (1984), and Gjestvang and
Singh (2005) are special cases of the proposed GFQRR
model. Numerical illustrations are carried out to show the
performance of the proposed GFQRR model.

Keywords: Randomized response sampling, estimation of
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1. Introduction

The problem of estimation of the population total of a
sensitive quantitative variable is well known in survey
sampling. Warner (1965) was the first to suggest an
ingenuous method to estimate the proportion of sensitive
characters like induced abortions, drug used etc., through a
randomization device like a deck of cards, spinners etc. such
that the respondents’ privacy should be protected. A rich
growth of literature can be found in Fox and Tracy (1986),
and Tracy and Mangat (1996). Mangat and Singh (1990)
proposed a two-stage randomized response model.
Leysieffer and Warner (1976), and Lanke (1975, 1976)
studied different randomized response procedures at equal
level of protection of the respondents, and later Nayak
(1994), Bhargava (1996), Zou (1997), Bhargava and Singh
(2001, 2002) and Moors (1997) found that Mangat and
Singh (1990) and Warner (1965) models remain equally
efficient at equal protection. Note that this result is not true
for all the randomized response models. Bhargava (1996),
the detail is available in Singh (2003) on page no. 939-941,
shows that Mangat (1994) model remains more efficient
than Warner (1965) model at equal protection. Note that
Mangat (1994) model is a special case of Kuk (1990) model.
Mangat (1994) model is further improved and studied by
Gjestvang and Singh (2006). Eichorn and Hayre (1983)
suggested a multiplicative model to collect information on
sensitive quantitative variables like income, tax evasion,
amount of drug used etc. According to them, each
respondent in the sample is requested to report the scrambled
response Z; = SY;, where Y; is the real value of the sensitive

quantitative variable, and S is the scrambling variable
whose distribution is assumed to be known. In other wouds

Eg(S)=6 and Vg(s)=y> are assumed to be known and

positive.  Then an estimator of the population total
Y =%,c0% under the simple random and with replacement

(SRSWR) sampling is given by:

N N 2 Z;
Yo = — Y 2L
B = Xy (1.1)
with variance:
2 2
V(YEH):NTU§+NTC§Y2(1+C§) (1.2)

where ¢} -y2/6*, Y=v/N and Cy=0,/Y . We shall
now discuss a randomized response model recently studied
by Bar-Lev, Bobovitch, and Boukai (2004), which we say
BBB model hereafter. In BBB model, the distribution of the
responses is given by:

5 {Y,S with probability (1- p)
;=

Y; with probability p (1.3)

In other words, each respondent is requested to rotate a
spinner unobserved by the interviewer, and if the spinner
stops in the shaded area, then the respondent is requested to
report the real response on the sensitive variable, say Y; ; and

if the spinner stops in the non-shaded area, then the
respondent is requested to report the scrambled response, say
Y;S , where S is any scrambling variable and its distribution

is assumed to be known. Assume that E(S)=6 and
v(s)= ? are known. Let p be the proportion of the shaded

area of the spinner and (1- p) be the non-shaded area of the
spinner as shown in Figure 1.1.

Report
Scrambled
Response
Z=YS

Report Real
Response
7=Y

Fig. 1.1. BBB randomized response device.
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An unbiased estimator of population total Y is given by:
N N n

Y = 37
(BBB) = = pyoe ) 5 (14)
with variance under SRSWR sampling given by:
2 —
V[Y(BBB)]=7Y2[C§ +(1+CHCE (p)] (1.5)

where
L 1-p)OPa+C)+p |
[(1- p)&+ p)*

In the next section, we suggest a new generalized forced
quantitative randomized response (GFQRR) model.

c2(p)

2. Proposed GFQRR model

Consider a population Q consisting of N units. Let ¥; ,
i=12,..,N, be the value of the i population unit of the

sensitive quantitative variable. Our aim is to estimate the
population total ¥ =3,.qY; . Let z;,i € Q be the probability

of including the i™ unit from the population Q in the sample
s with probability design p(s). The i™ respondent selected
in the sample is requested to rotate a spinner having three
statements:

(1) report the real value of the sensitive variable, ¥;, with
probability p;

(ii ) report the scrambled response SY; , with probability p,
(iii ) report the fixed response F , with probability pj .

where § is a scrambling variable and its distribution is
assumed to be known. In other words, if Er is the expected

value and Vg is the variance over the randomization device

used in a survey, then Eg(S)=6and VR(S)zy2 are

assumed to be positive and known. Conclusively, the
distribution of the i"™ response is given by:

Y;, with probability p

Z; =4 8Y;, with probability p; 2.1
F, with probability p3
Proposed Spinner
F
Fig. 2.1. GFQRR spinner.
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Consequently, we have the following theorem.

Theorem 2.1. An unbiased estimator of the population total
Y is given by:

S Z; — paF
Yp_zdi( 1 p3 J
ies Dp1+p20

1

2.2)

where d; =z; " are called design weights.
Proof. Let £, and Ep be the expected values over the
design p and the randomization device, say spinner, thus
we have:

R e R
which proves the theorem.

Theorem 2.2. The minimum variance of the proposed
estimator ¥ » 1s given by:

P
minV(Y,)==-% X ®ij(diYi_deJ')2
2% jey

1
t————— P+ P2+ 0P) = (1 + 120)} T 1
(p1+P20) i€Q

(p1 + pze)zngdimz
(1-p3)( Xd;)
ieQ

(2.3)

where ®l] :(ﬂ'l'ﬂ'j —ﬂ'l'j) .
Proof. Let Vz and ¥, denote the variance over the

randomization device, say spinner, and over the design, we
have:

V(i) =V,Er| T d; Zizpl YE V| S d; Zizpl
ies \P1+p2f ies \P1+p2f

Vr(Z;)
-y ZdiYi:|+E Zd}[#]
p|:ies pies (n +p29)2

1 2
Y Y0¥ —d;Y;)
2izje0 e

1
+—2{{pl + 207 (14 C)) = (p1 + p26)°} ;Y]
(p1+p20) ieQ

+ p3(L- p3)F* $d; —2p3F(py + pa0) ZdiYi:| (2.4
ieQ)

ieQ

On differentiating (2.4) with respect to F and setting equal
to zero, we have:
F o 1t PO)EicqdiY;
(- p3)Zicqd;
On substituting (2.5) into (2.4) we get (2.3), it proves the
theorem.

2.5)

In the next section, we show that the BBB, Eichhorn and
Hayre (1983) and Liu ad Chow (1976a, 1976b) models are
special cases of the proposed GFQRR model.



ASA Section on Survey Research Methods

2.1 Special Cases

Casel.If p; =0, pp =1,and p3 =0, the proposed GFQRR
model reduces to the Eichhorn and Hayre (1983) model.
Case II. If p;=p, pp=(-p), and p3 =0, the proposed
GFQRR model reduces to the BBB model.

Case III. Note that a quantitative forced alternative
randomization device, due to Liu and Chow (1976a, 1976b),
is valid only for estimating the proportion of a sensitive
attribute in a population unlike the proposed model, which
estimates the average of a quantitative sensitive variable.
Interestingly, note that if X; is a qualitative variable, take 1
and 0 value for a sensitive and non-sensitive attribute in the
population, set Z =0 as forced “no” answer, and set F =1
as forced “yes” answer, then the present model is reduced to
an optimized forced alternative randomizing device
proposed by Stem and Steinhorst (1984).

2.2. Relative efficiency

Under simple random and without replacement (SRSWOR)
sampling, we have z; =n/N and 7z;; =n(n—~1)/N(N ~1). The

percent relative efficiency (RE) of the proposed GFQRR
model under SRSWOR sampling with respect to the BBB
model under SRSWR sampling design is given by:

RE(BBB, Y, )srswor
{cz+(1+c2)c2( )}xlOO“/
v y)Ls (P o

“NI-))
WC% +CH(p1.p2)(1+ C3) -

2.2.1)

1
(I-p3)

where
2 2
PLp0(+C)

3 (pr1.p2)= 3
(p1+ P20)

We observe through simulation that the relative efficiency is
highly sensitive towards the mean value of the scrambling
variable 6. If we consider a very large value of &, then the

relative efficiency RE(BBB,I?p)Srswor of the proposed

estimator with respect to the BBB model converges to 100%
as the value of the scrambling variable’s coefficient of
variation also becomes large. Following Cochran (1977), the
value of the coefficient of variation should be around 10%
for any consistent and practicable data sets. Thus, we
decided to choose N =10,000, n=100, three values of

p1=p=0.7,08,09, ppy=2(1-p;)/3 and p3=(1-p;—p3).
If #=10 and the values of the coefficient of variations of the
scrambling variable and sensitive variable were kept same,
that is, C,=C, were chosen between 0.01 and 0.60 with a

step of 0.01. Then, the percent relative efficiency of the
GFQRR model with respect to the BBB model is shown in
the Figure 2.2.
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Fig. 2.2. RE of the GFQRR model with
respect to the BBB model
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If we change 6=1, and keep the other parameters at the
same level, then the results are presented in Figure 2.3.

Fig. 2.3. RE of the proposed GFQRR model
with respect to the BBB model
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Figure 2.3 shows that if the mean value 6 of the scrambling
variable is less than one, then more gain is expected from the
proposed model at higher values of the coefficient of
variations of the scrambling variable or sensitive variable.
Note that for higher value of &, the proposed GFQRR
model may perform pitiable than the BBB model, thus the
proposed model could be more beneficial if it is used with a
scrambling variable having the mean value @ close to one as
used by Gupta, Gupta and Singh (2000). The proposed
model may perform better for higher value of coefficient of
variation of the scrambling variable in a situation as shown
in Figure 2.3. Singh and Mathur (2005) have considered
situations where the values of the coefficient of variations of
the scrambling variable and the sensitive variable can be
between 0 and 6 with a step of 0.1.

Now the estimator (2.2) depends upon F, which in turn
depends upon Y; values, and hence it is not practicable

estimator. To overcome this difficulty, we consider a new
strategy discussed in the next section.
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3. Practical GFQRR Model

In this case, we suggest to take two independent random

samples s; and s, from the population Q using the
sampling designs p(s;) and p(sy), respectively. In the first
sample s;, each respondent selected is requested to

experience the spinner as shown in Figure 3.1:

Proposed Spinner

S1Y; =2y;

Fig. 3.1. GFQRR spinner for the first sample.

Note that the value of F] has to be decided before doing the
survey based on the parameters to be used in the second
spinner used in the second independent survey. Here, this
proposed GFQRR model differs from the existing
randomization devises. In other words, although both
samples are independent, the devices are dependent.
Consequently, the distribution of the i response in the first
sample s; is given by:

Y;, with probability p,
Zy; =481Y;, with probability p,
Fy, with probability pj

3.1)

where S; is a scrambling variable such that Ep (Sl ): o,
Vi (S1 ): 712 and C ;1 = ;/12 / 912 are assumed to be known.

In the second independent random sample §,, each

respondent selected is requested to experience the spinner as
shown in Figure 3.2:

Proposed Spinner

S$yYi=2;

Fig. 3.2. GFQRR spinner for the second sample.
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In this case, the distribution of the i response in the second
sample s, is given by:

Y;, with probability py4

Z5; =48,Y;, with probability ps G-2)
F,, with probability pg
where
reF2 = p3F (3.3)

and S, is a scrambling variable such that Eg(S;)=6,,
Vg(Sy)=73 and C}% =73 / 03 are assumed to be known.

2
Then we have the following theorem:

Theorem 3.1. An unbiased estimator of the population total
Y is given by:

S 1
Yy :X{ XdiZy; - zd2iz2i:l

ies ies,

(3.4)

where A =(py = p4) +(p26) - psta) and  dy; = 7j;' , d; = 3}
are the design weights used in the first and second sample
respectively; and 6, = ER(S]) and 0, =ER(S,) are the
known means of the scrambling variables S; and S, used in

the first and second sample, respectively.
Proof. Taking expected value on both sides of (3.4) we

have:
TdiiZyi~ XdyiZy;
E(?ﬂ):E ies ies,
A
XdiiZy — XdyiZy;
“EE ies; i€s,

R
PR (pr = pa) + (p26) — ps6r)

Z(p1+p200)Y; + p3FIN = Z(p4+ps0)Y; —psinN

_| ieQ ieQ

(P1-p4)+(p260) - p562)

=YY =Y
ieQ
which proves the theorem.

Theorem 3.2. The minimum variance of the proposed
estimator ¥ 4 1s given by:

Min V(Y ) =

:LZ M >y ®1l'j(dliYi _dlef)z
A 2 i#jeQ

+ ps56
+M 2 X O(dyY; _deYj)2

2 i#jeQ
()~ (p1 + p20)} TdyYP
ieQ
+{¥ —(p4 + ps0)} Tdy Y
ieQ
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(p1+ P20 X dyY; —— Z z ®1y(d11 dyj)dyY; —dy ;Y )}

ieQ) 1¢je
pP3
+(pg +psO){ Xdo;Y; - Z x ®1U(d11 dyj)dyY; —dy;Y )}
ieQ t;tje

2

a- P3) Xdy; DBy s 0y (dy; - dlj)2
eQ 2 i#jeQ

+{p3(1- p6)/p6}2d2,+—z % 025 (dy; —daj)?

i#jeQ

(3.5)
where @10 = (72'1['72'1]' —ﬂ'lij) , ®2U = (72'2['72'2]' —72'21']') .
¥ = (p+ P26 (1+.C3 )} and Wy = {py +pst3(1+C; )}
Proof. Let V' and 7, denote the variance over the

randomization device and over the designs used in the
independent samples, then:

V(Y g) =AL2 V[ Zdlizli]‘”/[. ZdZiZZi]:|

ies; i€s,

(3.6)

Now we have:

V[ 2diiZy; :VpER[ Zdlizli]JrEpVR[ Zdlizli]
ies; ies; ies
—Vp[(pl +p20)) XdyY; + p3h Zdli]+Ep[ z dlziVR(Zli)]
ies; ies; ies;
=( 2)1 O (dYs —di Y )2
=(p1+p20) = X X Oy;(dyY; —dyY5)
2i2je0
. 2.2 2 2
o1+ o2 +60) = (p1+ p26)°} ZdyY;
ieQ)
F2 21 2
+Fp3(-p3) Zdy+p3— X X Oy(dy; —dyj)
ieQ i#zjeQ

1
B > X Opdy

—-2p3F(p1 + Pz%){ XdyY; -
ieQ) i#jeQ

—dyj)dy;Y; —dle_/)}
3.7)
Similarly,

V[ ZdZiZZi] =(pg + Psﬁz)z{%

i€s,

2
2 X Oy(dyYy —dy Y ) }
i#zjeQ

+{pa+ ps(r2 +02)~(ps + ps6r)*} Tdy Y

ieQ

{ps(l P6) Tdi+pe~ T > @ (e - dzj)z}
ieQ i#jeQ
1
—2peFr(p4 +P592){ YdyY;—— ¥ X ©y;(da; —dpj)dyY; _deYj)}
ieQ i#jeQ

(3.8)
On substituting (3.7) and (3.8) into equation (3.6) and using
the relation (3.3) and then setting:
ary /f) B
dFy

we have: 3473

X X 0y;(dy

1
(p1+p260)y ZdyY ——
ieQ ZiijeQ

—dy;)dy;Y; _dlej)}

+(ps +P5€2){ XdyY; —— Z 2 Oy (dy; —do j)d2;Y; _deYj)}
ieQ) z;t]eQ
A= .
1 Py 2
(-p3) ¥ dy+— X X Oy;(dy; —dy;)
ieQ i#jeQ)
+i{p3(1- L Pe dr —dn )
P3(=pe)/pe} Tdoi+— X X ©(dy; —dyj)
ieQ 2 ixjeQ
3.9

The use of (3.9) in (3.6) leads to (3.5), and which proves the
Theorem 3.2. Under simple random and with replacement
(SRSWR) sampling the results reduce to Gjestvang and
Singh (2005). Note that it is not easy to suggest an unbiased
estimator of variance if the value of £} is unknown.

3.1. Relative efficiency

Assuming ny =n, =n/2, then the percent relative efficiency

(RE) of the proposed GFQRR model under SRSWOR
sampling with respect to BBB model under SRSWR
sampling is given by:

RE(Yppg.Y g) —LBB)AOOO/
V(Y )

A {CE+(1+CHCALx100%

(1= £/2)(p1 + P26y + pa+ pst> )[%)C,%
+(1+CH ¥~ (pr + path) + ¥

P3{(pL+ P20)) + (g + psbh))>
{d-p3)+p3(-pg)/ pe}

—(p4+pstr)} -

(.1.1)

The relative efficiency expression in (3.1.1) depends upon
several choices. Thus, to look at the behavior of the
performance of the proposed GFQRR model with respect to
BBB model, we considered a situation where N =10,000,
n=100, 6=500, 6; =100, 6, =900, P =P=0.8 (equal
protection in the both GFQRR and BBB models),
P =2(1-R)/3, =02, and P5=2(1-P;)/3. The value of
the coefficient of variation C, of the sensitive variable was

changed between 0.1 and 0.9 with a step of 0.2 as shown in
Figure 3.3. The values of the coefficient of variation of the
three scrambling variables were kept same between 0.1 and
6 with a step of 0.1 by following Singh and Mathur (2005),
thatis C, =C, =C,, . If the value of coefficient of variation

of the scrambling variable becomes more than 2, then the RE
becomes almost constant.
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Fig. 3.3. Relative efficiency of the proposed GFQRR
model with respect to BBB model
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More gains are expected if the value of coefficient of References

variation of the study variable is high, say 0.9, and the
value of the coefficient of variation of the scrambling
variable is near 0.1. In a real survey, the practicable
values of coefficient of variations of the scrambling and
sensitive variables are around 0.1 by following Cochran
(1977). For such situations, the relative efficiency is
shown in Figures 2.2, 2.3 and 3.3. Thus, for these types of
practical situations, it is always possible to adjust the
randomization devices such that the proposed GFQRR
model performs better than the BBB model.

Summary

The proposed generalized forced quantitative randomized
response (GFQRR) model has been found to be more
efficient than the recently developed BBB model. In
addition to that the proposed GFQRR model could be
used under more advanced sampling schemes such as:
Simple random without replacement (SRSWOR)
sampling, Probability proportional to size and without
replacement (PPSWOR) sampling, and hence has more
practical utility than the BBB model.
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