ASA Section on Government Statistics

A New Multiple-bootstrap-datasets Presentation Method for Confidentiality Protection

Yan Li'? and Paul D. Williams'
National Center for Health Statistics, Hyattsville, MD, 20782!
JPSM, University of Maryland, College Park, MD, 20740?

Keywords: Confidentiality Protection, Bootstrap, Inverse
sampling

1. Introduction'

Government agencies routinely release various public use
microdata files (PUMF) at the respondent level such that
outside researchers can perform various statistical analyses
according to their own needs and verify results published
by government agencies. There are mainly two equally
critical but conflicting goals when releasing PUMF:
maximizing the “openness” of its operation and preserving
the confidentiality of the survey respondents. “Without
adequate access to data, decision making is poorly based,
and without adequate assurance of confidentiality,
voluntary reporting is likely lessened.” (Duncan and
Lambert, 1986)

The basic requirement of creating PUMF is to provide
adequate information on the sampling design and the
variables so that various official estimates and their
associated randomization-based variance estimates can be
reproduced. Releasing survey weights and the cluster
membership of a given respondent is needed to conduct
standard statistical inference with complex survey data.
However, releasing the key information may put the
respondents at the risk of disclosure (Fienberg and
Willenborg, 1998).

Commonly used methods to guard the confidentiality of
survey respondents include cell suppression, data masking,
and data swapping (Willenborg and de Wall, 1996;
Duncan and Pearson, 1991; Cox, 1994, Fienberg, 1997).
Nevertheless, these methods can distort relationships
among variables in the data set. In addition, Rubin (1993)
proposed to create multiple, synthetic data sets for public
release. The agency selects units from sampling frame and
imputes their data using models fits to the original survey
data. However, a challenge for this approach is that a
specific model must be assumed to reflect the structure of
the data with a reasonable accuracy.

An alternative approach, the mean bootstrap method, was
proposed by Yung (1997) to reduce the disclosure risk
arising from the release of bootstrap weights with PUMF.
The mean bootstrap method averages the bootstrap weights
over C bootstrap samples to reduce the possibility of zero
weights. In order to obtain B mean bootstrap weights,

' The opinions expressed in this paper are those of the
authors and not necessarily those of the National Center
for Health Statistics.
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BxC bootstrap weights are produced. For example, in the
General Social Survey, 5000 bootstrap weight variables
were produced. These weights were then averaged in
groups of size C=25 to obtain the B=200 mean bootstrap
weights that accompany the original macrodata (Phillips,
2004). This procedure has successfully reduced the
disclosure risk arising from the pattern of “zero” bootstrap
weights. However, it has several disadvantages. First,
compared to the standard bootstrap approach, BxC
(instead of B) bootstrap weights are needed to obtain B
mean bootstrap weights. Second, this method relies on
poststratification adjustments to add noise to the mean
bootstrap weights so that members from the same cluster
do not share the same bootstrap weight. However,
poststratification adjustments can be deduced back by
smart users, and members from the same cluster still share
the same weight, which might help an inquisitive user to
recreate stratum and cluster membership from patterns of
B mean bootstrap weights.

The main objective of this paper is to propose a new
multiple-bootstrap-datasets presentation (MBDP) method.
The MBDP method can effectively overcome the
disadvantages of the mean bootstrap method: 1) only B
bootstrap weights are needed in order to produce B
bootstrap datasets, and 2) the MBDP method is capable of
reducing the disclosure risk arising from the pattern of
bootstrap weights, not relying on the poststratification
adjustments.

As mentioned earlier, the original microdata may contain
some information that can potentially reveal respondents’
identity. For example, if the sample contains an outlier
respondent (e.g., the richest person in the country), then
the microdata can not only reveal this person’s data but
can potentially reveal information on some other
respondents in the same cluster. Furthermore, combination
of different variables for some respondents might be
unique, which can be employed to identify the
respondents. The circumstances discussed above are
interesting research areas and need to be studied in the
future. Readers interested in different research issues
related to confidentiality and disclosure limitations are
referred to Willenborg and de Waal (1996). This work
focuses on addressing the disclosure risk arising from the
pattern of bootstrap weights.

The outline of this paper is as follows. In Section 2, the
proposed MBDP method is presented. In Section 3, this
method is compared with another competitive method
under two simple but realistic design settings analytically,
and the corresponding simulation studies are conducted.
Finally, in Section 4 this work is summarized.
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2. Proposed MBDP Method

The original microdata contain the information on the
respondents, sample design and auxiliary variables. Some
of the information cannot be released to protect the
confidentiality of the respondents. In order to reduce the
disclosure risk, the idea of this proposed MBDP method is
to release multiple bootstrap datasets (avoiding zero
replicate weights) instead of single original microdata to
block all design information.

2.1 Difference between the MBDP Method and the
Mean Bootstrap Method

The main difference between the MBDP method and the
mean bootstrap method is in the manner of presentation in
the PUMF. The mean bootstrap method basically provides
one PUMF that contains all B bootstrap replicate weights
and the variables. By investigating the pattern of all B
bootstrap weights, the stratum and cluster membership
might be identified by using the fact that records in the
cluster have the same weight. In contrast, we suggest the
presentation of multiple PUMFs. For each PUMF, only
the clusters that are selected in the bootstrap method are
included. For complex survey design, it is possible that
members from different clusters share the same bootstrap
weights. Therefore, members of the same cluster can not
be identified by their bootstrap weights. Among different
PUMFs, there is no one-to-one correspondence because
different clusters are selected for different PUMFs. It is
not possible to combine all B PUMFs and investigate the
pattern of all B bootstrap weights to identify the members
of the same cluster. Therefore, disclosure risk arising from
the pattern of bootstrap weights is reduced. Furthermore,
the bootstrap methods have already been well studied for
the last two decades. “Various bootstrap procedures were
developed to deal with various complex issues such as
complex correlation structure induced by the survey
design, weighting, imputation, small-area estimation,
among others.” (Lahiri, 2003) Therefore, based on
multiple bootstrap datasets valid inferences on variance
estimation can be obtained, while the disclosure risk
arising from the pattern of bootstrap replicate weights is
reduced.

2.2 MBDP Estimates and Their Variances

The population parameter, &, is estimated using B
independent bootstrap datasets instead of the original
microdata.

Define 8" =6(Z"), where f*:f(s*):(fl*,fg_,_,f;) is
estimated using the bootstrap sample s* Based on a
bootstrap distribution of 9", the following two estimators

of @ are considered: (i) E*[H(ZA(S*))]zéB , the mean of
the bootstrap distribution of 8" =6(§(S*)), and (ii)

O[E- (f SN = 53, the original estimate with 7 replaced
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by E*(ZL (7). Note if = 6(Z) is a linear function of
Z=(2,.Z,...Z,), the two estimators are same. If
0=06(2)

theorems:
Theorem 1: Assume regularity conditions to achieve good

is nonlinear, we have the following two

estimates ED(ZA)=Z and V, (f)_VD(f)zop L), where
n
n is the sample size. Then, we have 9% — 6% = 0, (l) ,
n

éB—é=0p(l), and 8% -6=0 (See Appendix for
n

derivation).

Monte Carlo simulation methods can be used to estimate
the expectation and variance of the estimates. Suppose
one decides to release B bootstrap samples. Then,

A~ ~ B . -
68 =OlE.(Z(5"))]= e[%ZZ(s;)] =65, and
b=1

N e~ 1 B =k ~
6" =E[6(Z(S ))12526’[2(%)1:93,
b=1

where { §1,5,,...,8g } are B bootstrap samples.
Theorem 2: Assume regularity conditions to achieve good

estimates E,,(Z)=Z and V,(Z)-V,(Z)= 0, Ly, where n
n
is the sample size. Then, we have

E[531=6(2)+O(1), E[531=9(2)+0(1),
n n
V[gB] = (%+1)><VD[6(ZL)] , and

Vig®]= (% + l)xVD[e(f )] (See Appendix for derivation).
Using a proper bootstrap procedure according to the

corresponding sampling design, the variance VD[H(Z )] can
be estimated by
2 o1& 2.
varp[0(Z)1=— D" (B1Z(5,)]-6 ") (2.1)
B3
It can be seen from this theorem that in case sample size is
sufficiently — large, the bootstrap estimates are

approximately unbiased; when B is sufficiently large the
variances of bootstrap estimates approach the original

microdata-based variance VD[H(ZL )].

3. Comparison between the Proposed MBDP
Method and the Inverse Sampling Method

An inverse sampling algorithm was proposed by Hinkens,
Oh, and Scheuren in 1997. This is an innovative
technique. The idea is to generate a new sample from the
original complex sample using a subsampling mechanism,
and the generated new sample has a simpler data structure,
like simple random sample (SRS), that is easier to analyze.
This technique provides a useful tool to allow the public to
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access microdata because the design information would
not be needed for the analysis.

However, the success of applications heavily depends on
the complexity of survey design. Hinkins and Scheuren
(2001) attempted to invert the sample for National Health
Interview Survey (NHIS) to protect confidentiality.
Nevertheless, inverting the NHIS data resulted in
microdata only to the secondary sampling unit (SSU) level
— data aggregated to clusters of households. For most
researchers SSUs are simply not attractive as a unit of
analysis. Therefore, this would not solve the problem of
releasing useful microdata while protecting confidential
data simultaneously for the survey data with complicated
sampling design, like NHIS data. On the other hand,
inverse sampling is still a valuable confidentiality
protection method for surveys with simpler sampling
designs.

Next, we will compare the MBDP method with the
inverse sampling method analytically under two design
settings: stratified SRS and one-stage clustering sampling.
Simulation studies are also conducted to validate our
analytical work.

3.1 Stratified simple random sampling (SSRS)
The population mean for the survey variable, y, under

SSRS is ¥ = Z
h=1

Y, » where N, is the population size

L _ 1 Ny,
for the stratum A, N= ) N,, and Y, =— .. The
; h h N, ; Yhi
classical estimate for the population mean and its variance
are
ny

ystrzz h(_zyhi

htl

VD(ym>=Z<—h> S,
~ N m

(3.1.1)

(3.1.2)

where n, is the sample size for the stratum / and
Ny,
S =—Z(yh,—Yh) (Cochran, 1977).
hj=1
According to Rao et al (2003), in order to obtain an
inverse sample for SSRS, one needs to first generate a
random number m, for each stratum from the hyper-

geometric  distribution  with the mass function
L(N /(N .
f (m)=H , and then draw a SRS of size m,,
ot M, m
from n, sample units in stratum h, where
mNh

m=min(m) =Y my , E(m,)= T

(I_Nh)N m and

Vim =m0 N
Cov(my,,my,) ——mﬂ&u. It can be seen from
N N N-

this scheme that there are two steps involved in order to
obtain the inverse sample for SSRS:
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1. A random number m;, for each stratum is
generated by hypergeometric distribution; and
2. my, sample units are selected with SRSWOR from
ny, originally sampled units in stratum 4.
The estimator for the population mean based on the j”
L m
inverse sample is y; =—ZZ Y » Where ke s, and s,
Mmoo
represents original sample of size n, from stratum %, and
my, denotes the number of units selected from s, in the
inverse sample. Subsequently, the inverse sampling

- 1< s
estimate of the population mean is y,yy =—Z y; (Rao
j=1
et. al., 2003), where g denotes the number of the inverse
samples generated. It can be readily shown that

E(yiyw) = Y and by assumjng m/N — 0,

SSTO 1<~ N? S} N2 §?
VINV(leV)____ h =b —L,
gmN 8 h=1 N ny Zl N2 ny
Ny
where SSTO = ZZ (Vpi — Y)?. Under proportionally
h=1 i=1
stratified sampling, we have
_ 1 SSTO SSW_  SSW
Viny Yiw ) =——( - )+ )
gN m n Nn

L N,
where n = Z n, and SSW = zz (Vpi — Yh)2 (Derivation
h=1 i=l
is available upon request).

We recall that from Theorem 2 the variance for the

proposed MBDP estimate is VMBDP=(%+1)><VD(§W).

Next, we compare Vyppp With V. Under
proportionally stratified sampling, we have

1.SSW 1 SSTO SSW. SSW

V -V 1+ - - .

meop — Viny =( B) i gN( - - ) Nn

(3.1.3)

For a fair comparison, let Bn=gm, where n denotes the
bootstrap subsample size and m is the inverse sample size.
Note that the total sample size in g inverse samples and B
bootstrap samples would be equal. Consequently, we have

SSW SSB 1 SSW  SSB
Viny = N )
gNn gNm gN n m

(3.1.4)
SSwW SSB

VMBDP

where SSB = SSTO — SSW. Therefore, if ——

n m
then the MBDP method gives smaller variance estimates
and is more efficient. Otherwise, the inverse sampling
method is more efficient.

3.2 Simulation study 1
To validate our analytical results of Section 3.1, a limited
simulation study is conducted. A finite population

{yish=1..Li=1..N,} is generated by the model
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Vi =M, + &, for specified H, N;, 4, and G}%, where

iid
M, is the stratum mean and &;,; ~ N(0, o7).
We create R=500 independent SSRS samples with

N
proportionally allocated sample size {n;, = nTh} from

each stratum. For the 7" SSRS sample, different estimates
and their efficiencies are studied as follows.
1) Original micordata-based estimates: (3.1.1) and (3.1.2)

. , 1 & _
with S? estimated by s; = Z(Yhi—yh)2 and
m =145
1Y
Yn="" Yhi
L

2) Inverse sampling estimates
i) Generate a random number m,, for each stratum from
the hyper-geometric distribution with the mass function

L
(NG /(N o
f(m)= Ih:II [mh j/{mj , where m =min(n,) ;

ii) Draw a SRS of m, without replacement from n,
sample units in the i stratum;

iii) Repeat step i) and ii) multiple times, say g.
Conditioning on the original SSRS sample, g
independent inverse samples are generated.  The
population mean can then be estimated along with its
variance estimates (Rao et. al., 2003):

g
yr,INV = l/gz y(i) >

i=1

(3.2.1)

g 8
Var(yr,mv) = 1/82"(1') _1/82(%) - ylzvv)2 >
i=1 i=1
(3.2.2)
where Yy and v, denote the estimate and the variance

estimate produced from the " inverse
respectively.

3) MBDP estimates
i)  Select a subsample of size n, from original sample
units for each stratum with replacement;
i) Repeat step 1) B times and B=gm/n;
iii) We have:

sample,

B
_ 1 _
Yr.MBDP = _Z Yy »

B b=1

(3.2.3)

- Lol - -
var(y, ygpp) = (1+—)x _Z(Y(b) ~Vusor)” |
B B

(3.24)
where Yy, denotes the estimate produced from the b"

bootstrap sample.

The estimators Yrmsop > Var(y, )
var(y, pvy), and var(y, yppp) are calculated for each

SSRS sample. The means over R SSRS samples
corresponding to each estimator are

yr,srr ’ yr,lNV ’
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1 R 1 R
ystrz_zyr,str’ leV:_Zyr,INV ’
R r=1 R r=l1

R

1 _
= D var(y,. )

r=1

- I _
YmBpP =EZ Yr.mppp > Var(y,) =

r=1

_ I
var(y vy ) :EZVar(yr’,NV) , and

r=1

| &
var(yyzpp) =—Z var(y, yppp) » Tespectively.

R r=l1

Tables 1 and 2 report the true population mean, three

different point estimates and corresponding variance
estimates produced by the original microdata-based
method, the inverse sampling method, and the MBDP
method over 500 simulation runs. The following
parameters are adopted in  the calculation:

N=(1183761,552909,678371,436023), n, =N, x0.005,

O'f ={1,1,1,1}, g=1000, and three different values of 1, .

N is chosen based on the statistics of income sample
(Hinkins et al, 1997). It can be seen from Table 1 that the
three different methods perform equally well in terms of
point estimates. However, from Table 2 it can be observed
that the MBDP estimates are more efficient than inverse
sampling estimates when {g,;h=1..,4} gets more
disperse. This result confirms our expectation. The more
disperse of {u,;h=1,...,4}, the smaller of the value of

SSW SSB

n m
the MBDP estimates compared to the inverse sampling
estimates. Table 2 also reports the proportion of negative
variance estimates produced by the inverse sampling
method over 500 SSRS samples. The maximum of this
proportion can be as high as 44%, and the more disperse

the value of 4, , the higher the proportion of negative

Therefore, by (3.1.4) the more efficient of

variance estimates produced by the inverse sampling
method. Table 3 presents the results when we only
consider the SSRS samples with positive variance
estimates var(y,, ). Large difference (54.70 vs. 7.03)
between var(y,,) and var(y,gpp) are found when
M, = {10, 15, 20, 25} and the MBDP estimates are much
more efficient than the inverse sampling estimates.

3.3 One-stage Cluster sampling with equal cluster size M
Let A and a represent the total number of clusters in the

population and the number of sampled -clusters,
respectively. For one-stage cluster sampling the
A
population mean is y = 1 Z Y, , estimated by
A i=1
|~ —
yo=—> Y, (3.3.1)
Vel P Z

ies,
where ¥, denotes the i cluster mean and §, represents

the set of sampled clusters. Assuming finite population
correction can be ignored, the variance
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Var(yy) = SA ) (3.3.2)
1 & -
where S; = Z(Y —Y)? , can be estimated by
(A-D43
_ 1,
var(y,) = ES” , (3.3.3)
where s2 Y — Cochran, 1977
Sa = (a 5. D @G- ( )

lES
According to Rao et. al. (2003), the approximate scheme
to obtain an inverse sample for one-stage cluster sampling
is to select one unit randomly from each cluster, and then
treat the inverse sample as SRS. The estimator for the
population mean using the ;” inverse sample is

y; =_Zylk where K€ s; and s; denotes the set of

IEA

units in the "

sampled cluster. The expectation and

variance for y are E(i;)= Y and V()= 8510
aAM

A M
SSTO = ZZ(y,.j —7)?

i=1 j=1

, where

Define the inverse sampling

_ I~G .
estimator as y,yy = — E y; (Raoet. al., 2003). It can be
8
j=1

derived  that  the  variance  for Yiny is
A
SSB . SSW 7 _7\2
V, —_— , Where SSB= ) M(Y,-Y)",
v (Yvv) = aMA  gaMA ; i

A M
and SSW = ZZ( Vi~ 17, )2 (Derivation is available upon
i=1 j=1
request).
The variance for the proposed MBDP estimate by
Theorem 2 given in Section 2 is
Visop _( +)XV,[0(Z)] = (—+1)><ﬁ
aMA
(334
Next, we compare the variances by the inverse sampling
method and the MBDP method,

VMBDP = Vi =
SSB SSB SSW SSB SSW
1+ ) - =220, (3.3))
B aMA aMA gaMA aMA B g
Let Bn=gm. Then, we have
1 SSw
\%4 —Viny =——(SSB—— 3.3.6
MBDP INV aMAB ( M ) ( )
This equation indicates that the variance difference
depends on the data structure. If ssB< SSW , then

Visop <Vivy and the MBDP method is more efficient.
Otherwise, the inverse sampling method is more efficient.

3.4 Simulation study 2
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Again a limited simulated study is conducted to validate
our analytical results in Section 3.3. First we generate a

finite population { y;;i =1....,A; j=1,..M } using the one-

way random effects model: =U+o;+&;, where

Yij ij>
iid 2 iid )
o; ~N(,77) and eij~N(0,0' )

for specified A,

M,,u,z'2, and o”.
We draw a clusters with SRSWOR. Given the sampled
clusters, we study different estimates and their efficiencies:
1) Original microdata-based estimates (3.3.1) and (3.3.3).
2) Inverse sampling estimates
i) Randomly draw one unit from each sampled
clusters, and the inverse sample consists of a units;
ii) Repeat step i) multiple times, say g. Conditioning
on the original sample, g independent inverse samples
are generated;
iii) According to Rao et. al. (2003), the population
mean can be estimated along with its variance
estimates by (3.2.1) and (3.2.2).

3) MBDP estimates
i) Resample a clusters from original sampled
clusters with replacement;
ii) Repeat step i) B times and B independent
bootstrap samples are produced. Let B = g/M;
iii) The population mean can be estimated along with
its variance estimate by (3.2.3) and (3.2.4).

We draw R=500 original samples independently from
the finite population. For the /" original sample, six

estimators y, ;s ¥, v s Yrmpops Var(V,q)s Var(y, wy),

and var(y, yppp) are calculated. The means over R

simulation runs corresponding to each estimator are
Vel R& Yrel 3 VINV Rr:l r,INV >

- I R s
YumppP —EZ Yr.mpp > Var(y,) = EzVar(yr,pz) ,

r=l1 r=1

- I,
var(yy) =EZVar()’r,le) »and

r=1

R
var(yyppp) = iz var(y, yppp) » respectively.
r=1

Tables 4 and 5 give the relative biases for different point
estimates and the corresponding variance estimates
produced by the original microdata-based method, the
inverse sampling method, and the MBDP method over R
simulation runs. The following parameters are used:
A=10,000, M=15, a=30, u=100, g=1,500, B=100,

0'2:15, and five different values of 7. It can be
observed from Table 4 that the three different methods
perform similarly in terms of relative bias for different
point estimates. The three variance estimates from Table 5
are also similar. Nevertheless, a slight pattern is showed
that the inverse sampling estimates are more efficient than

the proposed MBDP estimates as 7% increases. This result
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The value of SSB—M
M

confirms our expectation.
increases with 7°, and accordingly by (3.3.6) the more
efficient are the inverse sampling estimates. Table 5 also
reports the proportion of negative variance estimates
produced by the inverse sampling method over 500
simulation runs. The results show that the maximum of
the proportion of negative variance estimates by inverse

sampling method is 5.6%, and the smaller the value of 7,
the higher the proportion of negative variance estimates.

3. Summary and Future Research

This paper proposed a new method to reduce the disclosure
risk arising from the pattern of bootstrap replicate weights
while valid inferences on the variance estimation for
complex surveys can be obtained. This new method was
compared with the inverse sampling method under two
simple but realistic survey designs. Both our analytical
work and simulation work showed that whether the MBDP
estimates have smaller variances depends very much on
the data structure. One advantage of the MBDP method
over the inverse sampling method is shown via simulation:
variance estimates produced by the MBDP method are all
positive, however, negative variance estimates can be
produced by the inverse sampling method, especially
under proportionally stratified sampling when the stratum
means, [, ’s, are more disperse.

In the future research, we will compare the MBDP
method and the inverse sampling method under more
complex design settings, like two-stage cluster sampling,
probability  proportional to size sampling, etc.
Furthermore, applications of the MBDP method to the real
complex survey data would be useful. The inverse
sampling method was applied to NHIS data (Hinkins and
Scheuren, 2001) and this approach was not judged feasible
for NHIS data. It would be interesting to see the
performance of the MBDP method in the application to
NHIS data. This paper also discussed a few potential
situations when this new method might fail to protect the
confidentiality of respondents in the Section 1. Further
research is needed to understand the disclosure risk for the
proposed method and to provide effective solutions in
these circumstances.
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Table 1. Means for different point estimates over 500 simulation runs.
(N=(1183761,552909,678371,436023); n,, = N;, X 0.005 ; 0',% ={1,1,1,1}; g=1000)

17 ?m yINV yMBDP
My, ={10,10.5, 11, 11.5} 10.56 10.56 10.56 10.56
y =110, 11, 12, 13} 11.13 11.13 11.13 11.13
uy, = {10, 15, 20, 25} 1564 15.64 15.64 15.64

Table 2. Means for different variance estimates over 500 simulation runs.
(N=(1183761,552909,678371,436023); n, = N, x0.005; O',f ={1,1,1,1}; g=1000)

Var( ystr ) Var( yINV ) Var( yMBDP )
(x10°)  (x107) (x10%)  Prop (Neg#)

u, ={10,10.5, 11, 11.5} 7.02 6.95 7.06 0.2%
A, =1{10,11, 12, 13} 7.03 7.27 6.98 3.8%
i, = {10, 15, 20, 25} 7.02 9.70 7.04 449

Table 3. Means for different variance estimates over simulation runs with only positive var(y,,,) -

(N=(1183761,552909,678371,436023); n, =0.005 N, ; o7 ={1,1,1,1}; g=1000)

Var( ystr ) Var( yINV ) Var( yMBDP )
(x10%)  (x107) (x10%)  Prop (Neg#)

i, =1{10,10.5, 11, 11.5} 7.02 6.97 7.06 0.2%
A, =1{10,11, 12, 13} 7.03 7.65 6.97 3.8%

Table 4. Relative biases for different point estimates over 500 simulation runs.
(A=10,000, M=15, a=30, 1 =100, g=1,500, B=100, and o*=15)

Ya=Y Y=Y Yuppp=Y

Y Y Y
(x10™%)  (x10™ (x10™)
7% =0.01 0.9 -1.0 -0.9
7% =0.1 0.7 0.6 0.7
’ =1 14 1.3 14
7% =5 23 24 24
7% =10 35 3.6 3.4

Table 5. Means for different variance estimates over 500 simulation runs.
(A=10,000, M=15, a=30, u =100, g=1,500, B=100, and o’ =15)

var(y,,) var(y,y ) var(y,;ppp) Prop (Neg#)

72=001 0.035 0.036 0.035 5.6%
=01 0037 0.037 0.037 4.2%
=1 0.067  0.066 0.067 0%
72 =5 0.199  0.197 0.201 0%
=10 0372 0372 0.377 0%
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Appendix
In this appendix, we prove Theorems 1 and 2.

Theorem 1 (Proof):
0% — 68 = E0Z(S )] - OLEAZ(S)]
—E[0Z(S" N -OIZ(S)]
~OLZ(S) +VIOZ(SHEIZ(S )~ Z(S)] +

%tng[ZL(S)]v*[ZL (S - 61Z(S)]

=%trﬂg[? (VAZ(S]

1
=0,().
where
0 —
2 eZ)
= 97 and
VIe(Z(S)]= a: >
a7, 0P

el 82 Z
Hy[Z(S)] —({azaz, Q(Z)J]zzk >.

Since 6% -6=0, Var(g?B) =Var(@). Therefore,

inference does not change as far as bias and variance are
concerned.

Theorem 2 (proof):
(i) For estimate 6"

Define U] = Z(s;). Then U} , U ..., U, are iid with
respect to p(s*).

E[U=Z.

V,[U,: 1= V[ZA(S)] — V'\W for b=],2,...,B.

= — _ B
6% =0[U"], where " =%ZUZ
b=1
EJ[OU N =6(Z}+V(O{ZVEU -Z)+
%tng(f)E*(ﬁ*—f)z
— OZ)+VOZ)EU -Z)+
. N
%tng(Z)—E*(Ub —2)
= = ' e 1 = ‘}boor
- 1
=012} +0,(—)
VO[T = VLOZ) +VOIZY) T - 7))

z%{vw{f}r@omvw{?})}
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Therefore,
E[6°)1= EpEL0(T = Epl0{Z}]
~0(Z) +V(0{Z})‘ED(ZL—Z)+%trH§(Z)ED(ZL—Z)2
- 1
=6{Z}+0,(-)
n
VI68)= EQVil0{U "1+ V, EL0U '}
1 N 2 ES
ZEED{V(H{Z})'VMV(ﬁ{Z})} +Vplo{Z}]
1 ES 2
=§VD[9{Z}]+VD[9{Z}]
1 2
=(E+1)XVD[9{Z}]

(ii) For estimate 6%
-~ 1 B *
6% =—> ;).
B b=1

B
E@%) = EDE*[%ZQ[UZ]] = ELE.[6[U; 1]
b=1

~E E[0Z)+(VOZ)) U —Z)+

1 ES . 2 PR

EWHH(Z)(UI -Z)U, -2)'] ’
:ED[B(ZL)]+%trED[H9(ZL)Vb0m]
~0Z)+0,()

n
where Ep[0(Z)]1=60(Z)+0, ().
n

B B
V@")= EpVil= Y OU; 14V B~ > 61U, 1]
B b=1 B b=1

:ED{

%} +VpE[0(U))]

V.[0WU))]

ES 1 2 A
=Ep{ }+VD[6’(Z)+EtrH9(Z)VbUO,],

V.[0U))]
B

~Ep| J+Vo[0Z)]

:—VD[‘Z(Z Nvo102)

1 2
=(E +D)xVpl0(Z2)]
where V, [19(ZA )] is estimated by

A B ~, N
Vil OZ)] = %Z[G’(Z;,)—H(Z)]z :
b=1



