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Abstract

We examine preliminary testing estimators for re-
gression coeflicients estimated with data from a com-
plex survey. The ordinary least squares estimator is
a common choice of researchers, but under an in-
formative design, the ordinary least squares estima-
tor is biased. The probability weighted estimator
is consistent but may have a large variance. In a
preliminary testing procedure, we first test for the
importance of weights in estimation. If the null hy-
pothesis is accepted, we use the unweighted estima-
tor. Otherwise we incorporate the design weights
into the estimation procedure. Pretest procedures
we studied use the probability weighted estimator
and alternative design consistent weighted estima-
tor.

KEY WORDS: preliminary testing procedure, infor-
mative design

1 Introduction

In a simple random sample from a population, an
unbiased estimator of the population parameter is
the ordinary least squares estimator, and an estima-
tor of its variance is easy to calculate. However, in
many surveys, the elements enter the sample with
unequal probabilities. In these cases, the sampling
weights commonly are the inverses of the selection
probabilities. These weights are used to construct
the probability weighted estimator. In more com-
plex analyses such as regression, the weighted esti-
mator not only requires a more complicated calcula-
tion, but also often gives a larger variance than the
unweighted version of the estimator. Therefore, one
might question whether weights are necessary in the
analysis.

Preliminary testing (pretest) procedures are pro-
cedures in which a test of a model assumption
is used to decide between two estimation proce-
dures. Bancroft (1944), Huntsberger (1955) and
Mosteller (1948) provide details about pretest pro-

cedures. The pretest procedure is characterized by
a test statistic, T, calculated from the data set. The
test T' serves the purpose of determining the estima-
tion method. If T is statistically significant at some
significance level chosen a priori, a given procedure
will be used to estimate a parameter. Otherwise an
alternative procedure will be used for calculating the
parameter estimator.

We describe a test for the importance of weights and
discuss an estimation strategy. If the test statis-
tic is not significant, the unweighted estimator is
used, if the test is significant, a weighted estimator is
used. When the testing procedure indicates that the
weighted analysis is preferred, we consider some con-
sistent weighted estimators that have smaller vari-
ances than the probability weighted estimator. One
estimator, based on a superpopulation model with
error variances determined by values of a covariate,
was suggested by Pfeffermann and Sverchkov (1999).

2 Regression Model

We assume the finite population to be generated by
some random process, called the superpopulation.
The N population values y1,ys, - .., yn of the study
variable y are generated from the superpopulation.
We will use script F to denote the finite population,
U to denote the set of indices of the finite population,
and A to denote the set of indices of the sample. We
assume that there is a function p(-) such that p(A)
gives the probability of selecting sample A from U.

Consider a regression model relating y; to x; with
the model for the entire finite population written as

yu = XuB + ey, (1)
ey ~ (07102)3

where yy = (y1,%2,-..,yn)’ is the N dimensional
vector of values for the dependent variables, X =
(2}, xh, ..., ) is the N x k matrix of values of
the covariate variables, and the error vector ey =
(e1,€2,...,en)" is the N dimensional vector which
is independent of Xy.

3683



ASA Section on Survey Research Methods

Assume a simple random sample (SRS) of size n is
selected from the finite population. Then we can
write the model for the sample as

y=XpB+e, (2)
e~ (0,Ic0?),
where y = (y1, Y2, .- -,Yn) is the n dimensional col-
umn vector of observations, X = (x{,x5},...,x,)" is
the n x k matrix of observations on the explanatory
variables, and the error vector e = (e, ea,...,e,)

is the n dimensional vector which is independent of
X.

3 Estimators for the Population Pa-
rameter

3.1 Ordinary Least Squares Estimator

On the basis of model (2), the ordinary least squares
(OLS) estimator of 3 is

—1
Bots = (Z 53;331') > ajy = (X'X)" X'y,

i€A €A
(3)

where X is the n x k matrix of the explanatory vari-
ables and y = (y1,¥2,-..,Yn)" is the n dimensional
column vector of observations. An estimator of vari-
ance of Bols is

V(Bois) = (X' X) " 62, (4)

where
&gls = (n - k)il Z ézz,olw
€A
k is the dimension of @; and é; o5 = ¥; — miﬁols. On
the basis of model (2), the OLS estimator is the best
linear unbiased estimator (BLUE) of 3.

3.2 Probability Weighted Estimator

Assume that a probability sample is selected with
unequal probabilities 7;’s. The probability weighted
estimator, constructed with the inverses of the se-
lection probabilities, is

-1
Br = <Z w;wile) Zwéw{lyi

icA icA
= (X'WX) ' X'Wy, (5)
where

W = diag(ﬂfl,ﬂ2_1,. oY

n

=: diag(wy,wa, ..., wy,).

An estimated covariance matrix of 3, is

V(B:) = (X'WX) " X'WD,..WX (XWX) ",
(6)

where

A R TSIC R 9
D...= clzag(elm7 €3y s € )

» Cn,m
and Cim = Yi — wi/@ﬂ-

The probability weighted regression coefficient ﬁAﬁ is
design consistent for the finite population parameter
and is a consistent estimator of the superpopulation
parameter 3, because x; and e; are independent un-
der the superpopulation model. In most cases the
variances of the probability weighted estimator are
larger than the variances of the OLS estimator.

3.3 Generalized Least Squares Estimator

If 7; and e; are independent in an unequal proba-
bility sample, the OLS estimator remains unbiased.
If m; and e; are correlated, the OLS estimator is bi-
ased. The design is called informative if 7; and e;
are correlated. We will construct some consistent
weighted estimators that are more efficient than the
probability weighted estimator under an informative
design by modifying the probability weighted esti-
mator to reduce the variance. Pfeffermann et al
(1998), Krieger and Pfeffermann (1997), and Pfef-
fermann and Sverchkov (1999) considered such ap-
proaches. To identify the connection to estimated
generalized least squares, let a working model be
7r»_1/2y4 = 71'»_1/2:0,',8 + Tl'i_l/26i. (7)

7 ? %

Under the assumption that is e independent of X,

. —-1/2 —1/2 .
regressing h(x;)m; '“y; on h(x;)w, ' “x; will pro-
vide a consistent estimator of 3 for any function
h(z;). We could develop a model for Var(wi_l/Qei)
directly, but it may be convenient to approach es-
timation in steps, first identifying the portion of
w; = T, ! that is related to x;, then developing a
variance model for the modified equation.

Define the generalized least squares (GLS) estimator
5 -1
By = (X'QX)  X'Qy, (8)
where
Q = diag(Q1,QQ, ERE Qn)
and ¢; = w;h(x;).

Pfeffermann and Sverchkov (1999) propose estima-
tors for regression models fitted to survey data. One

3684



ASA Section on Survey Research Methods

estimator is obtained by a two-step procedure: (1)
Estimate w(x;) by the regression of w; on known
functions of x; using the sample measurements. The
estimator of 3 is calculated in step (2) as

1
Brs = (z qw> S gl

1€A 1€EA
= (X'QX) X'Qy, (9)
~—1

where ¢; = w; 0™ (x;).

4 A Test for an Informative Design

To determine whether weights should be incorpo-
rated into the estimation of the parameters, we con-
sider a test of the null hypothesis:

Hy : B[(X'X)™' X"y] = E[(X'QX) ™' X'Qy].
(10)
To test whether or not the two procedures have the
same expectation, we can use a standard technique
of adding to our basic model the variables for the
competing model. We can test the hypothesis by
testing the coefficient for Z of the expanded regres-
sion model
y=XpB+Zv+e, (11)

where
Z=QX.

If OLS provides an unbiased estimator then the co-
efficient for the weighted vector will be a zero, that is
~ = 0. The regression coefficient vector for Z in the
regression of y on (X, Z) is the regression coefficient
for the regression of y— Py on QX — P, QX , where
P, = X(X'X) !X’ is a projection matrix into the
column space of X. For details see DuMouchel and
Duncan (1983) and Fuller (1984).

If the test indicates that two estimators are estimat-
ing different quantities, the usual first response in
practice will be to search for subject matter vari-
ables to add to the model. If the inclusion of such
variables results in a nonsignificant test statistic, the
expanded model is accepted. If we can not find such
variables, then it is necessary to incorporate the in-
clusion probabilities into the estimation procedure.

5 Simulation Design

5.1 Introduction

To illustrate the preliminary testing procedure, a
simulation study was conducted. We create each

sample in the simulation by the following selec-
tion procedure. A vector (e;, x;,a;,u;) is generated,
where e; is a normal (0,0.5) random variable, z; is
a normal (0,0.5) random variable, a; is a normal
(0,0.5) random variable and wu; is a uniform (0, 1)
random variable. The variables e;, x;, a;, and u; are
mutually independent. Let the selection probability
p; be a function of x;, e; and a;,

pi(@i,ei, ai) = r(x;) +r([1—¢]"a; +9°%€;), (12)

where
0.025 ifz<0.2

r(z) ={ 0.475(z —0.20) +0.025 if0.2 <z <1.2
0.5 ifx>1.2

(13)
and 1 is a parameter that is varied in the experi-
ment. The parameter 1) determines the correlation
between m; and e;.

Figure 1: Plot of r vs. x
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From Figure 1, we see that the shape of the function
r relative to x is approximately exponential. If u; >
p;, we reject the vector (e;, x;, az, u;). If u; < p;, the
vector (e;, z;, a;,u;) is accepted and y; is defined by

yi = 0.5+ x; + e;. (14)

For each sample, we draw 1000 selections. This pro-
cedure gives an expected sample size of about 250.
Results are reported for 10000 samples created in
this way.
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5.2 Pfeffermann-Sverchkov Estimator

In computing the PS estimators, estimated proba-
bilites p;’s are constructed, where p; is the predicted
value from the regression of p; on (1,7(x;)). The
estimated weights w;’s are fitted values from the re-
gression of w; on (1,p; ). Then the PS estimator
is

Brs = (X'QX)"' X'Qy, (15)

where

Q = diag(q1,q2,---,qn)

and g; = w;w; 1 An estimated covariance matrix is

s A -1 ~ -1

V(Bps) = (X'QX)  X'QD..psQX (X'QX)
(16)

where

D..ps = diag(éiPSa é%,PSa cee éi,Ps)

and é; ps = y; — .’I}z',éps. The PS estimator is not

strictly unbiased, but is consistent for the superpop-

ulation parameter.

5.3 Preliminary Testing Procedures

We constructed two pretest estimators. One is based
on the ordinary least squares estimator and the
probability weighted estimator and the other one is
based on the ordinary least squares estimator and
the PS estimator.

The preliminary test based on probability weighted
estimator is obtained from two regressions: the re-
gression of y; on (1, x;, w;, w;x;) (full model) and the
regression of y; on (1,z;) (reduced model). The F
-statistic

(SSEyed — SSEfun)/2
MSE s

F374 = (17)
is computed, where SSFE,; and SSE,.q are error
sum of squares for the full model and the reduced
model respectively, and M SEy,;; is mean square er-
ror for the full model. If F?2 , is not statistically
significant, we use Bols, otherwise we use the proba-
bility weighted estimator 3,. Thus the pretest esti-
mator of 3 is

2 Bols if < F2_4(Oé)
re,m A . n 5 18
Pire { Br i F>F7 (o) (18)

where F2_, () is the 1—« quantile of F distribution.
a = 0.05 and o = 0.25 were used in the simulation.

We can compute a standard error for ﬁprem using
the variance estimation procedure appropriate for
the estimator chosen. Thus

V(Boss) if F<F2 ()

VB ifF> ) 0 1Y

Vo) = {

where V (Bo15) is defined in (5) and V(B3;) is defined
in (8). We call the statistic

ts = [V(Bores)) /> (Bpre.s — B)

the t-statistic for ,é'prew.

The preliminary test based on PS estimator is simi-
larly obtained from two regressions: the regression of
y; on (1,2, q;,q;x;) (full model) and the regression
of y; on (1,x;) (reduced model). The F -statistic is

> _ (SSErea— SSEpuu)/2
F?2 , = MSEun : (20)

The pretest estimator of 3 is

2 /éols it < F274(a)
re = A . n 21
Bpre.ps { Bps if F > F; ,(a) )
The estimated covariance matrix for Bm’e, ps is
N V(Bos) ifF<F2 ,(a)
v re = A . K ) 22
Brer)={ o) 155 1 )+

where V(B,15) is defined in (5) and V(Bpg) is de-
fined in (19). The ¢-statistic for B, pg is

tﬁ = [V(ﬁp're,PS)}71/2(Bp7'e,PS - /6)

5.4 Simulation Results

Table 1: Monte Carlo Mean Square Error (x1000) for
estimators of Bp (10,000 samples)

1;[} Bols,O /871',0 /BPS,O ﬁpre,w,o ﬂpre,PS,O
a=0.25| a=0.25
0 2.35 | 4.36 | 3.20 3.53 2.84
.01 | 352 | 442 | 3.24 4.37 3.52
.02 | 457 | 439 | 3.22 4.81 3.75
.05 | 8.09 | 433 | 3.20 5.17 3.59
.07 | 1042 | 4.24 | 3.15 4.94 3.35
10 | 13.73 | 4.32 | 3.22 4.78 3.29
20 | 25.28 | 4.23 | 3.09 4.25 3.09
30 | 36.79 | 4.16 | 3.11 4.16 3.11
.50 | 59.87 | 4.02 | 3.04 4.02 3.04
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Table 2: Monto Carlo Mean Square Error (x1000) for
estimators of 31 (10,000 samples)

Table 4: Monto Carlo Probability that [t; | > t.025
(10,000 samples)

1/) ﬁols,l 6#,1 BPS,I ﬁpT@,ﬂ,l 6pre,PS,1 ¢ ﬁols,l ﬂﬂ',l 6PS,1 Bpre,w,l ﬁpre,PS,l
a=025| a=0.25 a=025| a=0.25
0 3.97 | 838 | 5.95 6.51 5.16 0 0.053 | 0.074 | 0.063 0.078 0.068
.01 | 448 | 852 | 5.98 7.40 5.66 .01 | 0.067 | 0.075 | 0.062 0.087 0.072
.02 | 5.01 | 847 | 5.98 7.78 5.90 .02 | 0.083 | 0.075 | 0.061 0.093 0.074
.05 | 6.68 | 829 | 5.96 8.31 6.07 .05 | 0.133 | 0.072 | 0.064 0.090 0.073
.07 | 7.68 | 850 | 5.98 8.62 6.06 .07 | 0.164 | 0.078 | 0.065 0.094 0.070
10| 9.41 | 831 | 5.81 8.43 5.83 .10 | 0.218 | 0.075 | 0.065 0.084 0.066
.20 | 15.12 | 8.17 | 5.82 8.18 5.82 .20 | 0.383 | 0.073 | 0.063 0.074 0.063
30 | 20.69 | 8.09 | 5.78 8.09 5.78 .30 | 0.524 | 0.077 | 0.064 0.077 0.064
.00 | 31.63 | 7.68 | 5.51 7.68 5.51 .50 | 0.733 | 0.081 | 0.066 0.081 0.066

Table 1 contains the mean square errors of B(). Table
2 contains the mean square errors of 31 The pretest
estimators are for a = 0.25. The mean square errors
of ﬁols o and ﬁols 1 are the smallest among estimators
of By and (31, respectively, when 1) = 0, that is, when
there is no correlation between m; and e;. When the
correlation between m; and e; increases, the mean
square errors of Bols,O and Bol&l increase because
of the squared bias. The estimators B ps,0 and B PS1
are more efficient than BW,O and BAml respectively, be-
cause the selection probability is a function of z. The
pretest estimators based on the probability weighted
estimators Bpremo and Bpmml are uniformly inferior
to the pretest estimators based on the PS estimators
Bpre,ps,0 and Bpre. ps,o in terms of mean square er-
ror. When 1 get larger, the mean square errors of
ﬂp,«e x,0 and ﬁpm x1 are closer to the mean square
errors of 57r,0 and ﬁml, respectively. The pretest
estimators based on the PS estimators and PS es-
timators have the same tendency. The reason for
this trend is that the pretest procedure rejects the
null hypothesis more frequently when the correlation
between m; and e; increases.

Table 3: Monto Carlo Probability that |t50| > t.o2s
(10,000 samples)

w 6ols 0 ﬁﬂ',O ﬁPS,O ﬁpre,ﬂ',o ﬁpre,PS,O
a=0.25| a=0.25
0 0.050 | 0.055 | 0.053 0.067 0.060
.01 | 0.110 | 0.058 | 0.056 0.103 0.089
.02 | 0.168 | 0.058 | 0.055 0.121 0.099
.05 | 0.347 | 0.056 | 0.056 0.127 0.085
.07 | 0.457 | 0.055 | 0.053 0.107 0.066
.10 | 0.591 | 0.055 | 0.058 0.087 0.062
.20 | 0.869 | 0.058 | 0.053 0.059 0.053
.30 | 0.964 | 0.057 | 0.056 0.057 0.056
.50 | 0.998 | 0.059 | 0.057 0.059 0.057

As the simulation results of Table 3 illustrates, for
a = 0.25, the statistics tBozs,o’ tﬁk,o’ tﬁps,o’ t[;pmmo
and tapm s exceed the tabular t go5 for Student’s

t by more than the nominal fraction. As 1 in-
creases, the probabilities of P(\tB . | > to25)
are closer to the probabilities of P(|t | > to2s).

(| ﬁpre PSO| > t025) and P(‘tﬁPSO| > t025) show
the same trend. Table 4 gives the probabilities of the
statistics t5 , ts ,ts ., ts and %

Bots, Br1 “Brsi’ “Bprem.a Bpre,PS,1

exceeding the tabular too5. We can see the same

tendency in Table 4.

Figure 2: Plot of MSE ratios relative to Bps,o
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Figure 2 is the plot of mean square error ratios of
Bpreypsp and Bols,o relative to Bpsp as a function
of correlation between 7; and e; for o« = 0.05 and
a = 0.25. The shapes are typical of preliminary
testing procedures. In Figure 2 the solid line always
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Figure 3: Plot of MSE ratios relative to [;’Ps,l
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equal to one is the mean square error efficiency of
ﬂApm,p&O relative to ﬁAp510 when o = 1 and we always
reject ﬂAOlS,O in the preliminary testing procedures.
Since 0.05 < 0.25 < 1, the curve for the mean square
error efficiency of Bpre7ps70 relative to ﬁApg,o with
o = 0.25 are generally between the curve of mean
square error efficiency of Bpre, ps,o relative to BPS,O
with a = 0.05 and the horizontal solid line.

The dotted line is the mean square error ratio of
Bois,0 relative to Bpgo as a function of correlation
between 7; and e;. The Bols,O is the best if m; and
e; are independent, but has very poor performance
when the correlation between 7; and e; is large. The
pretest estimator B,.¢,ps,o0 is better than 8pg o, but
worse than [301570 when the correlation is low. But
when the correlation gets larger, ﬁAp,,e’ PS,0 is worse
than BPS}(), but better than Bols,O- The pretest esti-
mator Bpw,p&o is never the best, nor the worst, so
it is a compromise in terms of mean square error.

Figure 3 is the similar plot of the mean square er-
ror ratios of ﬂAp,«e ps,1 and Bols 1 relative to Bpgl
for « = 0.05 and 0.25. The curves for the mean
square error efficiency of b’pm ps,1 relative to 51:5 1
are similar to the curves of the mean square error ef-
ficiencyof ﬁpm ps,o relative to ﬁps 0, but the former
are smoother than the latter. One reason for this
difference is that the bias of /3’,,,«@7 ps,o relative to the

standard error is larger than that of Bpre ps,1-
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