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ABSTRACT

The computation of reliable MSE estimators
in small area prediction problems is a
complicated process. This is so because the
models in use and the small sample sizes
within the areas require the accounting for
the contribution to the error resulting from
estimating the model parameters. In this
paper we study the use of parametric and
nonparametric bootstrap methods for MSE
estimation. The parametric method consists
of generating parametrically a large number
of area bootstrap samples from the model
fitted to the original data, re-estimating the
model parameters for each bootstrap sample
and then estimating the separate components
of the MSE. The nonparametric method
generates the samples by bootstrapping
standardized residuals estimated for the
original data. The bootstrap methods are
compared to other methods in common use
in a simulation study that examines also the
robustness of the various methods to non-
normality of the model error terms.

1. Moddl, predictorsand prediction M SEs

We study the use of the bootstrap methods
by focusing for convenience on the small
area model considered by Fay and Herriot
(1979), but as becomes apparent below, the
use of these methods is very general. The
Fay-Herriot (F-H) model is defined as,

y=x f+u+e, i=1...m, (1)
where vy, is the direct small area estimator
(based only on the sample from area i), X,
is a px1 vector of known area level
characteristics with  fixed regression

coefficients ﬂ:(ﬂl,...,ﬂp)T, u iijN(O,of)

is the area random effect, representing the
area characteristics not accounted for by the

iid
x-values and ¢ ~N(O,y;) is the sampling
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error. The true (population) small area mean
is @ =x/f+u. It is assumed that the
sampling error variances, y;, are known.

(Reliable estimates of these variances are
ordinarily obtained from statistical bureaus

carying out the  surveys) Let
Y=y, s u=(,..u)  and
e=(g,....6,)" -

The purpose is to predict the true area
means, 6 . The mean square error (MSE) of

a predictor é, is defined to be,
MSE(6)=E(6 —6)?. For known S and
o2, the best predictor (BP) of 6 under the
model (minimum MSE) is,
0% =6ly:0l, Bl
=x{ B+ (Y, -x B),
where 7, =02 /(y; +07) is the shrinkage
factor. The MSE of éBP is,
MSE@™)=g,(c) =7 w. (3
Notice that equation (3) holds without the

normality assumptions for the error terms
u and e. The normality assumptions

guarantee that the predictor defined by (2)
attains the minimum MSE. When f is
unknown (but o is known), the best linear
unbiased predictor (BLUP) of & is obtained
by replacing S by its generalized least
square estimator,

(2)

B=p(y;02)
1 T 1
_|:Zil//i+0'uzxixi:| |:Zil//i+0'§ Xiyi:|’
that is,

6" =6 ly;0?, By o)
=x B+7(% ~xB).

The mean square error of the BLUP is,

(4)
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MSE(0™") = g, (02) + g, (02),
where

O, (Of) = (1_%)2XiT |:il// g

=17

)

-1
XJXT} X,
= (1-7)°x] Var (B)x;
Notice that the BLUP property and the MSE

expression in (5) are valid without the
normality assumptions.

In practice, both S and o> are unknown

and need to be estimated form the data. An
empirical BLUP (EBLUP) is then obtained

by replacing o7 by an estimator
62 =62(y) in the expression of the BLUP,
yielding
05" = 41y; 62, B (6]
=xI B+7 (v -x B),

where 7 and S are obtained fromy and

(6)

B by replacing ¢ by 62.
In what follows we consider two widely
used estimators for the variance o’ of the

random effects. The first estimator is the
method of moments (“fitting of constants”)
estimator (Prasad and Rao, 1990),

O-§R =(m-p)™
O L =X Bos)” —wi (A=),
where  f,.« :[ XX ]71[Zixiyi] and

R=xI [ziXiXiT Txi . Notice that &7, can

(7)

be negative and hence, 672, = max(63,,0) .
The second estimator is the Fay-Herriot
estimator, &7,, obtaned by solving
iteratively the equation,

Y =x B +y)=m-p (8
and setting 67, =0 if no positive solution
exists. The estimators defined by (7) and (8)
are,

(i) een functions of 'y, ie,
6:(y)=62(-y), and
(if) trandation invariant functions, i.e,

G62(y+Xd)=67%(y) for any given vector
de R” andall y,where X =[x,..x,]".
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2. Bootstrap Methodsfor Estimating the
M SE of the EBLUP

2.1. MSE Decomposition

The prediction error of the EBLUP can be
decomposed as,
éEBLUP 0 =

(éBLUP -0)+ (éEBLUP _ éBLUP) )

where 9% is defined by (4). Hence, by

®
MSE(G™") = g,(02) + 6,(07)

+ E(éEBLUP _éBLUP)Z

+ 2E(6‘,iBLUP _gi)(éiEBLUP _éiBLUP).
Under the normality assumptions for the
random effects and the sampling errors, and
for estimators &2 satisfying (i) and (ii)
above, the cross product expectation
CPE = E(éiBLUP -6 )(éiEBLUP _éiBLUP) is zero,
see Harville (1985). However, for other
distributions of the model error terms the
cross product expectation can be of similar
magnitude as the second and third terms on
the right hand side of (10). Lahiri and Rao
(1995) developed a second order
approximation  for the cross-product
expectation for the case where 67 =62, that

only requires that the sampling errors are
normally distributed. This approximation
involves the forth moment of the distribution
of the random effects.

In what follows we propose bootstrap
methods for estimating the separate
components of the MSE defined by (10),
assuming the F-H model defined by (1).

(10)

2.2. Parametric Bootstrap

The method consists of the following steps:
1. Generate independently a large number B

of random effects, u’=(u’,...,u’)" and
sampling errors, € =(e’,...,e%)" and hence
bootstrap direct estimators
Y =0,..,y)", b=1..,B from the
model (1) with norma error terms and
hyper-parameters equa to y,, 6(y) and
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Bly;62(y)] where y defines the original
sample.
2. Re-estimate the hyper-parameters o> and
S for each of the bootstrap samples using
the same method as used for the origina
sample, vyielding the estimatorsé?’(y®),
Ay’ 6Ly, and dso  Ay"iSi(y)) -
3. Estimate the M SE of the EBLUP as,
MSE(6""") = 2[ 6, (62 (V) + 8 (62 (V) ]
~G; — Ty +puc™ 1y
where
pUCPB —

B {61y 65 (). Ay 165 (Y))]

~01y":62 () B G2

estimates the contribution to the MSE
resulting from parameter uncertainty as
defined by the third term on the right side of

(10), and gi* =By, g, (62(y")) . d=1.2.

Using similar arguments to Pfeffermann and
Tiller (2003), it follows that under mild
regularity conditions the MSE estimator (11)
has bias of order O(1/n7). (Pfeffermann and
Tiller consider MSE estimation for state
predictors that use estimated model
parameters in the context of state-space
models that contain the F-H model as a
simple special case.)

Notice that although the method is described
for the case of normal error terms, the same
method can also be applied for other known
distributions of the error terms. However, in
this case, the cross-product expectation in
(10) may no longer vanish and needs to be
estimated as well. The MSE estimator is
modified in this case by adding the
following expression to the estimator (11),

cpe™ =B {61y 62(y") (Y85 (Y )]
-0ly" 82y, Y6 @

{6y 62(y), BY; 62(Y)] -6,
where 6° =x" B(y;62(y)) +u’ is the ‘true

mean generated for area | in bootstrap
sample b.
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An aternative bootstrap estimator again
resulting from Pfeffermann and Tiller
(2003), is obtained by replacing (11) by

MSE(6™") = [gl. (B2(Y))+9, (B2 (Y)) ]

_gli - gZiB +mse™ 13
where

PB — B—l><

Y L6y 6 (v, B 6L (YN -a)?
is the MSE of the EBLUP under the
bootstrap model. The bootstrap MSE,
mse™ can be viewed as a ‘naive MSE
estimator since it ignores the bias resulting
from generating the bootstrap samples with
an estimator of ¢?2 instead of the true
variance.

The estimator (13) is equivalent
asymptotically to the estimator (11) but it
has the advantage of potential robustness
against sampling from  non-normal

distributions. To see this, let E. denotes the

expectation with respect to the bootstrap
model, i.e., when generating the area direct

estimators with hyper-parameters  67(y)
and A(y; 62(y)) . Then, analogously to (10),

~ 2 ~ ~
E[67 -] = 0.60)+9,(80)

+E I:éiEBLUP _ éiBLUP T (14)

+2E I:éiBLUP -6 :||:éiEBLUP _ éiBLUP:|
Hence,

E(éEBLUP _éBLUP)Z
+ 2E(éiBLUP _ei)(éiEBLUP _ éiBLUP)
can be estimated by
~ 2 R R
E[67 -4 ] -0,(60)-9,(67),

or by msePB — 0y (6-5) — 0y (6-5) : The
estimator (13) is now obtained by adding the
bias reduced estimator
29, B+, (B2 |-T° -G  of
g, (62)+ g, (0?) to this expression. Notice
that for distributions such that the cross-
product expectation in (10) is of order
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O(1/ m), the MSE estimator (13) has bias of

order O(1/m?).

From simulation studies carried out so far
we find that the two bootstrap estimators
defined by (11) (with the addition of (12) for
the non-normal cases) and (13) perform
almost identically even for small samples.

2.3. Nonparametric Bootstrap
The nonparametric bootstrap uses the

original estimates of 4 and o in order to
generate bootstrap replications of estimated
standardized combined error terms (u, +¢€) .

The method consists of the following steps:
1. Calculate estimated standardized
residuals,

f=(y,-xB)/c?, i=1.m (15
where
¢ =(6] +v)
T 1 T1-1
X [Zimxixi I7x},
62=62y) and  B=Ay:8Y).

2. Select a large number B of sets of
standardized residuals r® (b=1...,B),
where each set r° =(r°,...,r>) isasimple
random sample with replacement from
the empirical standardized residualsr,,
i =1,...,m defined by (15).
3. Cadculate the bootstrap direct
estimators, y*=r’c’?+x73; i=1...,m,
b=1...,B.
4. Re-estimate the hyper-parameters o?
and g for each of the bootstrap samples
obtained in (3) using the same method as
used for the original sample, yielding the
esimates  67(y"), Aly*:65(v")  and
BLy*; 82 ()]
5. Estimate the MSE of the EBLUP as,
MSE(G™") = 29 [62 (¥)] + 9, [62 (V)]}
_glli\lPB _ gzl\ilPB + pucNPB (16)
d=1,2 are

where puc™® and g;™®,

defined ssimilarly to (11).
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Comment: The estimator (16) is essentially
the same as (11). Notice, however, that by
bootstrapping the estimated standardized
residuals it is no longer possible to generate
‘true’ bootstrap area means §° and hence to
compute a non-parametric MSE estimator
that is equivalent to (13). Also, like the
parametric estimator (11), the estimator (16)
assumes implicitly that the cross product
expectation in (10) vanishes, or that the two
error terms of the F-H model are normally
distributed.

3. Other M SE Estimators Proposed in the
Literature

3.1 Methods based

approximations
Prasad and Rao (1990) show that the MSE
of the EBLUP based on an estimator &7 can
be approximated as,
MSEL™ (6101 = 0, (0)+ 8 (00) 1y
+05 (03 Var (67)

on  Taylor

where g, (02) =/ (v, + 07)°. For the case
where o7 is estimated by the method of
moments estimator 62,, the Prasad-Rao
M SE estimator with bias of order o(1/m) is,
MSE[G7" (6%)] = 85 (65) + 8 (6%)
+20; (6m)Ver  (18)
where,
Ve =Var (655) =2m > " (07 +y,)*.
Datta, Rao and Smith (2005) consider the
case where o} is estimated by the F-H

estimator. The authors develop a MSE
estimator with bias of order o(1/ m) that has

theform,
MSE[6% (62,)] = 0, (62,) + 9, (62,)

+ ngi (5' IEH )VFH — 0y (6-§H (19)
where
Ve =Var(67,) = 2"{221(05 +y) 77
and

0,(62)=2[1-%62)]x (20

EOWAGE DS HE W
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Vi z(l//i+6-éH)'

3.2. Jackknife MSE estimators

An aternative approach for estimating the
MSE of the EBLUP is the use of Jackknife
procedures. Jiang, Lahiri and Wan (2002)
proposed a jackknife method for empirical
best prediction (minimum MSE), which
includes the Fay-Herriot model as a special
case. Recal that under normality of the

error terms 9™Y" is the empirical best
predictor of 8. Similarly to (9),
éEBLUP —9 =
(éBP -6 ) + (éEBLUP _éBP)
where 8% is defined by (2) (with known 2
and o). Hence, by (3), the MSE of §%-°
is decomposed as

M SE(éEBLUP) _

9, (O'j) + E(éiEBLUP _ éiBP)ZI
Utilizing this decomposition, the Jiang,
Lahiri and Wan jackknife estimator is given
by
MSE(6™") = 9, (8% (v)

S 0, (62(y., )~ 0 (629

(21)

(22)

=

NG AN OREA )

~61y:62(y). B2} (23
where y_ j is the vector of observations after
deleting the j™ area direct estimator and

By ;:62(y ) =
PR D TN
x| 2+ 8L Y, -
Chen and Lahiri (2003) utilize the

decomposition (10) for developing the
following jackknife estimator:
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MSE(657) = g, (G2(Y)) + 9, (62(y))
TS 0 (6200 ) + 0 (G0

-0,(60)-09,(60)] (24

S AN CLAH M)
~61y:82(0). By: 32N}

For the case where the estimator (24) is
negative, the authors recommend replacing
the third term of the right hand side of (24)

by Wl +8MINV(EE)  where
A M—-1gcm ;. ~ 2,

V(Gf)=?Zj=1[0§(y_,-)—0§(>/)] is the
jackknife variance estimator of &7. They
a so approximate the fourth term on the right

hand side of 24 by
vy, +52(Y)]_4(yi -X BV (67)  where
B=ply;62(y)]. Thus, the aternative

jackknife M SE estimator of Chen and Lahiri
(2003) is given by,

MSE(G™") = g, (G2(Y)) + 9, (G2(Y))

v v ey
{(w R A A )}
x V(62). (25)

Comment: For norma error terms (u;,g),

the three jackknife MSE estimators defined
by (23)-(25) have bias of order o(1/m). All

these estimators assume that the cross
product expectation is zero and thus rely on
the normality of the random effects and the
sampling errors.

4. Simulation study

In order to assess the finite-sample
performance of the bootstrap MSE
estimators described in Section 2 and
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compare it to the performance of the
estimators described in Section 3, we
conducted a Monte Carlo simulation
experiment. The experiment consists of
generating a large number of samples of
direct estimators from the Fay-Herriot model
defined by (1) and computing the EBLUP
and the corresponding MSE estimators for
each sample. Following Datta, Rao and
Smith (2005), we used for convenience a
model with no auxiliary variables, such that
X! B =, with =0 (but assumed unknown
and hence estimated for every sample). The
sample consists of the direct estimatorsin 15
small areas, divided into 5 groups of 3 areas,
with different sampling error variances in
different groups. The five sampling error
variances are, y;, =2.0,0.6,0.5,0.4,0.2. The

random effect varianceis o7 =1, so that the

values y; define aso the ratios y; /o7,
which determine the extent of shrinkage of
the small area predictors. (See the definition
of the shrinkage factor y; below equation 2.

Thevauesof y; and o? arethe sameasin
Datta, Rao and smith, 2005). Since small
areas within the same group are
exchangeable, all the smulation results are
reported as averages over the 3 areas in each
group.

We consider three different combinations of
distributions for the random effects u, and

the sampling errors g,

1- The u.'s and the e 's are sampled from
normal distributions, as in the origina F-H
model,

2- The u, s are sampled from the location
exponential distribution and the e's are
sampled from the normal distribution,

3- The u,'s and the e 's are sampled from
location exponential distributions.

The location exponential distributions were
defined such that the variances are the same
as the variances of the corresponding normal
distributions; E(-1,1) for the random effects

distribution and  E(-1./y;)for  the
distributions of the sampling errors. The
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second and third combinations of
distributions have been considered in order
to study the robustness of the various MSE
estimators to possible deviations from the
normality assumptions.

We first generated 50,000 sets of direct
estimators for each case and computed the

EBLUP using both &2, and &7, for

OFn
estimating the variancec?. This enables us

to compute the ‘true MSE of the
corresponding two EBLUP estimators. Next
we generated 10,000 new samples of direct
estimators for each case and computed for
each sample the Prasad-Rao MSE estimator
(Eq.18), the estimator of Datta, Rao and
Smith (Eq. 20), the three jackknife
estimators (Egs. 23, 24 and 25), and the
parametric and nonparametric  bootstrap
estimators described in Section 3 (Egs. 11
and 16 respectively). As it turned out, the
Jackknife estimator defined by Eq. 25
(hereafter, JK-ACL) outperforms the other
two Jackknife estimators in every case and
hence we only report the results obtained for
this estimator. The bootstrap estimators are
based on B=500 replications. As

mentioned in Section 2, the estimators &35

and 632, can be zero, in which case we

followed Chen and Lahiri (2003) and
replaced the three jackknife MSE estimates

by g,(67) . (No changes have been made to

the other estimators when o2 was estimated
by zero).

Tables 1-3 show the true MSE and the
percent relative bias of the MSE estimators
based on Taylor approximations (the Prasad

Rao estimator when 62=63;, and the

estimator of Datta, Rao and Smith when

62=6%,), the paametric  and
nonparametric bootstrap estimators, the

‘naive’ parametric bootstrap estimator

mse®™  defined below (13) and  the
jackknife estimator JK-ACL (Eq. 25).
Tables 4-6 show the corresponding percent
relative root MSE of the MSE estimators.

The results are shown separately for each of
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the sampling variances y;, distinguishing

between the case where 62 =63 and the

case Where 62=62,. When the error

terms are sampled from the exponential
distributions, we dso show the results
obtained for the parametric bootstrap
estimator and the naive bootstrap estimator
that use the correct distributions.

Table 1 shows the results for the case where
the distributions of the two error terms are
normal. This is the case where al the
methods, except for the naive bootstrap
estimator have bias of order o(l/m) and
indeed, the biases are generally low, except
for the Taylor based estimator with
62 =67, where the bias increases quite
drasticaly as the sampling variance
decreases, similarly to the results in Datta,
Rao and Smith (2005). As explained in
Section 2, the naive bootstrap estimator
mse® has arelatively large negative bias in
all the cases. All the estimators except
mse® have very small biases for the case
where 67 =6%, and the biases are generally
smaler than the biases obtained when
52 =060, paticularly for the smaller

o
variances y; .

u

Table 2 shows the results obtained when the
random effects are sampled from the
location exponential distribution but the
sampling errors are sampled from the
normal distributions. The results of the
parametric bootstrap under the correct
model, i.e., when generating the bootstrap
samples using the correct distributions of the
random effects and the sampling errors are
denoted PB-NE and mse®™ -NE, whereas the
results of the parametric bootstrap when the
model is misspecified and the bootstrap
samples are generated from norma
distributions are denoted PB-NN and

mse® -NN.
The results in Table 2 reved that al the
estimators except for the Taylor based

estimator with 67 =67, perform relatively
well in this case, despite the nonnormality of
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the random effects, although the biases are
generally higher than in Table 1 where the
random effects are generated from the
normal distribution. The large biases
observed for the Taylor based estimator with
62 =62, are somewhat surprising in view
of the theoretical results developed by Lahiri
and Rao (1995), that show that this MSE
estimator has bias of order o(1/m) even for

the case where the random effects are
generated from distributions other than
normal, but notice that in this experiment we
only use the direct estimators for 15 areas.
The nonparametric bootstrap estimator and
the jackknife estimator perform better than
al the other estimators, but the jackknife
estimator has a relatively large bias when
62=6% and w, =02 (smal sampling
error variance). The parametric bootstrap
estimators PB-NE and PB-NN have similar
biases with relative bias of less than 6% in
al the cases. The naive bootstrap estimators
mse™ -NN and mse™ -NE have again large
negative biases.

Table 3 shows the results obtained for the
case where both the random effects and the
sampling errors are generated from the
location exponential distributions. The
results of the parametric bootstrap estimators
under the correct model are denoted in this

table as PB-EE and mse® -EE.

The relative biases in this table are much
larger than in Tables 1 and 2 except in the
case of the parametric bootstrap estimator
PB-EE that uses the correct distributions for
generating the bootstrap samples. Thus, all
the other methods are sensitive to the
deviation from normality of the sampling
error distribution considered in the present
experiment. The nonparametric bootstrap
and the jackknife estimators again perform
very similarly and in most cases better than
the corresponding Taylor based estimators.
Tables 4-6 show the percent relative root
MSE of the MSE estimators under the three
scenarios of the distributions of the random
effects and the sampling errors. For the case
where both distributions are normal (Table
4), the Taylor based estimators have the
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lowest MSEs with the parametric bootstrap
estimators coming next. The nonparametric
bootstrap and the jackknife estimators
perform generaly similarly, but the
jackknife estimator has a very large MSE
when 67=6%, and w, =02, which is
explained by its relatively large bias in this
case (see Table 1).

The relative performance of the various
estimators is similar in the case where the
sampling errors have a normal distribution
but the random effects are generated from
the location exponential distribution (Table
5). The one prafound exception is the naive

bootstrap estimator mse® -NE, which in this
case has much lower MSEs than the other
estimators in al the cases, despite having
large negative biases (Table 2). Thisresult is
explained by the fact that the addition of
bias correction terms to the naive MSE
estimator, g, (67)+ g, (62), underlying all
the other methods generally increases the
variances of the resulting estimators and
hence the MSE of the MSE estimators. See,
Singh et. al (1998) for similar findings and
discussion. (The naive estimator is obtained
by substituting 2 for o7 in the MSE of the
BLUP, see Eq. 5. This estimator ignores the
contribution to the MSE resulting from the
use of an estimated variance, i.e., the use of
the EBLUP instead of the BLUP.)

The naive bootstrap estimator again
performs best when the sampling errors are
also generated from the location exponential
distribution (Table 6) and &7 =362, but

when 62=6%, and the variance of the

sampling errors gets small, the Taylor based
estimator has the smallest MSEs. The
parametric bootstrap estimator mse® -EE
that uses the correct distributions has
somewhat larger MSEs (but lower than the
MSEs of mse® -NN), despite having the
lowest biases in this case. As in the other
tables, the nonparametric bootstrap and the
jackknife estimators perform similarly,
except for the case y, =0.2 and 67 =6,
where the jackknife estimator has a much
larger MSE.
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5. Summary Remarks

The results of this study indicate that the
EBLUP that uses the estimator &7, for

estimating the variance of the random
effects has uniformly a lower MSE than the

EBLUP that uses the estimator &2,

(compare the true MSE in the various
tables). On the ather hand, no single method
of MSE estimation dominates all the other
methods in terms of bias and MSE (of the
MSE estimators). When the sampling errors
have a norma  distribution, the
nonparametric bootstrap and the Jackknife
estimators have in genera the smallest
biases, with the parametric bootstrap method
coming next. The Taylor based method
works well in terms of bias when the
random effect variance is estimated by

6%, , but not in the case where the variance
is estimated by 672;. We emphasize again,
however, that our results so far are restricted
to 15 small areas. When the distribution of
the sampling errors is non-normal, al the
MSE estimators have appreciable biases,
except for the parametric bootstrap method
that generates the bootstrap samples from
the correct distributions.

Almost all the published studies on the
estimation of the MSE of the EBLUP in
small area estimation focus solely on the
bias of the MSE estimators. We recognize
the fact that analytical comparisons of the
MSE of MSE estimators to the right order is
not simple and may not even be feasible, but
there is no reason why this important
property of any given MSE estimator is not
explored empirically. As our results indicate
very clearly, a MSE estimator with
negligible bias may actually have a much
larger variance and hence a larger MSE than
another estimator with an appreciable bias.
For example, the nonparametric bootstrap
and the jackknife estimators have much
smaler biases than the Taylor based
estimator of Prasad and Rao (1990) when
the random effects variance is estimated by
the method of moments and the model error
terms are normal, (left hand side of Table 1),
and yet, the Taylor based estimator has
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smaller MSEs except in the case of the
smallest sampling error variance (y; =0.2,
Table 4).

The present article explores also the effect of
deviations from normality of the
distributions of the model error terms on the
performance of the MSE estimators. Lahiri
and Rao (1995) show theoreticaly that the
Prasad-Rao MSE estimator is robust to
deviation from normality of the distribution
of the random effects in the sense of
preserving the order of the bias and the
empirical resultsin the present study suggest
that this is true also for the bootstrap
methods and the jackknife estimator.
However, al the methods except for the
parametric bootstrap method that generates
the samples from the correct distributions
yield estimators with large biases when the
distribution of the sampling errors is also
non-normal. Clearly, the use of the latter
estimator requires knowledge of the correct
distribution of the sampling errors, which
may not be available, but the results of this
study suggest that more attention should be
paid for the development of new procedures
for the identification of the distribution of
the sampling errors in small area estimation
problems.
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Table 1: True MSE of EBLUP and Percent Relative Bias of MSE Estimators Based on Taylor
approximations (Taylor), Parametric Bootstrap (PB), Nonparametric Bootstrap (NPB) and
Jackknife (JK-ACL). 15 Areas, Modd Error terms generated from normal distributions

_ =2 22 _ A2
Oy =0pR Oy =OFH

W 20| 06 | 05| 04 | 02|20 | 06| 05|04 02
100*MSE | 783 | 436 | 387 | 33.7 | 196 | 77.0| 419 | 37.0 | 319 | 17.9

Taylor 02| 73 | 94| 112 | 342|-20|-00| 05 | -0.2 | 3.7
PB 26| -28 |24 -31 | 05]-12|-06|-02|-10]| 18

mee® | -83|-102|-97 |-104| 62| 61| -67|-63|-69 | -36

NPB 00| -12|-08|-17|14|15|10| 13| 04 | 31
JK-ACL | -23| -11 |04 | 08 | 63 |-06|-03| 00 |-09| 14

Table 2: True MSE of EBLUP and Percent Relative Bias of MSE Estimators Based on Taylor
approximations (Taylor), Parametric Bootstrap (PB), Nonparametric Bootstrap (NPB) and
Jackknife (JK-ACL). 15 Areas, Random Effects Generated from location exponential
distribution, Sampling Errors generated from normal distribution.

A2 _ 2 "2 _ A2
Oy =0pRr Oy =OFH

W 20 | 06 | 05| 04 | 02| 20 | 06 | 05 | 04 | 0.2
100*MSE | 732 | 411 | 366 | 31.8 | 19.2 | 734 | 39.7 | 349 | 300 | 172

Taylor 03 | 132|181 | 243 | 712 | 48 | -09 | 0.7 16 | 85
PB—NN 46 | 61 | 57 | 60 | -43 | 44 | -30 | -19 | -19 | 00

mse® NN | -88 | -119 | -115|-119| 99 | -83 | -82 | -7.3 | -7.3 | -5.0

NPB 20 | 03| 02|02 11| 10 | 15 | 25 | 25 | 39
JK-ACL 00 | 08 | 21 | 1.7 | 98 | 04 | 15 | 23 | 20 | 39
PB-NE -39 | 59| 53| 58| 42| 33 |-32|-22 | -23 |-05

mse® _NE | -12.1 | -15.3 | -14.7 | -14.9 | -12.4 | -11.4 | -12.8 | -12.0 | -11.8 | -9.1
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Table 3: True MSE of EBLUP and Percent Relative Bias of MSE Estimators Based on Taylor
approximations (Taylor), Parametric Bootstrap (PB), Nonparametric Bootstrap (NPB) and
Jackknife (JK-ACL). 15 Areas, Random Effects and Sampling Errors generated from location
exponential distributions.

A2 a2 ~2 A2
Oy =0pRr Oy =OFH

W 20 | 06 | 05 | 04 | 02| 20 | 06 | 05 | 04 | 02
100*MSE | 901 | 448 | 404 | 343 | 208 | 88.3 | 428 | 381 | 318 | 180

Taylor -21.3| 40 | 84 | 196 | 817 |-222|-101| 95 | -58 | 57
PB—NN -26.1 | -182 | -189 | -17.1 | -15.7 | -22.1 | -12.6 | -12.7 | -10.2 | -6.1

mse® NN | -285 | -22.2 | 229 | -21.3 | -19.7 | -25.0 | -17.0 | -17.1 | -14.7 | -105

NPB -19.1| -116 | -123 | -104 | 90 |-160| 6.7 | -69 | -43 | -0.3
JK-ACL |-201)|-112|-115| 93 | 47 |-16.1| -76 | -7.8 | -54 | -1.7
PB-EE -66 | -74 | 88| -76 | -76 | 51 | -21 | -31 | -14 | 08

mse®” _EE | -13.3 | -16.9 | -18.3 | -17.3 | -16.6 | -11.9 | -11.5 | -12.6 | -11.1 | -8.7

Table 4; True MSE and Percent Relative Root MSE of MSE Estimators Based on Taylor
approximations (Taylor), Parametric Bootstrap (PB), Nonparametric Bootstrap (NPB) and
Jackknife (JK-ACL). 15 Areas, Modd Error terms generated from normal distributions

A2 a2 A2 _ A2
Oy =OPR Oy =OFH

W 20 | 06| 05|04 |02|20|06| 05|04 02
100*MSE | 783 | 436 | 38.7 | 33.7 | 19.6 | 77.0 | 419 | 37.0 | 319 | 17.9

Taylor | 39.5|20.6|20.0|22.0|586|369|203|178|145| 94
PB 4251291 (273|252 |216|37.3|228| 208|184 | 130

mse® | 402|292 |276|260|21.1|358|23.7|220 211|148

NPB 4741332 |315|293|258|383|241|222|198 | 15.0
JK-ACL | 466|294 | 286|294 |599|405|243|225|20.1| 152
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Table 5: True MSE and Percent Relative Root MSE of MSE Estimators Based on Taylor
approximations (Taylor), Parametric Bootstrap (PB), Nonparametric Bootstrap (NPB) and
Jackknife (JK-ACL). 15 Areas, Random Effects Generated from location exponential
distribution, Sampling Errors generated from normal distribution.

A2 a2 ~2 A2
Oy =0pRr Oy =O0FH

W 20 | 06| 05|04 |02|20|06| 05|04 02
100*MSE | 732 | 411|366 | 318 | 19.2| 73.4 | 39.7 | 349 | 30.0 | 17.2

Taylor 51.7 | 30.7 | 30.8 | 33.7| 76.9 | 49.1 | 29.7 | 26.9 | 23.3 | 17.8
PB-NN 551|39.0|370|346| 295|498 |33.0| 309|283 | 21.7

mse® NN | 51.7 | 38.0 | 36.1 | 34.7 | 289 | 47.6 | 32.7 | 30.8 | 285 | 224

NPB 634|459 441|416 365|546 |37.1| 352|325 | 259
JK-ACL |635)|420|413|40.0|688|58.0|37.7|351| 317|240
PB-NE 52.3139.0|374|353|30.1]51.1|383|36.8]| 350|309

mse®® _NE | 28.4 | 27.4 | 27.2| 267 | 25.2| 195 | 184 | 182 | 180 | 16.9

Table 6: True MSE and Percent Relative Root MSE of MSE Estimators Based on Taylor
approximations (Taylor), Parametric Bootstrap (PB), Nonparametric Bootstrap (NPB) and
Jackknife (JK-ACL). 15 Areas, Random Effects and Sampling Errors generated from location
exponential distributions.

A2 a2 ~2 _ A2
Oy =0pR Oy =OFH

7 20 | 06 | 05| 04| 02 | 20| 06| 05|04 |02
100*MSE | 90-1| 44.8 | 40.4 | 34.3| 20.8 | 88.3 | 42.8 | 38.1 | 31.8| 180

Taylor 479 93 | 141|370 | 1974 | 493 | 305|268 | 21.2 | 10.7
PB—NN 55.6 | 450433 |415| 36.6 | 50.7 | 37.1| 351 | 32.8 | 26.4

mse®” -NN | 51.8 | 40.7 | 39.3 | 37.1| 32.0 | 48.9 | 35.7 | 33.9 | 31.3 | 24.2

NPB 59.2 | 48.6 | 466 | 449 | 39.8 | 529|398 | 376 | 357 | 29.7
JK-ACL | 635|448 |43.7|435| 69.6 | 59.7 | 39.8 | 37.3 | 346 | 27.5
PB-EE 461429412 | 403 | 342 | 482 | 353|332 | 315|268

mse® —EE | 42.2 | 36.6 | 35.7 | 345 | 316 | 425|313 | 30.0|28.1 | 23.0
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