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Abstract

Important parameters, such as regression and cor-
relation coefficients and partial regression and cor-
relation coefficients, are mathematical functions of
covariances. Estimates of these are derived in the
case of a sample survey of a stratified clustered pop-
ulation where a sample of clusters is chosen from
each stratum by simple random sampling, and a sim-
ple random sample of elements is chosen from these
clusters. Each estimate of covariance has an intr-
acluster component and an intercluster component
and is unbiased. The associated mathematical func-
tions involve operations of multiplication, division,
and square roots, and their estimators are in general
biased but consistent. Parameter estimates for alter-
native sampling designs can be dealt with in a similar
way.

keywords: covariance estimates from clusters, par-
tial regression coefficients, intracluster correlation

1 Introduction

Survey statisticians use many different techniques [1]
- stratification, clustering, multistage designs, with
various ways of determining the probability of select-
ing a unit - to obtain efficient estimates of param-
eters. Final estimates of some population parame-
ters sometimes get lost in the welter of intermediate

steps. In this paper we review the logic that leads to
estimates of population parameters. We consider the
case of stratified cluster sampling where the popula-
tion is divided into a set of clusters, the clusters are
divided into strata, a set of clusters is selected from
each stratum with equal probability, and within the
selected clusters samples are drawn with equal prob-
ability. The population parameters we consider are
population regression coefficients, simple and partial,
and population correlation coefficients - simple, par-
tial, and multiple.

2 Definitions

Imagine a population of size N in which we are study-
ing the variables y, x1, x2, ..., xp, and for which we
are interested in how y depends on x1, ..., xp. To be-
gin with, consider the case of y versus a single vari-
able x. The (simple) regression coefficient of y on x
is defined to be the unique number β(y, x) = β that
minimizes Σ(y − µy − β(x − µx))2 where the sum is
taken over all observations in the population. Here
µy and µx are the population means of y and x. It is
a familiar fact that:

β(y, x) =
Cov(y, x)
V ar(x)

,

where Cov and V ar refer to the population covari-
ance and variance. Another parameter of importance
is the (simple) correlation coefficient between y and
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x, defined by:

ρ(y, x) =
Cov(y, x)
σ(y) · σ(x)

,

where σ is the population standard deviation. Since
σ(x) =

√
V ar(x) and V ar(x) = Cov(x, x), it is ap-

parent that both the regression coefficient and the
correlation coefficient are simple mathematical func-
tions of covariances.

Returning to y versus x1, ..., xp, we define partial
regression coefficients of y on xj to be the unique
numbers β1, β2, ..., βp that minimize Σ(y − µy −
Σp

j=1βj(xj − µxj ))2 where the outer sum is over the
entire population. The column vector β of partial
regression coefficient is given by:

β = (Σ)−1Y

where Y is the p-dimensional column vector whose
entries are Cov(y, xj) for j = 1, ..., p, and Σ is the
p by p covariance matrix of x1, ..., xp, whose (j,k)-
th entry is Cov(xj , xk). The individual regression
coefficients are the entries in the column vector β.
Since Σ−1 = 1

detΣadjΣ, it is evident that each par-
tial regression coefficient is a rational function of the
covariances Cov(xj , xk) and Cov(y, xj). The partial
correlation coefficients between y and x1, ..., xp are
the numbers ρ1, ..., ρp defined by:

ρj = ρ(yj , x̂j)

where yj = y − µy − Σk �=jβ
j
k(xk − µxk

) and x̂j =
xj − µxj − Σk �=jγ

j
k(xk − µxk

). Here for each fixed j,
the coefficients {βj

k} and {γj
k} are chosen to minimize

the sums Σy2
j and Σx̂2

j , summation being over the
entire population. It can be shown that:

ρj =
Cov(y, xj) − Xt

jΣ
−1
j Yj√

(V ar(xj) − Xt
jΣ

−1
j Xj)(V ar(y) − Yt

jΣ
−1
j Yj)

.

Here Xj is the the (p - 1)-dimensional column vector
with entries Cov(xj , xk) for k �= j, Yj is the column
vector Y with its j-th entry omitted, and Σj is the
matrix obtained from Σ by omitting the j-th row and
j-th column.

Finally we introduce the multiple correlation coef-
ficient of y on x1,...,xp defined by:

R = ρ(y, ŷ),

where ŷ = µy + Σp
j=1βjxj . It can be shown (see [2],

p. 267) that

R =

√
YtΣY
V ar(y)

.

3 Methods

The parameters of interest, i.e., the coefficients β, ρ,
βj , ρj , and R, are obtained, as we have seen, by ap-
plying simple mathematical functions to covariances.
Estimates for these same parameters can be obtained
by applying the same mathematical functions to es-
timates of the pairwise covariances (and variances)
among the variables y, x1, ..., xp.

In the case of simple random sampling, unbiased
estimates of covariances are readily available. For
example, an unbiased estimate of Cov(y, x) is N−1

N syx

where:

syx =
Σn

i=1(yi − y)(xi − x)
n − 1

,

x1, ..., xn, and yi,...,yn are the values of x and y on
a random sample of size n, and x and y are their
sample means.

Consider now the case when the population is di-
vided up into clusters, and the survey statistician uses
a sampling design that involves selecting clusters and
taking simple random samples from the selected clus-
ters. Aggregating the samples into a single sample
and computing syx as above is not appropriate for
developing unbiased estimates. Instead we take into
account how the clusters that are sampled are se-
lected.

Suppose we wished to estimate the grand mean of
a variable x, namely µ = Σk

i=1Niµi where there are k
clusters and the i-th cluster has size Ni and mean µi.
Then an unbiased estimate for µ, based on a random
sample of r clusters, is:

xcl =
1
r Σr

i=1Nixi

1
kN

. (1)
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Here x1, ..., xr are sample means from simple random
samples drawn from clusters 1, ..., r, the numbering
being chosen so that the random set of clusters actu-
ally selected are numbered 1,...,r out of 1,..., k, and
N = Σk

i=1Ni.
The sample means xi are unbiased estimates of the

cluster means µi, and the numerator in the above ex-
pression is an unbiased estimate for the average total
of the x-values in a cluster. Dividing by N/k, the av-
erage cluster size, one arrives at an unbiased estimate
for µ. This unbiased estimate is sometimes bypassed
in favor of a ratio estimate, in which (1) is replaced
by (Σr

i=1Nixi/Σr
i=1Ni). The ratio estimate is biased

but if the cluster means µi and cluster sizes Ni are
correlated as i varies, then this estimate has smaller
mean square error than xcl. A choice between an
unbiased estimate and a biased ratio estimate must
also be made for covariances, namely the covariance
of xi and xj and of y and xi. However, these may be
related to the cluster sizes in diverse ways. We work
with unbiased estimates only.

Now consider the estimation of the covariance of
two variables y and x. In terms of the individual
clusters, the covariance can be expressed as:

Cov(y, x) =

Σk
i=1

Ni

N
Covi(y, x) + Σk

i=1

Ni

N
(νi − ν)(µi − µ)

where Covi(y, x) is the covariance of y and x within
the i-th cluster only, and ν1, ...,νk, ν are the cluster
means and population mean of y. The first summa-
tion on the right measures intra-cluster covariance,
while the second measures inter-cluster covariance.

If we take a census of r clusters randomly selected
from the k clusters, then an unbiased estimate of the
covariance of y and x is:

k

r
Σr

i=1

Ni

N
Covi(y, x) +

k

r
Σr

i=1(
Ni

N
− (

Ni

N
)2)νiµi

−k(k − 1)
r(r − 1)

Σr
i�=j;i,j=1

Ni

N
νi

Nj

N
µj .

Instead of a census of the selected clusters, if we se-
lect independent samples from each of these clusters
and calculate sample means and sample covariances
in each sample, we obtain (after a computation) the

following unbiased estimate of the overall covariance
Cov(y, x):

k

r
Σr

i=1

Ni

N
(1 − 1

ni
− 1

N
+

Ni

niN2
)si,yx

+
k − 1

k(r − 1)
Σr

i=1(
kNiyi

N
− ycl)(

kNixi

N
− xcl). (2)

In the above equation ycl and xcl are the (unbiased)
estimates of the grand means ν and µ of y and x as
in (1), and si,yx is the sample covariance of y and x
in the i-th cluster, namely,

si,yx =
1

ni − 1
Σsample from cluster i(y − yi)(x − xi),

and ni is the size of the sample drawn in this cluster.
To summarize, we have described, in the case of

an unstratified but clustered population, how to ob-
tain unbiased estimates of the grand means ν and µ
of variables y and x, and the covariance of y and x.
These are the outputs. The inputs to this estima-
tion are the values of y and x on independent ran-
dom samples of sizes n1, ..., nr drawn from r clusters
selected at random from the k clusters of the popu-
lation. Other needed inputs are the cluster sizes N1,,
..., Nr of the selected clusters and the total popula-
tion size N . From the samples we compute yi, xi,
and si,yx for i = 1, ..., r (or else yi, xi, and yxi, us-
ing the shortcut formula for sample covariance). The
estimates are then given in (1) with either x or y as
the variable, and in (2).

In this way we can obtain covariance estimates for
y and xi, i = 1, ..., p, and for xi and xj , 1 ≤ i, j ≤ p.
Then they can be assembled according to the formu-
las of the preceding section to give estimates for all
regression and correlation coefficients.

4 The Stratified Case

Suppose the population is divided into m strata, and
each stratum is divided into clusters. Then the same
methodology can be used to estimate the covariances
of population variables and hence their regression and
correlation coefficients. Indeed the methods of the
previous section will give us unbiased estimates for
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νh, µh, Covh(y, x), and the like, the means and co-
variances within stratum number h. If the strata have
sizes Mh and the population has size M = Σm

h=1Mh,
the Mh playing the role of N in the last section, then
the grand means ν and µ of y and x are given by:

ν = Σm
h=1

Mh

M
νh, µ = Σm

h=1

Mh

M
µh,

and the overall covariance of y and x is:

Cov(y, x) =

Σm
h=1

Mh

M
Covh(y, x) + Σm

h=1

Mh

M
(νh − ν)(µh − µ).

The second set of terms on the right side of the last
equation can be rewritten as:

Σm
h=1

Mh

M
(νh − ν)(µh − µ) = (Σm

h=1

Mh

M
νhµh) − νµ =

Σm
h=1(

Mh

M
− (

Mh

M
)2)νhµh − Σm

h �=h′;h,h′=1

Mh

M
νh

Mh′

M
µh′ .

As already noted, Covh(y, x) can be estimated in an
unbiased way by the methods of the previous section.
The quantities νhµh and νhµh′ can be rewritten as:

Eh(yx) − Covh(y, x) and Eh(y)Eh′(x),

and each of these expression has an unbiased esti-
mate. In particular Eh(yx) can be estimated by

yxcl as in Equation (1), which expresses the estimate
in terms of yxi, the sample mean of yx on a sam-
ple within cluster number i from stratum number h.
Since yxi = yixi − ((ni − 1)/ni)si,yx, this can be re-
duced to the same sample estimates as before. Like-
wise Eh(y)Eh′(x) for h �= h′, because of independence
of the strata, can be estimated without bias by yclxcl,
and by (1) this reduces to sample means of y and x
within clusters in stratum number h. Notice that we
can assume stratum number h consists of kh clusters
and from these clusters rh clusters are chosen. Thus
k and r can vary from stratum to stratum.

5 Alternative Designs

In large scale sample surveys, the clusters, or primary
sampling units, are often drawn within a stratum
with probability proportional to size (with or with-
out replacement). The with-replacement case can be
handled relatively easily by the methods above. The
without-replacement case, when two clusters are se-
lected from each stratum, uses Brewer’s method or
Murthy’s method ([1], pp. 261-5). The method of
Rao, Hartley, and Cochran, or other methods related
to systematic sampling,([1], pp. 265-7) can be used
when more than two clusters are drawn from each
stratum. In all of these without-replacement cases,
the approach described here can be applied, but the
resulting formulas are complex.

Instead of choosing simple random samples within
the clusters to estimate within-cluster means and co-
variances, we can also proceed to additional stages
and obtain more elaborate, but still unbiased, esti-
mates.
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