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REPLICATION VARIANCE ESTIMATION FOR THE TWO-PHASE REGRESSION
ESTIMATOR

Wayne A. Fuller

ABSTRACT

A replication variance estimation method for the regression estimator in two
phase samples is described. The procedure reproduces the estimated variance of
the first phase sample for those attributes of the first phase sample used as
controls for the second phase sample. Only the second phase sample is required
by the analyst for variance estimation. The procedure is applied to the National
Resources Inventory (NRI), a study of land use based on a large area sample of

the United States.
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1 INTRODUCTION

In two-phase sampling, aso known as
double sampling, observations are made on a vector
of auxiliary variables in a large sample, caled the
first phase sample. Then observations are made on
the variables of interest using a smaller sample,
called the second phase sample. The smaller sample
is typically a subsample of the original sample, and
often the vector of auxiliary variables is a vector of
indicator variables defining subgroups (strata) of the
origina sample used in selecting the second phase
sample.

Rao (1973) and Cochran (1977) give
formulas for variance estimation when the first phase
is a simple random sample and the second phase is a
stratified random sample. Sérndal, Swensson and
Wretman (1992, ch. 9) discuss two phase sampling.
Kott (1990) derived aformulafor variance estimation
when the first phase is a stratified random sample and
the second phase is a stratified random sample of the
first phase sample based on strata defined by first-
phase information. Rao and Shao (1992) proposed a
jackknife variance estimation method in the context
of hot deck imputation where the second phase strata
correspond to imputation cells.  Binder (1996)
illustrated a *“cookbook approach” to variance
estimation for the two phase ratio estimator. Binder
et al. (1997) derived formulas for variance estimation
for various estimators for two-phase re-stratified
sampling. Rao and Sitter (1995) and Sitter (1997)
consider variance estimation for two-phase samples.
Fuller (1998) proposed a replicate variance
estimation method for the two-phase regression
estimator that is particularly convenient for
multipurpose surveys.  Kim and Sitter (2003)
extended that procedure.
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Kott and Stukel (1997) pointed out that, for
a stratified second phase sample with the reweighted
expansion estimator, the replication method proposed
by Rao and Shao (1992) produces consistent variance
estimates. Kim, Navarro and Fuller (2004) give a
replication method for estimating the variance of the
direct expansion estimator for a second phase
stratified sample.  We give the corresponding
replication variance estimator for the two-phase
regression egtimator. In the last section, an
application of replication variance estimation in the
Natural Resources Inventory is described.

2. ASYMPTOTIC PROPERTIES

Let the finite population be of size N and
indexed from 1 to N. Let the parameter of interest be

the population total Y =X, y,, where Y; is the
study variable and N is assumed to be known. Let
E{é| F} and V{é| F} denote the expectation and
variance of a datisic 8 for a particular finite

population F . These quantities are sometimes called
the design expectation and design variance. Suppose

we have afirst phase sample of size n;. We observe
X; for dl ie A, where x; is a vector of auxiliary

variables and A is the set of indices of the n, first
phase elements. If the second phase sample is
stratified, indicators for strata are included in x;
where X, takesthe value one if unit i belongs to the
g-th group and is zero otherwise. A second phase

sample of size n, is selected from the n; first phase
elements.
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We define the two-phase regression
estimator of the mean of y by
yreg =Vt (iﬂ'l _iﬂZ)ﬁZ ) (2.
where
-1
B, = {Z w5 (X =X 0) (% —inz)]
|€A2
X Z ﬂ'zil(xi _ilr2) (Yi —y;zz):
|EA2
(inzd_/;rz) = {Z ”z] Z Ty Xin)
|€A2 'EAZ
-1
< _ -1 -1
Xz1 = {Z ”JJJ Z 705 X
ieA ie A
7ty is the first phase selection probability for

gement i , 7y =3 oy is the second phase

selection probability for element i, and i is the
conditional probability of selecting element i for the
second phase sample given that i isin the first phase
sample. To derive the asymptotic properties of the
two-phase regression estimator we assume a
sequence of samples and finite populations such as
that described in Fuller (1975).

Theorem 1. Let {F\} be a sequence of finite

populations of size N. Let the Gy dimensional
vectors (L Xy, Yni) =Znis 1=L2,...,N, be a
random sample from an infinite population with finite
2+7,7>0, moments. Assume E{z}z\} is

positive definite for all N. Let first phase samples of
size nyy, Ny 2NN, be selected by designs such

that
JFu =0k, 22)

V{(Eﬂ',l,N —Zy
Z 71'1N|ZN| '

where
Zyn = Z ﬂ-l,Nl
i€ ANy ie A

Ay is the set of indices in the first phase sample

selected from population N, and 73); is the

probability of selecting element i for the first phase
sample. Assume

Ef% o —XN‘Z} =oln?), 2.3
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el —YN‘Z} —o[n?). 2.4)

o -u[2} =07, 25)
for some 6>0,y>0 and 6+y=1>05, where
X, and B, aredefinedin (2.1), and

N /
X Z Xj _XN YN)
i=1

Let v, bedefinedby (2.1). Then
YiegN — YN = 12N +( Xz1,N _XN)ﬁN +0 ( _05/1)
(2.6)
where
1
€N Z[Z 7[2N|J Z ”i,lNi ENi »
ie Ay iehy
and ey = Yy — Yn — (Xni —Xn B -
Proof. To simplify the notation we omit the

subscript N, except to identify finite population
parameters. The estimator can be written.

Yieg= YN = 37;[2+(77r1_77z2)|32—yN

= &, (Xp —erl)(ﬁz _BN)
~Xn)Bn

—Xn BN + Op(n‘%’1 )

+ ()_(71'1
= €t (7n1

(2.7)
establishing result (2.6). [

The result permits the size of the vector x to
increase with sample size. Thus a design that has a
relatively large number of second phase strata is
covered by the theorem. For a second phase
stratified sample in which x contains stratum
indicators, assumptions (2.3), (2.4), and (2.5) require
the number of strata to increase at a slower rate than
the sample size. The variance of the approximating
random variablein (2.6) is

V{dreg,N}:V{é/r2,N}+ V{(iﬂ'l,N —?N)BN}

+ ZC{ €N (Xzzl,N =Xy )ﬁN }'
2.8)
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where dgg N = €N +( XN — X )[iN. Note that

V{ €N } is the unconditional variance.

3. REPLICATE VARIANCE ESTIMATION

We consider variance estimation for the
stratified two-phase regression estimator where
replicates are created on the basis of a replication
procedure for the first phase. Let a replication
variance estimator of the first phase estimated total
be

\71{-|:1x} = kZL: Ck(-l:l(xk) —-|:1x)2
-1

where T\ isthe k th replicate of the estimated total,

Tlx is the estimated total based on the first phase, L
is the total number of replicates, and
c., k=12 ..., L, are constants determined by the

replication method.

The sample modification that creates
replicates for the first phase is applied to the
associated second-phase units to create the second
phase replicate. For example, let the first phase
sample be a simple random sample and let a single
element be removed to form a jackknife replicate.
Then the second phase replicate contains the original
second phase elements less the removed element,
provided the removed first phase element is in the
second phase sample. The replicate estimator for the
two phase sample isthen

R L
V2p{yreg}:z Ck(y(k) yreg) , (32

k=1

(3.1)

where
K k K _ (0 )k
74 =950+ (0 30 )pY
and (v, %%, p%) are computed from the second
phase replicate.

Theorem 2. Assume a sequence of finite populations
in which each population is composed of G groups
with proportion W, in the g th group. Let the N th
population be

Fn ={(Xans Yands (Xans Yan)s o (X YD}
where the first G - 1 elements of X;y are indicator

variables for membership in G - 1 of the groups.
Assume the finite population in the g th group is a
sample from an infinite population with 4+ 6, 6 >0,
moments. Let two-phase samples be selected where
the first-phase selection probabilities are 7y \ . Let

the second phase sample be a stratified sample with
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G strata and n,, elements selected in the g th
stratum.  Assume a st of fixed probabilities,
Ty = Kai » that are constant within a group, is used

to select the second-phase dtratified random sample.
Assume

C,s < NN 7y y <Cg (3.3
for all N, where C,g and C, are fixed positive
constants. Assume

E{(f1><*-|:ly)| FN} = (Tx'Ty) (34)
where o
(Tlx’le) = Z Wli,N(XiNryiN)
e
and wy =75y, Assume
V{f1y|FN} = KMV{fy,SRs|FN } (3.9

for a fixed K, , for any variable with fourth
moments, where V{T, gs|F} is the variance of the

Horvitz-Thompson estimator of the total for a simple
random sample of size n;,,. Assume that the

variance of afirst-phase linear estimator of the mean
is asymmetric quadratic function, and that

N N
nNV{N_l > ﬂ'ile yiN|FN} =>> @i NYiNYiN

i Al i=1 j=1
(3.6
for coefficients w;  , satisfying
N 1
o ON). 3.7)
i=1

Let \71{5} be a first-phase replicate variance

estimator of 6 = Zicp Wi Yin and assume

E{[(\/[5|FN])_1\71{4§}— 1T|FN} =o1) (38

for any variable with bounded fourth moments.
Assume the replicates for the first-phase sample

estimator of atotal, 'I:l, satisfy

E{[CKN ff,0 —fl)2j|2| FN} < Kyl_;fB/{T] Fu )

(3.9
uniformly in N for any variable with fourth
moments, where K, is afixed constant.

Then the variance estimator (3.2) satisfies
VZp{yreg} = V{Vreg' FN}

N
- N_Z_% ”ﬂn (]'_EZi\]J)qu + Op(nl_l)'
iz



ASA Section on Survey Research Methods

(3.10)
where ey = VYin — YN — (XiN _YN)BN and
N , =)
Bn = Z (X|N XN)(XiN _YN)
i-1
N o B
X Z (Xi_XN) (Yi—YN)-

=

(3.12)

Proof. To simplify the notation we omit the N
subscript. We write the regression estimator as

yreg =Vor — (i27r - Xy ) Bor + (ler - Xy ) Bor

and use the same expansion for the k th replicate to
obtain

yr(le(g; Yreg = yg;r) = Yor — (X(zljz) _im)l}zn
+ (G0 =% Bor — 68 %) BY B )
= 80 -8, + [} %, By + O,V
(312
where we used (3.9) and (3.5).
Let
a =1 if element i isselected for the second
phase sample
=0 otherwise.

Under the assumption that the second-phase sampling
rates, 7y = K are fixed, we can conceptualize the

sample selection process as composed of two steps.
First an a is generated for every element in the
population and then a first-phase sample is selected
from the created population of (a;, & Y;, X;) Vvectors.

Observe that

— 1_-1
€ = {Z i 7 i

ieA

-1
-1_-1
ai] Z 03 751 & &

ieA

N> 7588
= €A +0 (n

N‘lE{Z X

p
ie A

-1

=Ny zyae +Op(n‘1)
ie A

Therefore we consider the variance of €, , which

we write in terms of conditional expectations,
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Vl{z 7[2_ilaie|| F} = E{Vl[éz,HT| (aN’F)] | F}

ieA

+ V{E[éz,HT| (aN’F)” F},

(3.14)
where a, denotes the N dimensional vector
(ay,8,,...,ay). By assumption (3.8), the first-

phase variance estimator is consistent and, hence, the
estimator  Vy{ 87| (ay,Fy)} is consistent for
Vl{é27r| (an, Fnt-

To show tha Vi &pr|(ay,Fy)t s
consistent for E{ V1[§2”| (an.Fn) |FI} we must
aso show that Vi{&,,r|(ay,Fy)} converges to
E{Vil& 7| (an.Fn)1|F}. Assume first that the
second-phase sample is a Poisson sample so that the
a; ae independent Bernoulli random variables.
Then

COV(aIaJ, akamIF) = KyiKpj —

K22i ng
if ij =kmorij=mk and

Covlaa;, agay|F) = 0 otherwise,

18, (3.15)

Now by (3.6)

anl{N_l Z ”ﬂl’(EilaiQ| (aN F )}

ie Ay

N N
ZZ K2| K21a1aqe
i=1j=1

and letting G; = K57 K2j (I(‘2|K‘2J K‘zlk‘zj)

e

V{anllN‘1 > miwsas] (@,
ieA

N N
> 2w
i1 =1

N N
max|“’|j| > 2 2|"’ui| Gje’ef

i=1 j=1

G azejz

IN

0,(N) (3.16)
by (3.15) and assumption (3.7). Therefore
Vil &1 @y P} is consistent for

E{Vy[& 7| (an.F)]|F}. Because X, is not a
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function of a,, \71{52HT +Xy,Bn} is consistent for

EVi[& ur +ilﬂ'l}N| (an.F)] | F}.
To evaluate the second term on the right
side of equality (3.14) we have

E{N*Z K5 88| (aN,F)}

ie Ay

N
= N7 wya8
i=1
and, for Poisson sampling,

N
V{le /(Zilaiel|F}

i=1

- 2i 2i Q
i=1
(3.17)

Combining the consistency of \71{ éZ,HT|(aN7F)}

with (3.17) we have conclusion (3.10) for second-
phase Poisson sampling. By the arguments of Hgjek
(1960) theresult also holdsfor dratified samples. =

If the first-phase sampling rate is small, the
second term of (3.10) is small relative to the first
term, and estimator (3.2) can be used for the two-
phase regression estimator. |If the second term of
(3.10) is judged to be important the term can be
estimated directly or with replicates.

The regularity conditions of the theorem

guarantee that the errors in X; and fiz are small.

Assumption (3.10) requires the replication procedure
to be such that the remainder in a Taylor expansion
be small relative to the other terms. Theorem 2 is a
result for the regression estimator that is closely
related to the result of Kim, Navarro and Fuller
(2004) for the gtratified estimator.

4, JACKKNIFE VARIANCE ESTIMATION
FOR THE NRI

The U.S. National Resources Inventory
(NRI) is conducted by the U.S. Natural Resources
Conservation Service in cooperation with Center for
Survey Statistics and Methodology of lowa State
University. The survey was conducted as a panel
survey in 1982, 1987, 1992, and 1997. Data were
collected on soil characteristics, land use, land cover,
wind erosion, water erosion, and conservation
practices. The sample is a stratified area sample of
all states and Puerto Rico. The primary sampling
units are areas of land called segments. Data are
collected for the entire segment on items such as
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urban land, roads and water. Detailed data on soil
properties and land use are collected at a random
sample of points within the segment, where the
typical number of points is three. The sample for
1997 contained about 300,000 segments and about
800,000 points. See Nusser and Goebel (1997) for a
more complete description of the survey and Fuller
(1999) for estimation procedures.

The 2002 sample is a subsample of about
102,000 segments selected from the 1997 sample.
The subsample is a dratified sample of the 48
coterminous states, where the segments were placed
in twelve strata in each state. The replication method
used in NRI variance estimation is a form of “delete-
a-group jackknife”. See Kott (2001) for a
description. The 1997 NRI is the phase one sample,
and the 2002 NRI is the phase two sample. For both
the 1997 and the 2002 NRI, we suppose that we have
completed an estimation process in which the
estimation weights are calibrated for the auxiliary
information at the population level and, in the case of
the 2002 NRI, for a set of estimates from the 1997
NRI. The information at the population level is the
total acres of federal land, acres in census water
(water bodies greater than 40 acres and streams
greater than 1/8 mile wide) and the acres in a federal
program called the Conservation Reserve Program
(CRP).

Let w; and w,; represent the original
phase one design weight (1997 NRI) and phase two
(2002 NRI) design weight , respectively, for point i.
Let Wy and Wi, represent the fully calibrated

regression weights. For any variable, Y;, the
estimate for a 2002 total is computed as
Ty = 2 W) Vi -

ieAy
For a first phase variable, x, used to calibrate the
second phase,
2 WX = 2 Wiz
e ie Ay
The goal of the variance estimation procedure
for the 2002 NRI is to construct L new sets of

weights w5\, k=1,2,..., L, from which a user of

the NRI data is able to compute replicate estimates
Ty((kz)) =y N wi)y;, for any variable y;. The user

can then calculate a variance estimate for 'I:y(z) as

~ ~ L ~ J—
V{Ty(Z)} =D & (Ty‘}% ‘Ty(Z))2 ’

where ¢, is a constant determined by the replication
procedure and



ASA Section on Survey Research Methods

L
= _av fK
Ty =L kz_‘iTy(zr

As afirst step, L replicate sets of phase-one

*

weights w are constructed for the 1997 NRI. The
sample is divided into L groups G, k=1,..., L,
by ordering the segments geographically and then
using systematic sampling to create 29 groups of
approximately equal size. The program is flexible
with L = 29 in the current version. The geographic
ordering is used as an approximation to the
stratification of the original sample.

FK)
Wayio =0

ie Gy
= L(L-1) " wyy ie Gyy.

Data are not collected on federal land and
census water, but the points falling on federaly
owned land and falling on census water are kept in
the data set so that the surface area of the country is
fully represented. The acres in these classifications
are known from external sources. Therefore we set

w0 =Wy, for every replicate if the point i is

federal land or census water.

For the points that do not fall on federal or
census water, the initiad replicate weights are
calibrated (through a raking procedure) to acreages
for CRP available from administrative sources for the
previous years, resulting in the final replicate weights
w

i
Next, initial replicate weights w{), are

constructed for the phase two sample using a raking
procedure and the first phase controls. Since the
2002 NRI sample was selected as a stratified sample
from the 1997 NRI, the kth 2002 NRI replicate is the
portion of the 2002 sample that is in the kth first
phasereplicate. Theinitia replicate weights are

* k .
wo =0 i€ Gy
= L(L _1)71W22)i | & szk
except if point i is federal or census water. For

federal and census water the final replicate weight
w3 =Wy , asfor thefirst phase sample.

For the points that do not fall on federal or
census water, the initial 2001 NRI replicate weights

w )y for each k are raked to a set of state-level
estimates constructed with the corresponding final
1997 NRI replicate weights w{)”. The categories for

which the phase two estimates are calibrated to the
phase one are the same as those used in the

congruction of the original weights sz)i, and
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include several broad landuse categories as well as a
wetland classification. At the end of this raking step,

we obtain the final replicate weights w;S) , which are

appended to the NRI 2002 dataset for the purpose of
variance calculation.

At this writing the results of the 2002 NRI
have not been released. Table 1 contains some
illustrative results. The entries are not true estimates,
but the entries give redistic relative values for a
midwestern state. The 1997 values are the first phase
sample estimates. The values for 2002 are based on
the second phase sample which is about one third the
size of the 1997 sample. Because of the correlation
between 1997 and 2002 values, the standard errors
for 2002 are less than the 1997 values multiplied by
the sguare root of three. The computed standard
error for large water is zero because large water is an
auxiliary variable assumed to be known without
error.

Table 1. Illustrative Results (million acres)

Land use Y ear

1997 2002
Cultivated 240.0 230.0
Cropland

(1.2 (1.6)
Urban 25 2.8

(0.6) (0.8)
Large Water 20 20

) )
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