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Abstract values for one of the responders; in the set of responders
srk- The imputed estimator of the population meanof
We propose a jackknife variance estimator for the pop- using a samplé is given by

ulation average from two, two-phase samples after imputa-
tion. The jackknife method has long been used to estimate
and reduce bias, but has now become a valuable tool for
variance estimation. We apply two different sampling meth-
ods, (simple random sampling and stratified random sam-

pling) to derive jackknife variance estimators for the two- . ) .
sample case after imputation under two-phase sampling. 2. Variance Estimation Under Two-Phase Sam-

pling

Tpr = — (TkTry, + MiTin, ) 1)
N

wherez,,, is the mean of the imputed values.

1. Introduction Two-phase sampling or double sampling is often em-
ployed when it is relatively cheap to take a large prelim-

. . . . .__inary sample in which an auxiliary variable correlated
The Jac_:kknlfe method was designed to estimate the bIas’with a characteristic of interegt alone is measured. The
of an estimator, but now has become a valuable tool for

variance estimation since the work of Tukey (1958). In first-phase sample gives a good estimateof the popula-

tion meanX, while the second-phase subsample in which
an infinite population context, Tukey (1958) suggested that is measured is employed to est|mate the population mean
each jackknife-replicate estimate might be regarded as anz;7 through ratio estimation usw@ andy.
independent and identically distributed random variable,
which in turn suggests a very simple variance estima-
tor. In the finite population sampling context, each jack-
knife replicate deletes one unit and modifies the weights
of others. Although the one-sample jackknife method was ~We now extend the two-phase sampling ideas to two
investigated and widely used by many authors, the re-Samples. Suppose two, first-phase simple random samples
search on two-sample jackknife estimators is quite limited. 51 Of Sizen; ands; of sizen,, are taken without replace-
Arvesen (1969) was the first to propose such a jackknife es-ment from a population ol elements. Auxiliary attributes
timator as follows: 1\, ..., X,, andX1, .., X,, be two  ¥1:, T2;, are observed for all elements s, i € s,. Sim-
independent samples of sizes andn, from the popula- ~ Ple random subsamples of sizen, ands, of sizen; are
tion. Suppose, in simple random samples of sizendn., taken without replacement frosq ands2 Ratio estimators
r1 andr, units respond, aneh; andm. do not respond.  of Y, arey,, = (y1/$1)$1 = RT), Upy = (Uo/T2)Ty =
The observed: values in populatiork are used as donors  Ro7,, Wherear:1 and z,, are the means for the first-phase
to create imputed values for the missing data. For examplesampless; ands, and (1,7, ) and (2, 7,) are the means
in samplek, a simple random sample af; values from  for the second-phase samplgsands,. These estimators
the r, responders could be used as imputed values for theare design-consistent faf asn; — oo andny — oo.
nonresponders. That is, the imputed valjg for the ith In single-phase sampling, jackknife variance estimation
observation in samplé would be one of the observed is often used whenX, is known. Under a model-based

2.1. Ratio Estimator in Simple Random Sampling
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framework, Royall and Eberhardt (1975) have shown that
the jackknife variance estimator is asymptotically equiva-
lent to a robust variance estimator. As a result, it performs
well both unconditionally and conditionally given the an-
cillary statisticz. The jackknife method for single-phase
sampling is not readily apphcable to two-phase sampling
sincey; is not observed if € sk — s, iInsamples: = 1, 2.

We now obtain a jackknife variance estimator gy, by
recalculatingy,, with the jth element removed for each

Jj € s;c then using the variance of the&% jackknife val-
ues,y,,(—7). Clearly, deleting unij will affect z; andz-
only if j € s and not ifj € sk — sy, for samplek = 1,2
while it will affect 7, for all j € s,. Thus, we define

Toie(—5) = [G1(—3) /T (= )T (=),

forall j € s,, where

_ TR i G gy
Tp(—j) =4 _m-1 0 =0 ®)
Tk, if j€s,— sk
_ ) m7 if j € sy,
Gp(—j) =14 _m-l .f], , 3)
yk, | ] S Sk — Sk
andz,(—j) = (n, @, — x;)/(n, — 1) forall j € s,.

Now apply the usual jackknlfe method®p, (—J) to get

!
n, — 1
'UJ.,‘k = /

Z [y'r‘k(_j) - grkf . (4)

jés;C
A linearized version ob 5, for largen, is obtained by not-
ing that
z;—F, 5:(73’) z;— Ry,

R < ka> TR ( 1 7) :
yrk(_j)_yrk = If] € Sk,

— Ry (x’ if) , ifje sl,C — 8.

)

The jackknife variance estimator is a weighted average
of two estimators, given by

’ /7
n10J,, + NV,

Vjr 7 7
ny + Ny

(6)

Let’s consider Rao and Shao (1992) adjusted jackknife
variance estimator using data imputation framework. In one

of our samplesk = 1,2 we define our estimator af as
Ypr = (1/n;) Zl@/ y;. If the observation is part of the
second phase sample in sample s, y7 = y;, because
it is observed. If the value of is not directly observed
because it is part of — si the value is obtained through
ratio imputation ag;f = (g, /Tk) ;.

To use convenient one-phase sample variance formulae,
Rao and Sitter (1995) proposed the following device to fa-
cilitate the computations. They defined

B

for samplek = 1,2. Under this formulationzy;(—j) =
v, = (Uh/Tn)ar for j € s, — s;, in samplek = 1,2,
andzi(—j) = (Ur(—J)/@k(=j))wri for j € si in sample
k = 1,2. We also define the adjusted estimator,

Ui
Tki — — Tki
Tk

A
Zk(—J)

*
ki

Zki(—J) =y

and this helps define the jackknife variance estimator for
samplek,

’UJT)C - ’I’L,

Z i1 (=3) = Tt

st;C

()

wherey,; = 7,, under ratio imputation. The jackknife
variance estimator based on adjusted imputed estimators
Ye1» k = 1,2 is aweighted average of two estimators, given

b

y

! ’
NV, + NoVj,,

vy, = 7 ;
Jr n} +TL2
_ nll —1 —a (= 2
= T g: 51 (=) — Ts]
1
"/2 -1 _ 12
+ 7 7 (1) _921] . 8

2.2. Ratio Estimator in Stratified Random Sam-

pling

Suppose the population @f units consists of. strata
such that theh-th stratum consists ofV;, units and
Zﬁzl N, = N. Suppose that an auxiliary variable,
closely related to an item is observed on all sample units,
s, I samplek = 1,2 for stratum. Ratio imputation uses
y;‘”ﬂ- = (yhk/@k)xhki fori e S/hk_shk Whereghk andzy,,
are the means af andz for the respondentsy,;, in stratum
h. Ratio imputation can be motivated by the fact that
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is the best predictor of unobserveg.; under the following
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and this helps define the jackknife variance estimator for

"ratio” superpopulation mode]: samplek.
Using these values, the jackknife variance estimator is
Ee¢(yYnki) = Banris Ve (Ynki) = 07 Thi, given by
COVe (Ynki» Ynkj) = 0, fori # j (9) ,
L ’ Nhi
Ny, — 1 N —

provided that the model also holds for the respondents v, Gr) = Y =Y [Fi (=kj) = Fig)* . (13)
that is, if selection bias is absent. Note that response proba- h=1 'hk =1
bilities can depend on the,;'s. Sirndal (1992) has named For k = 1,2, we now obtain a linearized version of

the above equation an "imputation” model. Under ratio im-

putation,

L

L
Yrr = Z Whilnhr
h h

= Wal@nr/Tor)Thy,  (10)

the jackknife variance estimator. This variance esti-
mator is useful with computer programs that use the
linearization method of variance estimation. Noting that
Vit (=hkj) — Ypr = Wi [Uhpr(=hkj) — Y], where
Yir(—hkj) is the adjusted imputed estimator of thth
stratum mean’;, whenhk;jth sample unit is deleted, we get

wherez,,, is thex mean for the full sample;, from stra-

tum h. Under the model (9)y, ; is design-model unbiased v _(7.;)
for Y, provided that the model also holds for the respon-
dents. Also, under a uniform response mechanism within
each stratunk, the estimator (10) has the same properties
as the standard two-phase sampling separate ratio estimator.
This follows by noting that conditionally, givemy,, Shik is

a simple random sample of fixed sizg;, drawn fromshk

Rao (1996) mentioned that the estimator (10) is approx-
imately design unbiased under uniform response in each

L _
= h-1 valp Unrr)

/

L n -1 L 2
Z i — Z Uit (—Pkj) = Ynrr)
h=1 e

The jackknife variance estimator is a weighted average
of two estimators, given by

’ _ ! _
_ V0, W1) 40, (Yar)

stratum, proved thaty, is large for eacth. Note that strata ~ VJrs = w4
act as imputation classes in the present context. It is read-

- ’ -

ily seen thaw; ,,(—hkj) = [T (—hkj) /T (—hkj)]z) 0, v L L
under ratio imputation whehk;th respondent is deleted, | YW | = @ (k1) = Tap)?
where ny +ny h=1 Npa j=1

Uni(—hkj) = [nakYps — Ynsl /(nar — 1) (11) n. = n, o, —1 <2 — N N2

I + — Z WI% . Z (Uhor (—h25) — Ynar)
and ny + L = nhQ j=1
. ! 2 ’ ! 2 !
Zne(—hkj) = [Mar@hre — nj] /(e — 1), (12) wheren, =37 ny,; andny = 35 15,

fork=1,2.

3. Simulation Study

To use convenient one-phase sample variance formulae,

Rao and Sitter (1995) proposed the following device to fa-

Ynk
ki — — Lhki ( »
Thi

cilitate the computations. We define

Yni(—hkj)

Zhki(—hkj) = ypp: + {(hk])xh

Lhk

For our simulation of the Jackknife variance estimator
in simple Random Sampling, we created a population of
size N = 10000 by settingY” = 0.8 x X + ¢, where
sd(e) = +/z. The population is displayed in Figure 3
To study Stratified Random Sampling, we used the same

for samplek = 1,2, stratumh. Under this formula- population but we divided the population into three strata:
tlon Znki(— hkj) = Yini = (Upw/Tnr)nr: for hkj € ])\(f <_9i)639?? < i]( ; t%/‘1/0 _11&<:X 1So stratum 1§|ze 5

(Upr(—hkj) /T (—hkj))xpr: for hkj € spi, in sample

is Ny = 6805 such thail, = & = 0.6805, and stratum 3

k = 1,2, stratumh. We also define the adjusted estima- Size iSN3 = 1562 such thatW3 = = 0.1562.

tor,
1 Npk

Uher (—hkj) =
Npp — i=1

D Znki(=hkj),

In the figures that follow, we note that there is little dif-
ference in the Jackknife variance estimators for the cases
studied here, but there are notable differences in the vari-
ation of these estimates. Figure 2 shows the reduction in
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Figure 4. Stratified Random Sampling

Second Phase Sample Size

Comparison of Complete and Missing Data

Figure 2. Simple Random Sampling

variance obtained by increasing the second phase sample 8 )

size, and how the difference in variance between the one and e

two sample approaches decreases as the overall study size 3

increases. Figure 4 shows similar behavior for the Jack- 3

knife variance estimator for stratified sampling. Both of .
these figures use a first-phase sample size of 2 times the sec- ° \b
ond phase size. Figure 5 illustrates the increase in variance s |

caused by nonresponse. We note that the increase in vari- . T - . -
ance of our Jackknife variance estimates is only substantial second Phase Sample Sze

for very small samples, but shows that survey practitioners Statified RS, First S5 2*SecondPhase

can gain protection from this instability by using a suffi-

ciently large second phase sample size. Figure 5. Stratified Random Sampling
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4. Conclusions

Figure 2, 4, and 5 show that, in case of small population
size, the Jackknife variance estimator for two samples has
less standard deviation (variation) than Jackknife variance
estimator for one sample. In the future, we intend to
study the Jackknife variance estimator for two samples in
Stratified Multistage Sampling.
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