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Abstract

We propose a jackknife variance estimator for the pop-
ulation average from two, two-phase samples after imputa-
tion. The jackknife method has long been used to estimate
and reduce bias, but has now become a valuable tool for
variance estimation. We apply two different sampling meth-
ods, (simple random sampling and stratified random sam-
pling) to derive jackknife variance estimators for the two-
sample case after imputation under two-phase sampling.

1. Introduction

The jackknife method was designed to estimate the bias
of an estimator, but now has become a valuable tool for
variance estimation since the work of Tukey (1958). In
an infinite population context, Tukey (1958) suggested that
each jackknife-replicate estimate might be regarded as an
independent and identically distributed random variable,
which in turn suggests a very simple variance estima-
tor. In the finite population sampling context, each jack-
knife replicate deletes one unit and modifies the weights
of others. Although the one-sample jackknife method was
investigated and widely used by many authors, the re-
search on two-sample jackknife estimators is quite limited.
Arvesen (1969) was the first to propose such a jackknife es-
timator as follows: letX1, ..., Xn1 andX1, ..., Xn2 be two
independent samples of sizesn1 andn2 from the popula-
tion. Suppose, in simple random samples of sizen1 andn2,
r1 andr2 units respond, andm1 andm2 do not respond.
The observedx values in populationk are used as donors
to create imputed values for the missing data. For example
in samplek, a simple random sample ofmk values from
the rk responders could be used as imputed values for the
nonresponders. That is, the imputed valuex∗ik for the ith

observation in samplek would be one of the observedx

values for one of the respondersxjk in the set of responders
srk. The imputed estimator of the population mean ofX
using a samplek is given by

xkI =
1
nk

(rkxrk
+ mkxmk

) , (1)

wherex̄mk
is the mean of the imputed values.

2. Variance Estimation Under Two-Phase Sam-
pling

Two-phase sampling or double sampling is often em-
ployed when it is relatively cheap to take a large prelim-
inary sample in which an auxiliary variablex, correlated
with a characteristic of interesty alone is measured. The
first-phase sample gives a good estimate,x

′
, of the popula-

tion mean,X, while the second-phase subsample in which
y is measured is employed to estimate the population mean
Y through ratio estimation usingx

′
andy.

2.1. Ratio Estimator in Simple Random Sampling

We now extend the two-phase sampling ideas to two
samples. Suppose two, first-phase simple random samples
s
′
1 of sizen

′
1 ands

′
2 of sizen

′
2 are taken without replace-

ment from a population ofN elements. Auxiliary attributes
x1i, x2i, are observed for all elementsi ∈ s

′
1, i ∈ s

′
2. Sim-

ple random subsampless1 of sizen1 ands2 of sizen2 are
taken without replacement froms

′
1 ands

′
2. Ratio estimators

of Y , areyr1 = (y1/x1)x
′
1 = R̂1x

′
1, yr2 = (y2/x2)x

′
2 =

R̂2x
′
2, wherex

′
1 andx

′
2 are the means for the first-phase

sampless
′
1 ands

′
2 and(x1, y1) and(x2, y2) are the means

for the second-phase sampless1 ands2. These estimators
are design-consistent forY asn1 →∞ andn2 →∞.

In single-phase sampling, jackknife variance estimation
is often used whenX, is known. Under a model-based
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framework, Royall and Eberhardt (1975) have shown that
the jackknife variance estimator is asymptotically equiva-
lent to a robust variance estimator. As a result, it performs
well both unconditionally and conditionally given the an-
cillary statisticx. The jackknife method for single-phase
sampling is not readily applicable to two-phase sampling
sinceyi is not observed ifi ∈ s

′
k − sk in samplesk = 1, 2.

We now obtain a jackknife variance estimator foryrk by
recalculatingyrk with the jth element removed for each
j ∈ s

′
k then using the variance of thesen

′
k jackknife val-

ues,yrk(−j). Clearly, deleting unitj will affect x1 andx2

only if j ∈ sk and not ifj ∈ s
′
k − sk, for samplek = 1, 2

while it will affect x
′
k for all j ∈ s

′
k. Thus, we define

yrk(−j) = [yk(−j)/xk(−j)]x
′
k(−j),

for all j ∈ s
′
k, where

xk(−j) =

{
nkxk−xj

nk−1 , if j ∈ sk,

xk, if j ∈ s
′
k − sk

(2)

yk(−j) =

{
nkyk−yj

nk−1 , if j ∈ sk,

yk, if j ∈ s
′
k − sk

(3)

andx
′
k(−j) = (n

′
kx

′
k − xj)/(n

′
k − 1) for all j ∈ s

′
k.

Now apply the usual jackknife method toyrk(−j) to get

vJrk
=

n
′
k − 1
n
′
k

∑

j∈s
′
k

[yrk(−j)− yrk]2 . (4)

A linearized version ofvJrk
for largenk is obtained by not-

ing that

yrk(−j)−yrk =





−R̂k

(
xj−x

′
k

n
′
k
−1

)
− x

′
k(−j)

xk(−j)

(
xj−R̂kxj

nk−1

)
,

if j ∈ sk,

−R̂k

(
xj−x

′
k

n
′
k
−1

)
, if j ∈ s

′
k − sk.

(5)
The jackknife variance estimator is a weighted average

of two estimators, given by

vJr =
n
′
1vJr1 + n

′
2vJr2

n
′
1 + n

′
2

=
n
′
1 − 1

n
′
1 + n

′
2

∑

j∈s
′
1

[yr1(−j)− yr1]
2

+
n
′
2 − 1

n
′
1 + n

′
2

∑

l∈s
′
2

[yr2(−l)− yr2]
2
. (6)

Let’s consider Rao and Shao (1992) adjusted jackknife
variance estimator using data imputation framework. In one

of our samples,k = 1, 2 we define our estimator ofY as
ykI = (1/n

′
k)

∑
i∈s

′
k
y∗i . If the observation is part of the

second phase sample in samplek , sk, y∗i = yi, because
it is observed. If the value ofy is not directly observed
because it is part ofs

′
k − sk the value is obtained through

ratio imputation asy∗i = (yk/xk)xi.
To use convenient one-phase sample variance formulae,

Rao and Sitter (1995) proposed the following device to fa-
cilitate the computations. They defined

ẑki(−j) = y∗ki +
{

yk(−j)
xk(−j)

xki − yk

xk
xki

}
,

for samplek = 1, 2. Under this formulation,̂zki(−j) =
y∗ki = (yk/xk)xki for j ∈ s

′
k − sk in samplek = 1, 2,

andẑki(−j) = (yk(−j)/xk(−j))xki for j ∈ sk in sample
k = 1, 2. We also define the adjusted estimator,

ya
kI(−j) =

1
n
′
k − 1

n
′
k∑

i=1

ẑki(−j),

and this helps define the jackknife variance estimator for
samplek,

vJrk
=

n
′
k − 1
n
′
k

∑

j∈s
′
k

[ya
kI(−j)− ykI ]

2
, (7)

whereykI = ykr under ratio imputation. The jackknife
variance estimator based on adjusted imputed estimators
ykI , k = 1, 2 is a weighted average of two estimators, given
by

va
Jr =

n
′
1vJr1 + n

′
2vJr2

n
′
1 + n

′
2

=
n
′
1 − 1

n
′
1 + n

′
2

∑

j∈s
′
1

[ya
1I(−j)− y1I ]

2

+
n
′
2 − 1

n
′
1 + n

′
2

∑

l∈s
′
2

[ya
2I(−l)− y2I ]

2
. (8)

2.2. Ratio Estimator in Stratified Random Sam-
pling

Suppose the population ofN units consists ofL strata
such that theh-th stratum consists ofNh units and∑L

h=1 Nh = N . Suppose that an auxiliary variable,x,
closely related to an itemy is observed on all sample units,
s
′
hk in samplek = 1, 2 for stratumh. Ratio imputation uses

y∗hki = (yhk/xhk)xhki for i ∈ s
′
hk−shk whereyhk andxhk

are the means ofy andx for the respondentsshk in stratum
h. Ratio imputation can be motivated by the fact thaty∗hi
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is the best predictor of unobservedyhki under the following
”ratio” superpopulation modelξ:

Eξ(yhki) = βhxhki, Vξ(yhki) = σ2
hxhki,

covξ(yhki, yhkj) = 0, for i 6= j (9)

provided that the model also holds for the respondentsshk;
that is, if selection bias is absent. Note that response proba-
bilities can depend on thexhki’s. S̈arndal (1992) has named
the above equation an ”imputation” model. Under ratio im-
putation,

ykI =
L∑

h

WhyhkI =
L∑

h

Wh(yhk/xhk)x
′
hk, (10)

wherex
′
hk is thex mean for the full samples

′
hk from stra-

tum h. Under the model (9),ykI is design-model unbiased
for Y , provided that the model also holds for the respon-
dents. Also, under a uniform response mechanism within
each stratumh, the estimator (10) has the same properties
as the standard two-phase sampling separate ratio estimator.
This follows by noting that conditionally, givennhk, shk is
a simple random sample of fixed sizenhk drawn froms

′
hk.

Rao (1996) mentioned that the estimator (10) is approx-
imately design unbiased under uniform response in each
stratum, proved thatnhk is large for eachh. Note that strata
act as imputation classes in the present context. It is read-
ily seen thaty∗hki(−hkj) = [yhk(−hkj)/xhk(−hkj)]x

′
hki,

under ratio imputation whenhkjth respondent is deleted,
where

yhk(−hkj) = [nhkyhk − yhj ] /(nhk − 1) (11)

and

xhk(−hkj) = [nhkxhk − xhj ] /(nhk − 1), (12)

for k = 1, 2.
To use convenient one-phase sample variance formulae,

Rao and Sitter (1995) proposed the following device to fa-
cilitate the computations. We define

ẑhki(−hkj) = y∗hki +
{

yhk(−hkj)
xhk(−hkj)

xhki − yhk

xhk
xhki

}
,

for samplek = 1, 2, stratumh. Under this formula-
tion, ẑhki(−hkj) = y∗hki = (yhk/xhk)xhki for hkj ∈
s
′
hk − shk in sample k = 1, 2, and ẑhki(−hkj) =

(yhk(−hkj)/xhk(−hkj))xhki for hkj ∈ shk in sample
k = 1, 2, stratumh. We also define the adjusted estima-
tor,

ya
hkI(−hkj) =

1
n
′
hk − 1

n
′
hk∑

i=1

ẑhki(−hkj),

and this helps define the jackknife variance estimator for
samplek.

Using these values, the jackknife variance estimator is
given by

vJr (ykI) =
L∑

h=1

n
′
hk − 1
n
′
hk

n
′
hk∑

j=1

[ya
kI(−hkj)− ykI ]

2
. (13)

For k = 1, 2, we now obtain a linearized version of
the jackknife variance estimator. This variance esti-
mator is useful with computer programs that use the
linearization method of variance estimation. Noting that
ya

kI(−hkj) − ykI = Wh [ya
hkI(−hkj)− yhkI ], where

ya
hkI(−hkj) is the adjusted imputed estimator of thehth

stratum meanY h whenhkjth sample unit is deleted, we get

vJr (ykI) =
∑L

h=1 W 2
hvJr (yhkI)

=
L∑

h=1

W 2
h


n

′
hk − 1
n
′
hk

n
′
hk∑

j=1

(ya
hkI(−hkj)− yhkI)

2


 .

The jackknife variance estimator is a weighted average
of two estimators, given by

vJrs = n
′
1vJr (y1I)+n

′
2vJr (y2I)

n
′
1+n

′
2

=
n
′
1

n
′
1 + n

′
2




L∑

h=1

W 2
h


n

′
h1 − 1
n
′
h1

n
′
h1∑

j=1

(ya
h1I(−h1j)− yh1I)

2







+
n
′
2

n
′
1 + n

′
2




L∑

h=1

W 2
h


n

′
h2 − 1
n
′
h2

n
′
h2∑

j=1

(ya
h2I(−h2j)− yh2I)

2







wheren
′
1 =

∑2
h=1 n

′
h1 andn

′
2 =

∑2
h=1 n

′
h2.

3. Simulation Study

For our simulation of the Jackknife variance estimator
in simple Random Sampling, we created a population of
size N = 10000 by settingY = 0.8 × X + ε, where
sd(ε) =

√
x. The population is displayed in Figure 3

To study Stratified Random Sampling, we used the same
population but we divided the population into three strata:
X < 90, 90 ≤ X ≤ 110, 110 < X. So stratum 1 size is
N1 = 1633 such thatW1 = N1

N = 0.1633, stratum 2 size
is N2 = 6805 such thatW2 = N2

N = 0.6805, and stratum 3
size isN3 = 1562 such thatW3 = N3

N = 0.1562.
In the figures that follow, we note that there is little dif-

ference in the Jackknife variance estimators for the cases
studied here, but there are notable differences in the vari-
ation of these estimates. Figure 2 shows the reduction in
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Figure 1. Simulation Study Design: Simple Random
Sampling
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Figure 2. Simple Random Sampling

variance obtained by increasing the second phase sample
size, and how the difference in variance between the one and
two sample approaches decreases as the overall study size
increases. Figure 4 shows similar behavior for the Jack-
knife variance estimator for stratified sampling. Both of
these figures use a first-phase sample size of 2 times the sec-
ond phase size. Figure 5 illustrates the increase in variance
caused by nonresponse. We note that the increase in vari-
ance of our Jackknife variance estimates is only substantial
for very small samples, but shows that survey practitioners
can gain protection from this instability by using a suffi-
ciently large second phase sample size.
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Figure 3. Simulation Study Design: Stratified Ran-
dom Sampling
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Figure 4. Stratified Random Sampling
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Figure 5. Stratified Random Sampling
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4. Conclusions

Figure 2, 4, and 5 show that, in case of small population
size, the Jackknife variance estimator for two samples has
less standard deviation (variation) than Jackknife variance
estimator for one sample. In the future, we intend to
study the Jackknife variance estimator for two samples in
Stratified Multistage Sampling.
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Särndal, C.E. (1992). Methods for Estimating the Preci-
sion of Survey Estimates when Imputation has been
used.Journal of the American Statistical Association,
81, 366-374.

Tukey, J. (1958). Bias and Confidence in not quite large
samplesAnn. Math. Statist., 29, 614.

3820

ASA Section on Survey Research Methods


	Return to Main Menu
	===================
	Search CD-ROM
	===================
	Next Page
	Previous Page
	===================
	Program Book
	Table of Contents
	JSM
	ASA Section on Bayesian Statistical Science
	ASA Section on Biometrics Section -to include ENAR and WNAR
	ASA Section on Biopharmaceutical
	ASA Section on Business & Economic Statistics
	ASA Section on ENAR Spring Meeting
	ASA Section on Government Statistics
	ASA Section on Health Policy Statistics
	ASA Section on Nonparametric Statistics
	ASA Section on Physical & Engineering Sciences
	ASA Section on Quality & Productivity
	ASA Section on Risk Analysis
	ASA Section on Social Statistics
	ASA Section on Statistical Computing
	ASA Section on Statistical Consulting
	ASA Section on Statistical Education 
	ASA Section on Statistical Graphics
	ASA Section on Statistics & the Environment
	ASA Section on Statistics in Epidemiology
	ASA Section on Statistics in Sports
	ASA Section on Survey Research Methods
	ASA Section on Teaching Statistics in Health Sciences

	Other Meetings
	AAPOR
	AAPOR Section on Health Policy Statistics
	AAPOR Section on Survey Research Methods

	FTC
	MBS
	SBA
	SRC


	===================
	Full Text Search
	Search Results
	Print
	===================
	Help
	Exit CD



