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Abstract 

We propose a model-based restricted best (RB) predictor of a finite population mean that minimizes the 
mean square prediction error (MSPE) among the class of all predictors that depend on the sample only through 
the traditional design-unbiased estimator of the finite population mean. We then consider an empirical restricted 
best (EFLB) predictor derived from the RB that does not require the knowledge of an explicit model for the 
unobserved units of the finite population. The proposed EFLB converges in probability (with respect to a model) 
to the customary design-consistent estimator, irrespective of the assumed model. Unlike recent papers on design 
consistency, this paper presents a general methodology that can be applied to a wide class of models, including 
mixed linear models and generalized linear mixed models in common use, and provides a formal proof of design- 
consistency. The case of unknown model parameters is undertaken and a second-order accurate model-based 
MSPE of the proposed ERB predictor is obtained to measure the precision of the proposed predictor. The 
method proposed here will find applications in small-area estimation problems. 

KEYWORDS: asymptotics, mean square prediction error, robustness, small-area estimation, survey weights. 
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1 Introduction hyperparameters) of our assumed model are unknown. 
We discuss the estimation of precision of our pro- 

In this paper, we revisit the model-based estimation posed E m .  In this paper, we propose a model MSPE 
in finite population sampling where a large &-he popula- estimator that accounts for various sources of variabili- 
tion is stratified into several strata, each assumed to be a ties. One might wonder about a possible design-based 
realization from a superpopulation generated by a multi- precision measure. But, Prasad-Rao (1999) showed that 
level mixed model. Applications of multi-level mixed their model-based precision measure is much more stable 
models in finite population sampling can be traced back than an alternate design-based precision measure pro- 
to the well-celebrated paper by Ericson (1969) who put posed by Kott (1989). 
forward a subjective Bayesian approach to finite POP- our  main application is small-area estimation where 
ulation inference. Ghosh and Meeden (1986) consid- we treat each stratum as a small-mea. For a review on 
ered an empirical Bayes estimation of a finite popula- small-area estimation, see Ghosh & &O (1994), L&i 
tion mean using a simple random effects normal model. and Meza (2001), Pfeffermann (2002), among others. 
Ghosh and Lahiri (1987) extended their method to a Importance of design-consistency when using unit level 
non-normal situation using the assumption of posterior models has been stressed in a number of papers on small- 
linearity. These three papers and several other follow-up area estimation. See Arora and Lahiri (1997), Prasad & 
papers, including Nandram and (19931, Arora, Rm (1999), Kott (1989), YOU and Rao (2000), Folsom, 
Lahiri 8~ Mukherjee (1997), Datta & Ghosh (1991), es- Shah & Vaish (1999), among others. However, most of 
sentidly use unit level mixed models and assume equal the papers deal with mixed linear normal models, except 
sampling weights within each stratum. The resulting for the paper by Folsom et al. (1999). In contrast with 
model-based estimators are not design-consistent, i.e., other papers, we provide a general methodology for p r e  
they do not converge to the corresponding true stratum d u h g  ERB predictors which are also design-consistent. 
mean when the stratum sample size is large unless the Our method works for a general class of models including 
design is self-weighing. mixed linear models and generalized linear mixed models 

In this paper, our goal is to obtain an eficient model- in common use. 
based estimator of a stratum mean which retains in- Section 2 presents a formulation of the problem and 
formation contained in sampling weights. A sampling the ERB. In Section 3, we present the design consistency 
weight attached to a sampling unit represents a certain property of our proposed predictor. Some examples are 
number of population units. It is the basic inclusion considered in section 4 to verify the conditions of design- 
probability of the unit adjusted for various factors such consistency. A MSPE estimator of the proposed estima- 
as post-stratification, non-response, etc. we  first obtain tor, whose bias is of the order ~ ( m - l ) ,  where m is the 
the restricted best (RB) predictor which has the least number of strata, is presented in Section 5. All technical 
mean square prediction error (MSPE) among the class proofs are deferred to the Appendix. 
of all predictors which depend on the data only through 
the traditional design-unbiased sample survey estimator. 
This is one way of incorporating the sampling weights 2 

stratum mean requires distributional assumptions for the 
unobserved units of the finite population. To circum- Consider a finite population stratified into m strata 
vent the problem, we consider an empirical restricted and let N~ be the size of the ith stratum (i = 1, .  . . , m). 
best (E rn )  Predictor that estimates the RB UnbiasedlY Let y i j  denote the value of a characteristic of interest for 
with respect to the sampling design. This is yet another the j th  observation in the ith (i = 1, .  . . , m; j = 
way of incorporating the sampling weights in the esti- 1 , .  . . , Ni). In this paper, we consider the estimation of 
mation procedure. Although we need an explicit model the ith mean given by = NZ7l ~ g ,  Xj based 
for the sampled units to compute our proposed predic- on a sample, say yl~j (i = 1 , .  . . , m; j = 1, .  . . , ob- 
tor, it enjoys an appealing robustness ProPe%' in that tained using a complex sampling scheme. Let dij denote 
it is design-consistent even if the model fails. We con- the corresponding sampling weight (i = 1 , .  . . , m; j = 
sider the case when the model parameters (also known as l , .  . . , 

An Empirical Restricted Best 
in the model-based procedure. This RB estimator of the Predictor 
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We assume that yij (i = 1,. . . ,m; j = 1,. . . , Ni) 
are realized values from a hypothetical superpopulation 
characterized by a probability distribution. We use the 
the notation Ed for the expectation with respect to the 
sampling design and Em the expectation with respect to 
the mixed model. Thus, E = EdE, and we assume that 
the expectations are interchangeable and that the sam- 
pling design is non-informative, i.e., does not depend on 
the assumed model. 

Define the traditional survey weighted estimator of 
% as Ti = ZyLl wijyij, where wij = Gij/ C;L1 Gij. 
Throughout the paper we assume that Ti is a design- 
unbiased estimator of %, i.e., &(Ti) = %. We shall first 
fhd the best predictor of % based on Ti. This optimal 
predictor will be referred to as the restricted best (RB) 
predictor of E. 

We need an explicit model for sampled units. How- 
ever, for the unobserved units of the finite population, 
we only need to assume the existence of a random effect 
vj associated with the ith stratum such that 

Em(yijIvi,Ti) = Em(Kj1vi)- 

The assumption holds for the mixed linear normal model 
(e.g., Prasad and Rao 1999) and the mixed logistic model 
(Jiang and Lahiri 2001). We define the mean square 
prediction error (MSPE) of an arbitrary predictor ?i of 
%as 

MSPE(?~) = E(?~ - ~ 2 ,  

where the expectation is taken over both the sampling 
design and the assumed mixed model. The following 
theorem yields RB predictor of % defined as Fy = 

Theorem 1. Under the assumed mixed model and 
the sampling design, Yi minimizes the MSPE among 
the class of all predictors which depend on the data only 
through Ti’s. 

is also an un- 
biased predictor of %. In this paper, we shall assume that 
an explicit model for the unobserved unit of the finite 
population is not available and thus Em[Em(yij Iwi)lTi] 
are unknown for all unobserved units of the ith stratum. 
Hence, generally Yi cannot be computed. Note that 
for fixed values of Em[E,(yijIvi)lTi] (i = l , - . . , N i ; i  = 

1, . . . , m), we can treat Yi as an unknown finite pop- 
ulation mean which can be estimated unbiasedly (with 

Ncl Cz1 Em[Em(Y&l~i)lTi]. 

e R B  

e R B  - e R B  
Note that E[Yi -yi] = 0 so that Yi 

e R B  

e R B  

respect to the sampling design) by 

j=1 

assuming that Em[Em(Kj Ivi) [Ti] are fully specified for 
all sampled units j = 1, -. . , ni; i = 1, -. . , m. 

The following theorem provides a tool for computing 

Yi and justifies it as an empirical restricted best, or 
empirical restricted Bayes, (ERB) predictor of %. Define 

Theorem 2. Under the assumed model and sam- 
pling design, we have 
(i) 8 y  = ti, where & = Em[CilTi]; 

(ii) E[& - yi 1 = 0. 

obtain & as 

e ERB 

Ci = Em(Tilvi). 

= R B  

Remark 1: Define 6 ( v )  = [il,,i=,,. Then, we can 

where f (Ti, v), f (v) are nonnegative functions such that, 
under the model, f(Ti,v) = f(Tilvi)Ivi=,,, the condi- 
tional density of Ti given vi, and f(v)  is the density 
of vi, which may depend on I ) ,  a vector of dispersion 
parameters. 

depends on Ti and often on 8, 
a vector of unknown model parameters which include I )  
and possibly other parameters, i.e., 

The proposed ERB 

- 
Ci = (2) 

for some function ui(-, -). 
When 8 is unknown, it is replaced by 4, a model- 

consistent estimator. This gives the following ERB pre- 
dictor of % for the most practical situation: 

& = ui(Ti,d) . (3) 

3 Asymptotic behavior of ERB 
The following theorems states that, as long as ni is 

large, (i agrees asymptotically with Ti, regardless of the 
model and 8. If a design-unbiased estimator of is not 
found, we may choose Ti to be at least design-consistent 
so we can make our ERB predictor close to a design- 
consistent estimator for large ni. We shall prove the 
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result both with respect to the model and to the design. 
So, as before, P,, Em and varm represent probability, ex- 
pected value and variance with respect to the assumed 
model, and Pd, E d  and vard those with respect to the 
design. Write n = ni for notational simplicity. Theo- 
rem 3 below is regarding consistency with respect to the 
model, or model-consistency. 

1) Emlyijl and s IC(v)lf(v)dv are bounded; 2) there is a 
sequence A, E (0, OO] such that, as n + 00, 

Theorem 3. Suppose that 

+ 0 in P, for any E > 0; and 3) 

-+ 0 in P,, where h u l T m . - - d v  is understood as 0. 
Then, & - Ti + 0 in P,. 

When 0 is unknown, it is customary to replace it 
by 8, a model-consistent estimator. A similar result j s  
expected to hold when B is replaced by 8, i.e., t i  by 51. 
Note that, in many cases, B remains consistent even if the 
model fails. For example, it is known that in linear mixed 
models the restricted maximum likelihood (REML) es- 
timators of the variance components obtained assum- 
ing normality remain consistent even if normality fails 
[Richardson & Welsh (1994), Jiang (1996)) Note that in 
this case f(Ti,vi) is the (restricted) normal conditional 
density which is not the true (restricted) conditional den- 
sity, and B is the vector of variance components. To see 
another example, consider the estimation of the parame- 
ters in a generalized linear mixed model (GLMM). Sup- 
pose that the usual exponential-family assumption fails 
for the conditional density but the conditional mean is 
correctly specified. Jiang and Zhang (2001) showed that 
some GEE type estimators remain consistent. Note that 
in this case f(Ti, vi) is the exponential-family conditional 
density (e.g., binomial) which is not the true conditional 
density, and 8 is the vector of parameters in the GLMM 
which are still well-defined under the conditional mean 
mopel. However, Theorem 3 shows that the consistency 
of B is important only when n is small. Such a case will 
be considered in section 5. 

A design consistency analogue of Theorem 3 is the 
following. 

Theorem 4. Suppose that 
1) there is a constant c > 0 such that lyijl 5 c and 
J I[i(v)lf(v)dv 5 c; 2) there is a sequence An E (0,001 
such that, as n + 00, 

SUP f (Ti, v) 
(Jf(Ti,v)f(v)dv)-’ ICi(v)--T;I>E~IVI<Xn 

3 0 in Pd for any E > 0; and 3) 

+ 0 in Pd, where ~ v 1 2 m - . - d v  is understood as 0. 
Then, & - Ti + 0 in Pd. 

The proof of the Theorem 3 is given in Appendix. 
The proof of Theorem 4 is similar and therefore omitted. 
In the next section we consider some examples. 

4 Examples 
Example 1 (Normal data). In the case of mixed 

linear normal model, one has y i j  = x z p  + zzvi + ei j ,  

where vi and eij are independent with vi N N(O,a:), 
eij  - N(0,a:). Then, we have Tilvi N N ( c i , ~ z ) ,  where 

and T: = a: Cy=l wb. Therefore, 
(i = bTp + @vi, bi = cj”=l ~ i j ~ i j ,  di = Cj”=, ~ i j ~ i j ,  

Let the xijs and zj js be bounded. Then, y i j s  are 
bounded in L1, and we have 1[i(v)lf(v)dv 5 IbillPl + 
(di( s Ivlf(v)dw, which is bounded, provided that the first 
moment of vi under the model is bounded. Thus, condi- 
tion 1) is satisfied. 

If I<i(v) - Ti1 > E ,  one has 

f ( ~ i ,  v) 5 ( z T T ~ ) - ’ / ~  exp(-e2/27f). 

On the other hand, under the model, Ti - N ( p i ,  & +T:) 

with pi = bTp and 6i = a;@di. Thus, 

J f(Ti,  v)f(v)dv 

= f P i )  

3718

ASA Section on Survey Research Methods



It follows that, as n + 00, 

/ I -  \ -1 

1, (Ti - piy log($ + 6i) 
+ 2  2($ + 6i) + 

which converges to 0 in P,, provided that E,IY&l is 
bounded and, as n + 00, C,”=lw:i + 0 and 6i is 
bounded away from 0. Thus, condition 2) is satisfied. 

Finally, by taking A, = 00, condition 3) is obvious. 
Remark. Consider a special case: Y& = p + wj + ejj. 

It is easy to show that, in this case, [i = p + ui, and 
ti = (o:/(o: + 7:))Ti + (T?/(O,” + ~ f ) ) p .  Thus, our 
result reduces to that of Prasad & Rao (1999, pp 74). 

Example 1 (continued). In case of a finite p o p  
ulation, y i j  will not be normally distributed. However, 
(4) - (6) continue to hold. Note that (4) and ( 5 )  are 
derived under the normal model. Furthermore, the right 
side of (6) converges to 0 in Pd, provided that all the as- 
sumptions hold except that the assumption that EmlEjl 
is bounded is replaced by that lyjjl is bounded. 

In conclusion, all the assumptions of Theorem 4 hold 
provided that all the assumptions previously made in Ex- 
ample 1 hold except that Em Iyij I is bounded is replaced 
by that lyijl is bounded. 

Example 2 (Binary responses). Suppose that, 
given wi, Y&, 1 I j I n are independent Bernoulli 
with P(xj  = l l w i )  = p i ,  and logit(pi) = zTp + wi. 
It follows that [i = p i ,  and nTilwi - Bi(n,pi), hence 
f ( ~ i ,  w) = (n;i)prTi(~ - pi)n-nTilui=u. We first verify 
the conditions of Theorem 3. 

Since lTil and 
Let 903) = n{Tilogit(p) + log(1 - p ) } .  By Taylor 

expansion, it is easy to show that, if Jp - Ti1 > E ,  cp(p) 5 
cp(Ti) - 8e2T;(l - Ti)n. On the other hand, if Ip - Ti1 < 
n-1/2, i.e., ai < w < bi,  where ai = logit(Ti - n-1/2) - 
zTp, bi = logit(Ti + n-li2) - zTp, then, again by Taylor 
expansion, there is M > 0 such that Pr(cp(pi) 2 cp(Ti) - 
M )  2 1 - E ,  provided that lzi[ is bounded. Thus, with 

1[i(w)lf(w)dw 5 1, 1) is satisfied. 

probability 

5 

> l - E ,  

Cn1/2 exp(-8e2Ti(1 - Ti)n) 

for some constant C, provided that f ( w )  is continuous 
and positive. Therefore, 2) is satisfied. 

Finally, by taking A, = 00, 3) is obvious. 
Note that, unlike Example 1, there is no closed form 

expression for in Example 2. Nevertheless, in this case 
& can be computed easily using a Monte-Carlo method 
[Jiang (1998)l. 

Example 2 (continued). Note that xj do not have 
to satisfy the model. In particular, in case of a finite 
population, it can be shown, using almost exactly the 
same arguments, that the conditions of Theorem 4 are 
satisfied as long as Ti is bounded away from 0 and 1 in 

Example 3 (Exponential-Gamma). We assume 
that, given the random effect wi, responses yij, j = 
1,. . . ,ni are independent with y i j  - Gamma(aij, wa’), 
where aij is a known positive constant. Furthermore, 
wi N Exponential(A). Here Gamma(a,p) has density 

P d .  

(r(a)pa)-lyn-le-VIP, y > o 
and Exponential(A) has density Ae-xV, y > 0. It is 
easy to see that Tilw N Gamrna(a., (nw)-l), where a. = 

Stirling’s approximation, it can be shown that 
C,”=, aj, so f ( ~ i ,  u)  = {(nw)n./r(a.)}Ti”.-le-n~Ti . BY 

f (Ti, 

where d = a./n. Suppose that, as n + 00, d is bounded 
from above and away from 0. For any q > 0, chose a, 
A > 0 such that Pr(a I Ti I A) 2 1 - q. Then, there is 
6 > 0 such that when 0 < w < 6, the quantity inside the 
above {-.-} is less than -1 for all 0 < Ti I A. On the 
otherhand,ifw >6and(Ti-[i(w)i = ITi-&w-lI >€ ,we 
have I(wTi/&) - 11 > E ( w / ~ )  2 ~ 6 / d ,  which is bounded 
away from 0. Since the function cp(z) = 1 + log(z) - z 
is strictly negative outside any neighborhood of 1, the 
quantity inside the above { - - - }  is, again, less than some 
negative constant. It follows that, with probability 1 1- 
q,  we have f (Ti ,  w) I cfie-bn for some 
constants b, c > 0. Furthermore, it is easy to show that, 
with probability 1 1 - q,  

( J  f(Ti,  v)f(u)du) -’ 
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as O(Nzr"2). However, the proof is technical and is not 
attempted here. Note that here we are assuming that 
the population size Ni is much larger than m so we can 
ignore any term of the order Nzr"2 or lower. 

- - 

M Gexp($) S2 5 c Turning to the model MSPE of ti, we have 

for some constant c. Since 77 can be arbitrarily small as MSPE(&) = M S P E ( ~ ~ )  + E(& - 
(7) 

n increases, condition 2) of Theorem 3 is satisfied with 
A, = 00. Condition 3) is obvious. 

Example 3 (continued). Again, y i j  do not need 
to satisfy the model. In particular, in case of finite p o p  
ulation, it can be shown, using almost eaxctly the same MSPE(&) = EC? - E(? 
arguments, that the conditions of Theorem 4 are satis- 
fied as long as Ti is bounded from above and away from 

+wti - ti)(& - Ci) * 

First, we have 

2 

= E C w i j E ( E j l ~ i )  -Eu;(Ti,8) 
zero in Pd. (1' ) 
5 Estimation of MSPE 

In this section, we assume that ni is bounded for all 
i. Also, we assume that the model holds so that (1) 
correspond to the* ERB predictor. An ?ppropri?te preci- 
sion measure of Ci is given by MSPE(Ci) = E(Ci - E)2, 
where the expectation is taken with respect to both the 
sampling design and the assumed mixed model. Ideally, 
we would like to obtain an estimator of MSPE(&) whose 
bias (with respect to both the sampling design and the 
model) is of the order o(m-'). However, in this paper 
we follow the approach of Prasad and Rao (1999) and 
obtain an estimator of MSPE(&) whose bias is of order 
o(m-') with respect to the model only. The bias will 
be still of the order o(m-') when an additional expecta- 
tion is taken with respect to the sampling design, under 
some mild conditions. In the following we mainly focus 
on the model-based approximation, so the probability 
statements, expectations, variances and MSPE are with 
respect to the assumed model. A remark is made at the 
end of the section on extension of the results with respect 

= d@) . (8) 

Second, by the same arguments as in section 3 of 
Jiang (1999), we have 

E(& - = ei(0)m-l + o(m-') , (9) 

where ei(8)  = E (aui/dBT) V(8) (aui/a8) with V(8)  = 
mE(8 - 8)(d - 8)T. 

Third, to obtain an approximation for the third term 
on the right side of (6), we make further assumptions on 
d. Suppose that 8 is a solution to an estimating equation 
of the following type 

where yi = ( K j ) l l j l , ; ,  ai(- ,  a) is vector-valued such that 
Eai(yi,8) = 0 if 8 is the true vector of parameters, 1 5 
i 5 m. For example, it is easy to see that the maximum 
likelihood estimator of 8 satisfies the above. It can be 
shown that (see Appendix) if 8 satisfies the above, then 

to both model and design. 
Throughout the section, we assume Ci = E(x1vi) 

which holds, for example, the mixed linear normal model 
of Prasad and Ran, (1999) and the mixed logistic model 

E(& - ti)(& - Ci) = gi(8)m-l + ~ ( m - ' )  , (11) 

where gi(8) = Ewi(Y, e)(E(&ITi) - E(QIY)) with 

of Jiang and Lahiri (2001). Using this assumption, cer- 

theorem, it can be shown that - Ci = O P ( N ~ ~ ' / ~ ) .  
Thus, (ti - c)' = (& - &)2 + O P ( N ~ " ~ ) .  Because of 
the above fact, we approximate E(& -E)2 by E(&-(i)2. 
It is possible to claim the order of the neglected terms 

tain regularity conditions on f(wi)  and the central limit wi(y,8) = - A-'ai(K,e) mdi(Y, 8 )  , 

di(y,e) = ($) A-' ($ - A )  A-'M(8) 

+- 2 A - ' ( i ~ f ~ ( e ) A - ~  
2 aeT 
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A = E(dM/dOT) and A-T = Here M j  repre- 
sents the j t h  component of M ,  and ( b j )  a vector with 
components b j .  

Thus, under suitable conditions (see Appendix), we 
obtain the approximation 

MSPE(&) = di (e)  + m - l ( e i ( ~ )  + 2gi (~) )  

+o(m-l ) .  (12) 

Finally, if we define 

M=E(&) = di(d) + rn- l ( e3 )  + 2gi(8) 

-B3)) , (13) 

where 

h h  

and ei(O), Bi(f3) are estimators of ei(0), Bi(O) discussed 
in the next section, then, under suitable conditions (see 
Appendix), we have 

E(MeE(&) - MSPE(&)) = o(m-') . (14) 

The quantities di(O) and gi(O) can be estimated by 
di(d) and gi(d), respectively. As for ei(0) and Bi(O), they 
involve quantities such as E(d - 0) and E(d - O)(d - O)T. 
Their estimation will be discussed in the next section. 

Remark. The results of this section, that is, (12) 
and (14), continue to hold when another expectation 
is taken with respect to the design, provided that the 
bounds on the derivatives and moments as well as 1IA-l 1 1  
given in the Appendix can be made not dependent on the 
sampling design, which typically is possible. The argu- 
ment is straightforward from the definition of expecta- 
tion with respect to the design. 

6 Estimation of ei(e)  and B@) 
We now return to the remaining issue of the previous 

section on the estimation of two quantities, ei(0) and 

Bi(O). Here, again, the expected values are with respect 
to the model. First, we have the following alternative 
expressions: 

4 0 )  = tr(V(O)G,(O)), (15) 
1 T 

Bi(e) = (g) b(o)  + p(V(0)G2(O) ) ,  (16) 

G,(e) = E(aui/ae)(aui/ae)T and G ~ ( O )  = a2di/de aeT. 
where b(O) = mE(d - O ) ,  V(O) = mE(8 - O ) ( 8  - O)T, 

Gj(O) can be estimated by a plug-in estimator, that is, 
Gj(8) ,  j = 1,2. As for b(8) and V(O), we propose to use 
the following sandwich-type estimators: 

where 4 = ai(yi, O ) ,  

and, as before, ( b j )  represents a vector whose j t h  com- 
ponent is b j .  The derivations of (17) and (18) are given 
in Appendix. 

The estimators of ei(O) and Bi(O), denoted by e 3 )  
and Bz), are obtained by (14) and (15) with V(O) and 
b(O) replaced by V q )  and bF), respectively, and Gj(O) 
replaced by Gi(8),  j = 1,2. 

Note. Some derivatives are involved in the expres- 
sions of V 3 )  and bF). Sometimes, computing the an- 
alytic forms of the derivatives, especially second deriva- 
tives, can be tedious and errors are often made. Alterna- 
tively, one may use the numerical differentiation method 
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as follows. Let h(x1,. . . , x k )  be a twice continously dif- 
ferentiable function, then 

with + = (o,", of)', 

u;xi. 
a: + nio; ' bi , i (+)  = 1 

M -{h(Xi, .. . , xi   AX^, . . . , ~ k )  
ah 
dXi  AX^ b i ,2(+)  = -(a: + nio:)-2, 
- 

1 
M- {h (x i , .  . . , xi + Axi, 

d2h 
axiaxj  A x ~ A x ~  

. . . , ~j +  AX^, . . . , ~ k )  

-h(xl , .  . . , xi +  AX^, . . . , ~ k )  

-h(xl , .  . . , ~j + A z j ,  . . . , ~ k )  

+ h b l , .  . , X k ) } ,  

as Axi, Axj + 0. In practice, one may take Axi = A-xi ,  
where A is a small number (e.g., A = 

We now use a specific example to illustrate the MSPE 
estimation. 

7 An example 
Consider the following simple nested error regression 

model: y i j  = Pxij +vi + ei j ,  i = 1, -. . ,m, j = 1, ,ni ,  
where vi's and eij's are independent normal with means 
0 and variances o," and ofkij, respectively, and kij's are 
known. For simplicity and without loss of generality, we 
let kij = 1. Then, it is a special case of Example 1 in 
section 4 (see the notation therein). Let 6 = (p, o,", of)' 
denote the parameters involved. 

If we choose wij = n i l ,  then Ti = K. Furthermore, 

Psi, and ci = P3.i + vi so that [i(v) = P& + v. It is easy 
to show that 

we have bi = Ii = n i l  C'? 3=1 ~ i j ,  di = 1; Si = o:, pi = 

and is t i  with 6 replaced by 8. 
The estimator of 6 is the solution to (lo), where 

ni 

a i , ~  = b i , l ( + ) ( K .  - ~ i . p )  + C X i j ( K j  - ~ i j p ) ,  
j=1 

ai,2 = ba,z(+){(K.  - x ~ . P ) ~  - ni(o," + nia:)},  

According to sections 5 and 6, he MSPE estimator is 
given by M s E (  & ) z d i  (8) +m-l{ e z )  + 2gi (8) - Bz) }, 
where e s )  and Bi(6) are given at the end of section 
6. More specifically, we have the following expression: 
&(O)  = o,"u,"/(o," + nio,"). Furthermore, in this case, we 
have E(C,IY) = E(cilY1,) = E(ci(Ti) = ti, so gi(6) = 0. 
The estimation of ei(0) and &(O)  is discussed in section 
6. 

Appendix 
Proof of Theorem 1: Note that for an arbitrary 

predictor of the form 8i = ?i(Ti) 
-RE - R E  

E M ( ? ~ - Y ~  )(Yi -z) 
^RE ^RE 

= EM (?i-Yi )EM[[(Y, -%)lTi]) 

= o  
= R E  

( 
since EIL,I[EIT~] = EM[EM{%IT~, vi}lTi] = Yi . 
eRB 
Yi )2 +MSPE(?y).  This proves Theorem 1. 

immediately from the definitions of Yi 
To prove part (ii) note that 

Using the above fact, we have MSPE(?i) = E(?j - 
I 

Proof of Theorem 2: The proof of part (i) follows 

, ci and Ti. 
=ERE 

This completes the theorem. I ai,3 = bi ,s(+){(K.  - - ni(o: + nia:)} 
Proof of Theorem 3: We have 
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For any e > 0, the numerator in (A.l)  = Now, coming back once again, we have 

B-l = A-l - A- l (B  - A)B-1 ... 
= A-' - A- l (B  - A)(A-l 

3 -A-l(B - A)B-l )  
... = X I k .  ( A 4  = A-l - A-l (B - A)A-l 

+(A- l (B - A))2B-1 +s 15; ( w )  -Ti I >e, I w 12 A n  k=l 
Observe that 

(A-3) 

1121 I +Op(m- l ) .  
l C i ( ~ ) - T ; l > e , l w I < X ~  

Thus, once again by (A.6), we have 
(A.4) ~ 

0 - 0  = -A- lM+A- l  (:: -- A ) A - ~ M  

1131 I (IZl + 1) / (ICi(v)I + l)f(Ti,v)f(v)dv . 
IWILXn 

(A.5) 
x A - ~ M  + op(~71-l) . Thus, by (A.1) - (A.5), and the assumptions, we have Iti - Ti1 I E + &dl + &&, where [k are bounded in 

probability, and Sk + 0 in P,, k = 1 , 2 .  Therefore, 
Pr(l& - ~ i l  2 3e) + 0. 

Derivation of (11): First note that, under regular- 

By the above asymptotic expansion and Taylor ex- 
I pansion, we have 

ity conditions, M(6) = O ~ ( r n - l / ~ ) ,  dM/dBT = Op(l),  
d2M!a6aoT = op( i ) ,  ( a M / a e T )  - A = o ~ ( ~ - ~ / ~ ) ,  

show that f o p  (m-1) 

?&(Ti,@ - Ui(Ti,6) 
a2ui 

T 

= (g) ( 4 - e ) + - p - e ) ~ ~ ( ~ - e )  1 -  and 6 - 6 = O ~ ( m - l / ~ ) .  Hereafter 6 represents the true 
vector of parameters. By Taylor expansion, it is easy to 

T 
= - (g) A - 1 ~  +s,(Y,B) + o p ( m - l ) .  

Note that Si(Y,6) = Op(m-'). 
+op(m-' ) ,  

Denote the matrix in {- - .} by B. Then, we have 

(A-6) Since Eail (I$, 6)(ui(Ti, 6) - [i) = 0 if i' # i, we have 
where ( b j )  represents a matrix whose j t h  row is b j .  EM(O)(ui(Ti,O) - [i) = m-1E~i(K,B)(ui(Ti,6) - [i). 

Therefore, we have 

B = A + O ~ ( W I - ' / ~ ) ,  

hence 

x (%(Ti, 6) - Ci) + o(m-1) . B-1 = A-1 - A-l (B - A p - 1  

= A-' + O ~ ( m - l / ~ ) .  
Finally, note that for any function w(y,6), we have 

It follows, by (A.6), that 

8 - 6 = - A - ~ M ( ~ )  + op(m-l). 
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Derivation of (16) and (17): By (A.6), we have for some X > 0, and there is a neighborhood of the true 
0, in which 

a3ui 
8-e  M -A-~M. (A.7) 

Thus, we have 1 ae,ae,ae, I I b 3 ( ~ i )  for d l  T,  S , t ,  

V(6)  M mA-lE(MMT)A-T such that E ( ~ I ( T ~ ) ) ~  and E ( b ~ ( 2 ' i ) ) ~  are bounded for any 
given k > 0; 

(ii) there is a set B with P(BC) = o(m-dl) for some 
dl > 2 such that on B we have Id - $1 5 m-dz, where 
dl > 1/3, and the following asymptotic expansion holds. 

i=l -1 i=l 8 - 0  = - A - ~ M + A - ~  (:: -- A ) A - ~ M  

1 + - A - ~ ( M ~ A - ~ H ~ A - - ~  2 M )  

Here the approximation is in the sense that the differ- + o ( d ) D ,  
ence between the two sides is op(1). Similarly, by (A.6) 

approximation (A.7), we have a second-order expansion 
(see the expansion of B-1 below it) and the previous where E(IDIk) is bounded for given > O; further- 

more, there are C1 and CZ > 0 Such that 141 < C i  (log m)'' ; 
(iii) the following are bounded for any given k > 0: 

d -e  M - A - ~ M  E( I ai I k), E( iaai/ae I k 1, E( I I a2ai 
E(lClk); and 

I I k), E( I ci I k) and 

Note 1. The expansion in (ii) is derived by Taylor 
expansion, and then replacing the first two derivatives of 
M with respect to 6 by their expected values. Sufficient 
conditions for such an expansion can be found in Das 
et al. (2004, Theorem 2.1 and Theorem 4.1). The last 
condition of (ii) holds, for example, if 8 is truncated (e.g., 
Das e t  al. 2004, pp. 826). 

Note 2. In (i) - (iii), the bounds for the moments 
may depend on k. Such conditions are satisfied, for ex- 
ample, if yij's are normal, or if yij's are bounded such 
as in the case of binary responses. 

1 
aeT 2 

+Ap1 (dM - A - - (MTAPTHj)  A-lM. (iv) ~ - 1  = q m - l ) .  

It follows that 

Below is a sketch of the the proof. 
First, by Taylor expansion, we have 

[i - [i = 
1 -  aui - 1 -  a 2 u .  

aeT 2 aeaeT 
Again, the approximation is in the sense that the differ- 
ence between the two sides is op(1). 

Conditions for (12) and sketch of Droof: The 

-($ - 0)  + -(e - e ) T A ( d  - 0) 

+o(m-l)Dl, 

following are some te&n&al conditions for (12) to hold: where E I D 1 l k  is bounded for any 

respect to 8, 

> Using a (i) ui is three-times continuously differentiable with order expansion 6 - 0 = -A-lM + 0(m-l/~)D2, where 
EIDzlk is bounded for any k > 0, for the second term, 
and the expansion in (ii) for the first term, we have 

A -  au. 
aeT 

[. - [. = - 2 A - l M  + & + o(rn-')D3, (A.8) 2 2  
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where ElD3lk is bounded for any k > 0. The above 
expansion holds on B, which is assumed in (ii). It follows lowing expression 
that h 

E(& - {i121B = m-lei(e) + o(m-l). 

Here we have used, again, the first order expansion of (c): Write E(gi(8) - g i ( 6 ) )  = E ( - - - ) ~ B  +E(--.)l~e. 
0 - 0 and an argument Similar to Jiang and Lahiri (2001, Use Taylor expansion for the first term and the proba- 
pp. 224). On the other hand, we have E(& - Q ) 2 1 ~ c  = bility of B" to evaluate the second term. 
o(m-l). Using (A.8) and similar argument, it can be 
shown that (11) holds. Acknowledgments 
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