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Abstract In many surveys the total sample size is
large enough that outliers will have a negligible im-
pact on aggregated estimates. However, their impact
can still be substantial at disaggregated levels such
as domains. In surveys repeated over time, such as
monthly or quarterly, estimates can vary quite a bit
between survey occasions, when outliers occur. This
article suggests methods to reduce the impact of out-
liers for disaggregated levels while keeping aggregated
estimates unchanged.

The proposed method is akin to using the ”Sur-
prise Stratum” procedure proposed by Leslie Kish in
his 1965 book, Survey Sampling. In the present con-
text, we illustrate how it can be used for a strati-
fied random sampling plan, where the objective is to
reduce the impact of outliers on stratum estimates
while keeping the population estimate unchanged. In
each stratum a Winsorization cut-off is set; the stra-
tum estimate is the stratum Winsorized estimate plus
the stratum share of the data values exceeding their
stratum cut-offs.

KEY WORDS: Efficiency, Sample Survey, Stratified
Random sampling, Winsorization.

1. Introduction

Outliers in survey sampling are population units
that have a very large impact on estimators of pop-
ulation parameters (usually totals). The data associ-
ated with these units have large values that have been

verified (i.e. they are neither coding nor response er-
rors). Such units with unusually high values would
not appear in weighted samples, had this been rec-
ognized prior to sampling. Note that if an outlier
is considered as a unique value, unrepresentative of
the non-sampled part of the population, then it is
common practice to reduce its design weight to one
(Chambers, 1986). However, outliers are not usually
unique; they can appear in both the sampled and the
unsampled parts of the population. Their presence
in the sample has a large impact on the estimate. A
number of procedures have been proposed to curtail
their influence, see Lee (1995) Valliant, Dorfman, and
Royall (2000, Section 11.1).

Winsorization is a widely used method for curb-
ing the effect of outliers. A threshold is first deter-
mined for each variable of interest. The value of sur-
vey variables above that threshold are replaced by
that threshold. Survey estimates are then computed.
This results in an estimator with a downward bias
and a variance smaller than that of the correspond-
ing non-Winsorized estimate. Minimizing the mean
squared error of a Winsorized estimate has been con-
sidered as a technique for selecting the threshold. Ko-
kic and Bell (1994) and Rivest and Hurtubise (1995)
suggested methods for calculating the optimal thresh-
old for stratified simple random sampling. The opti-
mal Winsorized mean typically curtails the contribu-
tion of few outlier units regardless of the sample size
(Rivest and Hurtubise, 1995).

The downward bias of Winsorized estimates is a
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major drawback. The bias-variance tradeoff, which
is optimal for a single estimate, is not reasonable
when estimates are aggregated in time or in space.
Aggregated Winsorized estimates have large biases,
resulting in less precision than standard aggregated
estimates.

This paper investigates new approaches for deter-
mining Winsorization thresholds that result in unbi-
ased aggregated estimates. It suggests methods for
reducing the impact of outliers on individual sur-
vey estimates while keeping aggregated estimates un-
changed. This is based on a formalization of the no-
tion of Surprise Stratum defined in Kish (1964, p.
481). Let Y denote the survey variable. Two types
of Y -values are considered. The first type assume
that the Y -values have a distribution whose mean
can safely be estimated for disaggregated levels. The
second type consists of large values whose mean is too
unstable for disaggregated use. These large values are
put in the surprise stratum for which only aggregated
estimates are produced. An improved disaggregated
estimate is equal to the sample mean for the regular
values plus a share of the aggregated estimate for the
large values. Techniques for distinguishing the large
from the regular values are presented.

Stratified random sampling is briefly reviewed in
Section 2. It is shown that one can improve on the
stratum sample mean as an estimator of the stratum
mean using a one way analysis of variance model for
Y . Section 3 discusses Winsorization in stratified ran-
dom sampling and introduces a method for selecting
the threshold that optimizes the estimators of the
stratum means. Applications of the new estimator to
two real stratified populations are presented in Sec-
tion 4.

2. A synthetic estimator for stratum means
in stratified random sample

Suppose that a stratified random sample has been
selected. Let L be the number of strata, Wh, nh, and
Nh respectively denote for h = 1, . . . , L the stratum
weight, the sample size and the population size. Let
yhi be the variable of interest associated with the i-th
unit (1, . . . , nh) within the h-th stratum. The stra-
tum sample mean ȳhs is an unbiased estimator for
the stratum mean ȳhU . The estimator of the overall
population mean ȳU is given by ȳstr =

∑
Whȳhs.

Suppose now that the variable y can be modelled

by

yhi = µh + σhεhi h = 1, . . . , L i = 1, . . . , Nh (1)

where µh and σh > 0 are the location and scale pa-
rameters for the hth stratum. Assume that the ran-
dom variables εhi’s are independent repetitions drawn
from a skewed distribution with expectation 0 and
variance 1. Note that we have made the unrealistic
assumption that the distribution of εhi does not de-
pend on the stratum; this assumption will be relaxed
in the next section. The scaled Weibull, log-normal,
and contaminated normal distributions are potential
candidates to represent the distribution of εhi.

A synthetic estimator for ȳhU is defined using an
equivariant estimators of the location and of the scale
of each stratum. Let a and b denote arbitrary real
numbers. The location estimator T̂ (y1, . . . , yn) is
equivariant if it satisfies T̂ (a+by1, . . . , a+byn) = a+
bT̂ (y1, . . . , yn). A scale estimator Ŝ(y1, . . . , yn) must
satisfies Ŝ(a + by1, . . . , a + byn) = |b|Ŝ(y1, . . . , yn) to
be equivariant. The median and the interquartile
range are possibly the simplest examples of equiv-
ariant robust estimators of location and scale. They
will be used for constructing a synthetic estimator.

Let ỹhs and rhs = ỹh3s − ỹh1s respectively denote
the sample median and the sample interquartile range
of stratum h; here ỹh1s and ỹh3s respectively denote
the first and the third quartile of the y-values in the
sample portion belonging to stratum h. The median
and the interquartile range are robust measures of
location and scale that are not sensitive to outliers.
Thus ỹhs has a variance that is much smaller than
ȳhs. It is however biased as an estimator of µh. The
synthetic estimator for µh, y

(syn)
hs , is constructed by

adding to ỹhs a bias correction involving the L strata.
It is given by

y
(syn)
hs = ỹhs + rhs

∑
Wk(ȳks − ỹks)∑

Wkrks
. (2)

Since
∑

Why
(syn)
hs =

∑
Whȳhs, the synthetic and the

standard estimates coincide at the aggregated level.

We next proceed to determine both theoretically
and via a simulation study the sampling properties of
y
(syn)
hs as an estimator of µh. Let µ̃ and σ̃ denote the

median and the interquartile range of the distribution
of εij . As the stratum sample sizes tend to ∞ then

rhs → σhσ̃ ỹhs → µh+σhµ̃ ȳhs → µh, h = 1, . . . , L
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where ”→” stands for ”converges in probability”.
These results imply that the synthetic estimator is
convergent for µh under (1).

Simulations were carried out to compare the sam-
pling properties of the direct and of the synthetic
estimator. Two distribution in (1) are included for
the errors εhi in the Monte Carlo study which is
summarized in Tables 1 and 2. The first one is the
contaminated distribution of normal investigated by
Hidiroglou and Srinath (1981). The second one is the
Weibull distribution considered by Fuller and Rivest
and Hurtubise (1995) amongst others.

Contaminated normal distributions considered by
Hidiroglou and Srinath (1981) can be characterized
by 5 parameters: the means (µ1, µ2) and the vari-
ances (σ2

1 , σ2
2) respectively representing the regular

and outlying components in the sample, and the pro-
portion of outliers p in the sample. Their distribution
function is

F (x) = (1− p)Φ((x− µ1)/σ1) + pΦ((x− µ2)/σ2),

where Φ(x) is the standard N(0, 1) distribution.
These distributions typically result in populations
where the outliers can be clearly differentiated from
the non-outliers. Its skewness coefficient κ3 is given
by,

(1− p)(3µ1σ
2
1 + µ3

1) + p(3µ2σ
2
2 + µ3

2)− 3µσ2 − µ3

(σ2)3/2
,

where µ = (1 − p)µ1 + pµ2 is the mean and σ2 =
(1 − p)σ2

1 + pσ2
2 + p(1 − p)(µ1 − µ2)2 is the variance

of the contaminated normal. The Weibull distribu-
tion function is F (x) = 1 − exp(−xα) for x > 0. Its
skewness coefficient is

Γ (β + 1)− 3Γ(β + 1)Γ(2β + 1) + 2Γ(β + 1)3)
(Γ(2β + 1)− Γ(β + 1)2)3/2

,

where β = 1/α and Γ(·) is the gamma function.

For all the simulations, populations of L strata
with Nh = 500 units were simulated following (1),
using the same location and scale parameters in all
strata. One thousand (T = 1000) stratified simple
random samples were selected without replacement
from the population. For each stratum and each
replicated sample, the sample mean ȳ

(r)
hs and the syn-

thetic estimator y
(syn)(r)
hs , given by (2), were calcu-

lated for r = 1, . . . , T . The relative bias of the syn-
thetic estimator y

(syn)
hs in stratum h is

RB(y(syn)
hs ) =

|∑r(y
(syn)(r)
hs − ȳhU )|

T ȳhU

RRMSE

L nh B(y(syn)
hs ) ȳhs y

(syn)
hs EFF

20 20 1.74 14.18 9.2 2.4
20 50 1.71 8.73 5.94 2.17
20 100 1.71 5.84 4.26 1.86
10 20 1.51 13.83 9.44 2.19
10 50 1.61 8.48 6.04 2
10 100 1.7 5.67 4.28 1.75

Table 1 : Simulation results for a contaminated nor-
mal distribution with parameters µ1 = 3, µ2 = 15,
σ1 = 1, σ2 = 15, and p = .02 and κ3 = 5.5. The
average relative biases (B) and the average relative
root mean squared errors (RRMSE) of the synthetic
estimator y

(syn)
hs are reported in percentage.

while the corresponding mean squared error is

MSE(y(syn)
hs ) =

∑
r(y

(syn)(r)
hs − ȳhU )2

T
.

Tables 1 and 2 report the average relative biases,
B(y(syn)

hs ) =
∑

h RB(y(syn)
hs )/L, the average rela-

tive root mean squared errors (RRMSE(y(syn)
hs ) =

∑
h

√
MSE(y(syn)

hs )/(ȳhUL)) of both y
(syn)
hs and ȳhs,

and the efficiency of y
(syn)
hs defined as EFF =∑

h MSE(ȳhs)/
∑

h MSE(y(syn)
hs ).

Table 1 shows that the synthetic estimator allows
important gains in precision when model (1) holds
with contaminated normal errors. These gains are
most important when the sample sizes, nh, are small
and when the number of strata, L, is large. Simu-
lation results for a Weibull model with a skewness
similar to that of the contaminated normals of Table
1 are presented in Table 2. The results reflect that
the synthetic estimator does not improve on the stra-
tum mean even if (1) holds. This finding is reasonable
because, when L is large, the synthetic estimator is
approximately equal to

y
(syn)
hs ≈ ỹhs − rhs

µ̃

σ̃

where µ̃ and σ̃ are the median and the interquar-
tile range of the error distribution εhi in (1). Given
the Weibull distribution with α = .54, µ̃/σ̃ = −0.72
and, using some standard results on the asymptotic
variance-covariance matrix of the quartiles, one can
calculate the asymptotic efficiency of the approximate
synthetic estimator with respect to the sample mean.
The resulting asymptotic efficiency is equal to 83%,
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RRMSE

L nh B(y(syn)
hs ) ȳhs y

(syn)
hs EFF

20 20 5 43.82 47.31 0.87
20 50 5.6 26.71 29.87 0.81
20 100 6.07 17.82 20.56 0.76
10 20 5.07 44.1 47.55 0.86
10 50 6.82 26.81 29.74 0.82
10 100 6.27 17.93 21.07 0.73

Table 2 : Simulation results for a Weibull distribution
with parameters α = .54, and κ3 = 5.6. The average
relative biases (B) and the average relative root mean
squared errors (RRMSE) of the synthetic estimator
y
(syn)
hs are reported in percentage.

which is in the ballpark of the efficiencies reported in
Table 2. This highlights the limitations of the syn-
thetic estimator and suggest considering more flexible
statistics. Such statistics are considered in the next
section.

3. Corrected Winsorized means for
disaggregated estimators

The Winsorized mean for stratum h is given by
ȳW

h =
∑

min(yhi, Rh)/nh, where Rh is the chosen
Winsorization cut-off point for stratum h. Two meth-
ods for selecting the cut-offs Rh are presented in this
section. The first method is to use the procedure sug-
gested by Kokic and Bell (1994) and Rivest and Hur-
tubise (1995). Their selection criterion for Rh was to
minimize the mean squared error of ȳW

U =
∑

WhȳW
h .

The second method is to optimize the Winsorization
cut-off points within each stratum.

3.1 Kokic and Bell (1994) and Rivest and
Hurtubise (1995) method for selecting the
Winsorization cut-offs

The mean squared error of ȳW
U can be expressed as

MSE(ȳW
U ) =

L∑

h=1

W 2
hVar(ȳW

h )+{
∑

WhE(ȳW
h −ȳh)}2.

Minimizing this expression as a function of
R1, . . . , RL is equivalent to an L-dimensional opti-
mization problem. Kokic and Bell (1994) and Rivest
and Hurtubise (1995) suggested an approximate opti-
mal one-dimensional solution to this problem. When
the sampling fraction is negligible, Kokic and Bell

(1994) equation (6) and Rivest and Hurtubise equa-
tion (3.3) provide the following expression for the ap-
proximate solution Rh,

Rh = max
{

ȳhU +
Rnh

nWh
, 0

}
, (3)

where R is an unknown quantity determined using
numerical algorithms given in the above two papers.
The value of R is obtained by minimizing MSE(ȳW

U ).

3.2 Selecting the Winsorization cut-offs
to optimize stratum estimators

Known interquartile ranges, rhU , are assumed to be
available from historical data for h = 1, . . . , L. This
section studies the estimator obtained by replacing
the median by the winsorized mean in (2),

ȳK
h = ȳW

h + rhU

∑
Wk(ȳks − ȳW

k )∑
WkrkU

, (4)

where the superscript ”K” stands for Kish surprise
stratum. Noting that ȳks − ȳW

k =
∑

min(yhi −
Rh, 0)/nh, estimator (4) is therefore similar to the
one proposed by Kish (1964). However the contribu-
tion of an outlying unit to the surprise stratum es-
timate is equal to the difference between its y-value
and the stratum cut-off. Noting that

∑
WhȳK

h =∑
Whȳhs = ȳstr, the aggregated estimate coincides

with the standard estimate for the population mean.

Observe that ȳK
h depends on the cut-offs Rh for the

L strata. When the Rh’s are all large, ȳW
h = ȳK

h =
ȳhs, the Winsorized mean is equal to the sample mean
in each stratum. The proposed estimator reduces to
the standard sample mean. On the other hand, as the
Rh’s goes to 0, ȳW

h = 0 and ȳK
h = rhU ȳstr/

∑
WkrkU

is a predetermined fraction of the stratified estimator
for the whole population.

As a criterion for selecting the L cut-offs Rh, we
suggest minimizing the sum of the stratum mean
squared errors,

L∑

h=1

E{(ȳK
h − ȳhU )2}, (5)

where ȳhU =
∑Nh

1 yhi/Nh. This quantity is esti-
mated by observing that ȳW

h = ȳhs −
∑

i max(yhi −
Rh, 0)/nh. Thus, E{(ȳK

h − ȳhU )2} is given by

E

{(
ȳhs − ȳhU −

∑
max(yhi −Rh, 0)

nh

+dh

∑
Wk

∑
max(yki −Rk, 0)

nk

)2
}

,
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Figure 1: Boxplots of the REV 84 variable, by regions, for the MU284 population
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Figure 2: Efficiency plot for determining the optimal value of R for the MU284 population
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where dh = rhU/(
∑

WkrkU ). This mean squared er-
ror involves a bias term and some variances.

Let zhi = yhi − ȳhU − (1− dhWh)max(yhi −Rh, 0)
and whi = max(yhi −Rh, 0). One has

E{ȳK
h − ȳhU} = z̄hU + dh

∑

k 6=h

Wkw̄kU (6)

= Bh − dh

∑
WkBk,

where Bh = E(ȳW
h − ȳhU ) = −w̄hU is the bias of the

Winsorized mean in stratum h. Since the sampling
is carried out independently between strata, the vari-
ance can be expressed as

Var(ȳK
h ) =

1− fh

nh
S2

hz + d2
h

∑

k 6=h

W 2
k

1− fk

nk
S2

kw,

where S2
hz and S2

hw are respectively the variances of z
and w in stratum h. The mean squared error E{(ȳK

h −
ȳhU )2} of (4) is

MSE(ȳK
h ) =

1− fh

nh
S2

hz + d2
h

∑

k 6=h

W 2
k

1− fk

nk
S2

kw

+(Bh − dh

∑
WkBk)2, (7)

and the sum of the strata mean squared errors, (5),
is

L∑

h=1

E{(ȳK
h − ȳhU )2} =

∑
d2

h

∑
W 2

h

1− fh

nh
S2

hw

+
∑ 1− fh

nh
S2

hz −
∑

d2
hW 2

h

1− fh

nh
S2

hw

+
∑

(Bh − dh

∑
WkBk)2

This is a relatively complex expression whose partial
derivatives with respect to the cut-offs Rh’s do not
result in simple expressions. Rather than attempting
to locate a global minimum, we set Rh equal to (3)
and find the optimal R by evaluating (5) repeatedly.
This is implemented in the next section.

4. Some examples

This section applies the Winsorization method of
section 3.2 to some data sets. The population in-
terquartile ranges of the individual strata are as-
sumed to be known. In each case the loss function (5)
is calculated repeatedly for several values of R, with
the stratum cut-offs given by (3), to determine the op-
timal cut-offs. The performance of the resulting indi-
vidual estimators of the stratum means at the optimal

cut-offs are investigated by evaluating (6) and (7) for
the known optimal R. Table 3 and Table 4 report on
relative biases, RB(ȳK

h ) = E(ȳK
h − ȳhU )/ȳhU , and on

relative root mean squared errors, RRMSE(ȳK
h ) =√

MSE(ȳK
h )/ȳhU , where the bias and the MSE are

given by (6) and (7). The coefficient of variation
(CV ) of the stratum sample mean and the stratum
efficiencies of the corrected Winsorized estimator are
also presented.

A modified Neyman allocation formula was used to
allocate the sample to the strata, for the two exam-
ples given in this section. The sample size for stratum
h is proportional to WhrhU , where rhU has been de-
fined as the population interquartile range in stratum
h. The maximal sampling fraction nh/Nh per stra-
tum is set to 75%.

4.1 The MU284 populations of Särndal,
Swensson and Wretman (1992)

This database contains N = 284 Swedish munici-
palities stratified in L = 8 regions. The survey vari-
able is REV 84, the 1984 revenues, see Särndal et al.
(1992). The distribution of REV 84 for the popu-
lations in each of the 8 regions are summarized in
Figure 1. The stratum skewness are in the range 1.3
to 5.8. Given an overall sample size of n = 141,
the coefficient of variation for ȳstr is 7.4%. Note
that we are using very high sampling fractions in
this examples; in such situations outliers are not a
problem anymore, at least for aggregated estimators.
The efficiency graph for finding the optimal R-value
is given in Figure 3. Observe that the graph for the
disaggregated estimates has a local maximum around
R = 19000; this highlights some numerical difficulties
in the construction of a general algorithm for finding
the optimal value of R.

The maximum efficiency of 795% is obtained at
R = −2700; 282 out of the 284 data points are win-
sorized. Table 3 gives the characteristics of the opti-
mal corrected Winsorized estimators. The correction
stabilizes the stratum relative root mean squared er-
rors. For the stratum sample means, the median CV
is 21% with a range of 24%. These statistics are re-
duced to respectively 6.5% and 4.3% with the pro-
posed estimation method. The improvement is most
noticeable in Region 8 where there are important out-
liers despite a small mean and a small interquartile
range. Note that in Table 3, Region 8 had the most
variable stratum estimates.
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h ȳhU 100nh/Nh CV (ȳhs) RB(ȳK
h ) RRMSE(ȳK

h ) EFF
1 6413 72 22 -0.6 10.1 1123.7
2 2971 48 16.9 0.1 7 583.9
3 2475 42 16.5 0.1 7.5 485.8
4 2916 50 17.2 0.1 8.7 526.5
5 3046 55 20.8 0.1 10.7 609
6 2262 38 15.9 0.1 7.1 504.3
7 3648 53 16 0.1 6.4 629.8
8 2269 45 25.3 0.7 8.5 880.2

Table 3: Evaluation of the performance of the corrected Winsorized estimators, with R = −2700, and of the
stratum sample means for the MU284 population. The sampling fraction, the bias, the CV, and the relative
root mean squared error are given in percentage.
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Figure 3: Boxplots for recreation spending by province
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With L = 8 strata, the maximum efficiency of 8
in Figure 2 means that the optimal corrected Win-
sorized estimators have a mean squared error compa-
rable to the one associated with ȳstr.

The optimal aggregated Winsorized estimator cor-
responds to R = 24000; only the two outliers of Fig-
ure 1 are Winsorized. The efficiency of the corre-
sponding estimator of ȳU is 114%. The corresponding
stratum Winsorized estimates have efficiencies rang-
ing between 100% and 125%. Given the large sam-
pling fractions, the outliers have a limited impact on
the aggregated estimator.

4.2 Statistics Canada Survey of Household
Spending

This section uses the data on the variable ”Recre-
ation Spending” of the 2001 Survey of Household
Spending. The N = 16012 households interviewed
in this survey is the population under study. It
is stratified in L = 10 provinces and territories,
see Figure 3. The mean yearly spending goes from
2.6K (Newfoundland) to 4.7K (Yukon-North West
Territory-Nunavut) while the skewness is in the range
2.6 (Yukon-North West Territory-Nunavut) to 5.3
(Quebec-Ontario). Taking n = 1000 yields a 4% CV
for ȳstr. Figure 4 gives the plot of the efficiency as
a function of the cut-off R. For disaggregated esti-
mates, the optimal value of R is R = −2970; this
Winsorizes 91% of the data values . The biases and
the mean squared errors of the corrected Winsorized
means are given in Table 4. The gains in precision
are substantial.

Winsorizing for à la Kokic, Bell, Rivest and Hur-
tubise, the optimal value is R = 29334, and 44 data
values are Winsorized; the stratified Winsorized esti-
mator has an efficiency of 108%. The stratum Win-
sorized estimators all have a negative bias. Their ef-
ficiencies with respect to the sample stratum means
range between 100% and 121%. Once again, the out-
liers have a small impact on aggregated estimators.

5. Conclusions

The disaggregated estimation method proposed in
this work has done surprisingly well in the two exam-
ples of Section 4. More than 80% of the data points
are Winsorized, going beyond the control of outliers.
Model (1), with µh = 0 for all h, might hold rela-
tively well in these two populations. For this model
R = −∞ is optimal and stratum estimates are fixed

fractions of the population mean estimate. In Figures
2 and 4 the range of R-values for which the disaggre-
gated efficiencies are really large is relatively small; it
would be interesting to evaluate the loss of efficiency
associated with using sample interquartile ranges in
(4). The stratum sample means are approximately
normal; they could be improved upon by using stan-
dard small area techniques as reviewed in Rao (2003).
This will be compared with the techniques proposed
in this paper in future work.
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Figure 4: The efficiency of the corrected Winsorized mean for recreation spending

h ȳhU nh/Nh CV (ȳhs) RB(ȳK
h ) RRMSE(ȳK

h ) EFF
Nfl 2614 5 14.9 -0.3 3.8 1530.2
NS 2860 5 14.8 -0.6 3.8 1511.5
NB 2822 5 15.4 -0.1 3.9 1556.9
Que 2752 5 13 -0.1 4 1073.5
Ont 3699 7 9.5 0.4 4.1 526.5
Man 3127 6 14.3 -0.1 4 1294.9
Sask 2816 6 13.4 0.1 4.1 1074.9
Alb 4014 8 10.5 -0.1 3.9 728.9
BC 3423 7 10.5 0.3 4.1 648.1

Y-NWT-N 4672 9 12.8 0.1 3.9 1062.6

Table 4: Result for the optimal Kish estimator (R = −2970) for recreation spending. All the results are
reported in percentage.
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