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1. Introduction

Link-tracing sampling (LTS) has been found ap-
propriate for sampling hidden and hard-to-access
human populations, such as drug-user, homeless-
person, or illegal-worker populations. In this sam-
pling method, an initial sample of people from the
target population is selected, and the sample size is
increased by asking the people in the initial sam-
ple to nominate other members of the population of
interest. The nominated people might be asked to
nominate other members of the population, and this
process might continue until a specified stopping rule
is satisfied. (See Spreen, 1992, and Thompson and
Frank, 2000, for descriptions and reviews of different
variants of this sampling methodology.)

Although LTS allows the sampler to make valid
model-based inferences about the population size
and other population parameters, the main prob-
lem of these inferences is that in practical appli-
cations the model assumptions are rarely satisfied.
For instance, Frank and Snijders (1994) developed
a variant of LTS in which is assumed the follow-
ing premises: (i) the initial sample is a Bernoulli
sample, that is, elements in the initial sample are
included independently and with equal probability;
and (ii) the nominations of members of the target
population made by people in the initial sample are
independent and equally probable.

The difficulty of satisfying these assumptions
in practical situations motivated Félix-Medina and
Thompson (2003) to develop a variant of LTS which
does not require the premise of an initial Bernoulli
sample. In their variant, those authors assume that
a portion of the target population is covered by a
sampling frame of accessible sites, such as bars, hos-
pitals, city- blocks or public parks, where members
of the target population can be found with high
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probability. A simple random sample of sites is se-
lected, and the members of the population of inter-
est that belong to each site are identified. Finally,
the people in each site are asked to nominate other
members of the population.

Using probability models that describe the num-
ber of elements found in each site and the proba-
bilities of nomination, the authors derive maximum
likelihood estimators (MLEs) of the population size.
They also present model-based variance estimators
based on the observed Fisher information matrix
and design-based variance estimators. The results
of a simulation study showed that the MLEs of the
population size and their design-based variance es-
timators are robust to deviations from the assumed
model, but that the model-based variance estima-
tors are not robust. However, the main problem of
the proposed MLEs is that they tend to overesti-
mate seriously the population size if the nomination
probabilities are small.

Those authors indicated that the problem of over-
estimation that appears when the nomination proba-
bilities are small is caused by the little information in
the sample which is not enough to obtain stable esti-
mates of the nomination probabilities. The authors
suggested that a possible solution to this problem is
to construct estimators which incorporate informa-
tion about the population parameters by using the
Bayesian approach.

Many authors have used the Bayesian approach in
Multiple capture-recapture sampling, which resem-
bles the sampling design proposed by Félix-Medina
and Thompson (2003). See Fienberg et al. (1999)
for a review of capture-recapture sampling. In this
work we will use the Bayesian model proposed by
Castledine (1981) which allows constructing design-
based variance estimators that are robust to devia-
tions from the assumed models.

2. Sampling design and notation

The sampling design considered in this paper is the
same as that proposed by Félix- Medina and Thomp-



2003 Joint Statistical Meetings - Section on Survey Research Methods

son (2003). Therefore, we will suppose a finite hid-
den human population U = {uy,...,u,} of unknown
size 7. In addition, we will suppose that a subset Uy
of an unknown number 7, of people of U can be
found in different accessible sites, such as bars, pub-
lic parks, or block-streets, and that a sampling frame
of N of those sites can be constructed. In addition,
we will assume that we can determine whether or
not a person belongs to a site in the frame and, in
the affirmative case, the site to which that person
belongs to. (A person can belong to only one site.)
We will denote by A; the i-th site or cluster in the
list and by m; the number of people who belong to
A;,i=1,...,N. Notice that 7 = Ziv m;. Finally,
let Uy = U — Uy be the portion of U not covered by
the frame and let 5 = 7—7; be its size.

The sampling design is as follows. A sample
So = {A1,...,An} of n clusters is selected by sim-
ple random sampling without replacement from the
frame, and the m; persons who belong to A; € Sy
are identified. Then, the people who belong to each
cluster A; € Sy are asked to nominate members in
U — A;. As a convention, we will say that a person
is nominated by a cluster A; if at least one member
of that cluster nominates him or her. Nominations
from different clusters are carried out independently,
and different nomination strategies can be used in
different sites. For instance, in site A4; the m; mem-
bers, as a group, could carried out the nominations;
whereas in site A; each of the m; members could
separately make the nominations. From each nomi-
nated person the following information is obtained:
the sites that nominated him or her; and whether the
person belong to a site in Sy, or to site in U; — Sy
(a nonsampled cluster), or to Us (the portion not
covered by the frame).

The nomination of people by clusters will be in-
dicated by the sets of variables {Xi(jl)} and {Xi(f)},
where Xi(jl) = 1if person u; € Uy — A; is nominated
by cluster A;, and Xi(jl) = 0 otherwise. Similarly,

Xi(f) = 1 if person u; € U, is nominated by cluster

A;, and Xi(]?) = 0 otherwise. Finally, by y will be
denoted the set of counts y,, w C Q@ = {1,...,n}
of the people who are nominated by every sampled
cluster A; with 7 in the set w # ), but not otherwise.

3. Estimators of the population size
based on posterior modes

As in Félix-Medina and Thompson (2003), we will
suppose that the sizes mq,...,mpy of the clusters
Ay, ..., AN are realizations of independent Poisson
random variables My,..., My with mean A; and
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that conditionally on the sizes mq,...,
sampled clusters Aq,...

my of the
,A,, the sizes 71 and 7'2,

and the nomination probabilities pl s k =

(k),

the indicator random variables X;;"’s are 1ndepen—

dent Bernoulli random variables w1th means pgk) s

k=1,2,andi=1,...,n
Then, under the previous assumptions,

7! n\m
Fofmes 7 piop) iy (1 )
(1)

3 (AT
n (2) (2)

7'2—7"2'21_[[ ] [_p?)]TrZi ’

where m, = {m:}7, p1 = {p\"'}, p2 = ("},
m = Y |'m; is the observed value of the random
variable M that indicates the number of people in
the initial sample Sy; z ( ) )

values of the random varlables Zi( ) and Zi(Q) that
indicate the numbers of people in U; — A; and Uy,
respectively, that are nominated by cluster A;; and
r1 and ry are the observed values of the random
variables R; and Rs that indicate the numbers of
distinct people in U; and U, that are nominated by
at least one of the clusters in Sy.

We will now focus on the problem of defining the
initial distributions of 7, 72, p1 and ps2. In the
case of i and 75, we will consider the following two
models for the initial distributions:

Model 1

7T(T1|>\1) X (NAl)Tl/Tl! and W(Al) X
(12| A2) x A2 /12! and m(A2) x )\32716_@)‘2,

where ay, by, as, bo are known constants, 7y and 7
are conditionally independent given A\; and s, and
A1 and A2 are also independent.

Model II

f(r (l)) /Tk , where l = 0,1, k = 1,2, and 7
and 7 are independent random variables.

The initial distribution for 7; defined in Model I
is motivated by the fact that 7 = Y1 M;, and that
M; is a Poisson variable with mean A;. Notice that
Model I allows the researcher to incorporate infor-
mation about 7 and 73 which is known prior to the
observation of the sample. On the other hand, the
distributions defined in Model IT are not informative.
When [ = 0, 7y and 7» have improper uniform dis-
tributions, and when [ = 1, these parameters have
Jeffreys’ distributions.

and z;”’ are the observed

a1—1_—by A\
)\1 e~biAr
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In the case of the nomination probabilities pE )g S,

we will use a two-stage normal model proposed by

Castledine (1981) for the logits « ( ) = = log[p (k)/(l -

pEI”))] of the probabilities p{*)’

sider the model:

N(ekva-l%)a

i=1...,n,k=1,2, where N(f,0}) stands for the
normal distribution with mean 6 and variance o%;
o2, w, and 2 are known constants; and the agk) s
are conditionally independent given 6.

Finally, we will suppose that all the random vari-
ables ¢, A, o\ and 6, k=1,2,i=1,...
independent.

3.1 Model I

In this case, the posterior joint distribution for 71,
1 Dn -
o, {af"}y, and {af?}} is

’s. Thus, we will con-

k) | Oy ~ and 0 ~ N(,uk,'y,%);

, 1, are

Flri,m, {1, {a?)}‘data) o ha(71)
(1) (1)]

n

o expla; 1
[1 + expla; (1 )]]
2
2?21 (agl) _a(l)) (@(1) - ,U1)2
X exp |— 5 -
20’1 2U1
exp[a(2)z(2)]

X ha(72) H1 [1 + exp[ag )]]m

2
i (0‘52) _5(2)) (@(2) - ,U2)2

X exp | — — ,

20’% 21)2
(1)
where
. (N — TL)Tl (7'1 +a; — 1)'
hl(Tl) - (Tl —m— Tl)'(N + bl)Tl )
— !
ha(7e) = (2 +a, —1)!

(TQ — TQ)!(bQ + 1)72,
@'®) is the arithmetic mean of the agk)
Yi4oi/n, k=1,2.

Since the analytical integration of (1) with re-
spect to a() and a() seems to be not possi-
ble, we w111 not try to obtain analytical expres-
sions for the posterior distributions of 74 and 7,
but, as in Castledine (1981), we will use the mode

of f(Tl,TQ,{O[El)},{OéEQ)}‘data) as an estimator of

, and vy =

(11, T2, {aEl)}, {a?)}). Using this strategy, we have

1414

that the proposed estimator is obtained as the solu-
tion to the following system of equations:

M+ Ry + (1 —n/N)Nuzl) H (1-5")

A(1) ’
1-(1—-—n/N 1—-p;
(1= n/N) 5 11 (1Y)
s _espfa}
1+ exp{dgl)}
A alh _ &(1)
=t - 5 (2)

_7A'1 —Mi (7A'1 —Mi)a'% n(Al—Mi)I/l
1=1,...,n;
N R2+[f+;; i= 1(1_175 ))
e e @Y
1- mHi=1 (1_pi )
(o __exp{af”)
1+ exp{d?)}
72 &P _a® &Yy,
= - ~ 92 - ~ ; (3)
T2 T205 nToV2
1=1,...,1;

where & = i a /n and &° =>ia AE )/ n.
From this, we have that an estimator of 7 is 7 =
T + Ta.

It is worth noting that the forms of these esti-
mators are very similar to the forms of the esti-
mators proposed by Félix-Medina and Thompson
(2003). However, our estimators incorporate the ini-
tial information about the parameters 7 and agk),
i1=1,...,n; k =1,2, and consequently they should
surpass the performances of the estimators proposed
by Félix-Medina and Thompson (2003).

To obtain estimators of the variances of 71, 7
and 7, which are robust to deviations from the as-
sumed Poisson distribution for the M;’s, we will use
the same strategy as that used by Félix-Medina and
Thompson (2003). In this strategy, the distribution
of the cluster sizes is not used, but it is replaced by
the design-based distribution used to select the ini-
tial sample Sp. This is carried out by means of the
formula:

V(#) =V, [Be(ii|m.)| + B, [Ve(ifm.)], @

where Eg(i’k‘ms) and Vg(f'k‘ms) denote the con-
ditional model-based expectation and variance op-
erators, given that {M; = m;}, and E,(-) and
V,(-) denote the design-based expectation and vari-
ance operators. Thus, the variance estimators are
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obtained by applying (4) to the first order Tay-
lor’s approximations of 7y and 7» about the model-

based expectations of ) = ({MZ}, {Zi(l)},Rl) and

= ({zl },RQ), respectively.
By means of this strategy we obtain that an esti-
mator of V,, [Eg(?k ‘ms)] is

2
O = no?) [nm S B
=t Y, 1B
An estimator of E, [Vg(ﬁ ‘ms)] is
n (1) A\ 2
N a D; D
Viz=472¢3" <— - BT;) (71 —mi)pi"

i=1 B(l)

K3

1+n-1(v7' —noy

- m)Ql(l - Ql)

(7A'1 —m —7“1)2

2 =m@ g~ (A D) o)
F—m—r 3D W)

) (6)

x (1 —13(»1)) + T

(3

where

Sy p /B
L+nt' —noy?)n -t 30, 1/B(1)

1,1 —2
D, = n” (vt —no)n

Therefore, a design-based estimator of V(71) is
V( ) V11 +V12

In the case of 75, since E¢ (7 ‘ms) ~ Ty, it follows

that V, [Eg(’f’g‘ms)] ~ 0. Therefore, an estimator
of V(72) is
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12
(v =noz?) [0t LI, b AE”/B@)]
) -1 Zz 1 1/B
- _ (2 2
D, = n 1(’/21_”‘72 n 1Zz 1P 5)/3()
1+n=t(vy! —noy?)n-1 S l/Bi
To obtain a variance estimator of 7, notice that
E¢(7»|m;) ~ 7» implies that Cov(7i,72) =~ 0, and
consequently, a variance estimator of 7 is V(7) =
V(71) + V(72).
3.2 Model II

In this case, we have two different joint posterior dis-

tributions for 71, 7o, {agl)}, and {az(?)}. Both pos-
terior distributions are given by (1), but now hq (1)
and hs(r2), which will be denoted by h{"”(r) and

hgl) (12), are given by
(n =D!'(1=n/N)™
(T1 —m—rl)!
(T2 —l)'
(T2 —7'2)!’

and

w () =

W (1) = 1=0,1. (8)

As in Model I, maximizing the logarithms of
the posterior dlstrlbutlons We obtain two es-

timators (7", 7 ,{ Db, 1= 0,1, of
(71, T2, {ag )}, {ai }), Wthh are defined as the so-
lutions to the following systems of equations:
m+r —1(1—n/N)TI,
1—(1=n/N)IT;Z

7:(1) _ 2
2 = n N )
1-Tho (1 —PE?>)i)

(1-5),)
(=)

#0 = ,

and ;68)1. and p(l)l, i =1,...,n, [ = 0,1, are given

by (2) and (3).

Estimators of the variances of 7'() and %2(1), [ =
0,1, can be obtained using the same strategy as
that used in Model I. Thus, an estimator \A/Ell) of
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V, [Eg(ﬂ(l)‘ms)] is given by (5), but in this case
fil, which will be denoted by Agl), is given by

i) (71 e
A Z B (1 Gy (A(l)
1

m-+ry —1
—D(FH —m =)

)

i=1

I = 0,1, and the estimators B((ll)), C’l(l), and le)

are given by the expressions for B( ) C‘l, y Ql, but
A(l), and p; p) by pgll))l, i =1,...,n.

An estimator VB of E, [Vg( ()‘ s)]

replacing 7, by
is given
by (6), but using the estimators %1(1), ﬁ(l) Ql , ,
B(z)i, C'l(l), and D%l). Therefore, a des1gn—based estl—
mator of V(7 (l)) is V(A(l)) V(l) \792)

In the case of 7'2(!), an estimator V(73 A )) of V(%Q(l))
is given by (7), but now A,, which will be denoted
by flgl), is given by

R o ;ﬁ
Aé Z (2)

i=1 (l)z

T‘2—l

_el ,
L@ =D (=)

and the estimators B((l2))i’ 6'2(1), Dél), and Qg) are

given by the expressions for 3(2) 6'2, 152, and QQ,

O, and 42 by 43 i =

but replacing 7> by 7,
1,...,n.
As in the case of Model I, a variance estimator of

0 i T (0) = V) 1 VD).

4. Monte Carlo study

To observe the performances of the proposed estima-
tors, the estimators of their variances, and the corre-
sponding 95% normal-based confidence intervals, as
well as to compare their performances with those of
the MLEs proposed by Félix-Medina and Thompson
(2003), we carried out a simulation study.

We considered two finite populations; a descrip-
tion of each population is presented in Table 1. No-
tice that the assumption of the Poisson distribu-
tion of the M;’s is only satisfied in Population I.
The nomination probabilities pgk), k =
generated using the model p(k) 1 — exp(—fBrm;),
where the values of (; were set so that the fol-
lowing values of E(pgk)) were obtained.  Case
1 (EEM),E@?)) = (0.05,0.03), and Case 2:
EEV),E(p?)) = (0.01,0.006).

The simulation experiment was executed as fol-
lows. From each population of N = 250 values of
m;’s, a simple random sample without replacement
of n = 25 values was selected. From cluster A4; in

1,2, were
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Table 1: Parameters of simulated populations

Population I | Population II

N =250 N =250

M; Poisson | M; Neg. Binomial
EM)=72 | E(M;) =72
V(M;) =72 | V(M;) =24.48

T = 1897 T = 1740

T2 = 700 5 = 700

T = 2597 T = 2440

/T =.72 n/T=.71

the sample, the values of X i(jl) were generated using

71 —m,; independent identically distributed Bernoulli
random variables with mean p( ) and those of X Z(f )
using 7 independent Bernoulli random variables

(2

with mean p; ). A total of r = 5000 samples were se-
lected from each population using the previous pro-
cedure. The values of the parameters of the initial
distributions were the following: of =9, u, = —3.5,
’)/]% = 9, k= 1,2, al = 1, b1 = 0.1, as = 8, b2 = 001,
so that E(A;) = 10, V(A1) = 100, E(\z) = 800, and
V(X2) = 80000.

We observed the performances of the Bayesian es-
timators 71, 73, 7 = f1 47, 710, 140, 70 = 20 4200
[ = 0,1, and those of the MLES 71, 7», and 7 = 71 +7»
proposed by Félix- Medina and Thompson (2003).
The performance of an estimator 7, say, was evalu-
ated by its relative bias and square root of its rela-
tive mean square error, defined as r-bias = Y | (#; —
7)/(r7) and /r-mse = /Y| (7 — 7)2/(r72), where

7; was the value of 7 obtained in the i-th replication.

In addition, we observed the performances of the
design-based variance estimators of the estimators of
the population sizes. In the case of the MLEs, the
model-based estimators of their variances obtained
from the observed Fisher information matrix were
also considered in the study. The performance of a
variance estimator was also evaluated by its relative
bias and the square root of its relative mean square
error, which were similarly defined to those of an
estimator of the population size.

Finally, the performance of a 95% normal-based

confidence interval, defined as 7 + 1.961/V (#), was
evaluated by its relative frequency of coverage and
its semi-length.

The results of the simulation study, Tables 2-4,
showed that when the nomination probabilities were
large (Case 1) and regardless of whether or not the
Poisson distribution of the M;’s was satisfied, the
performance of every one of the estimators of the
population size was good, that is, the relative biases
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Table 2: Results of the estimators of the population sizes

Population T Population IT

E(p\") =0.05 E(p!") =0.01 E(\") =0.05 E(p!") = 0.01

E(p\*) =0.03 E(p{”)) = 0.006 E(p\*) =0.03 E(p{")) = 0.006
r-bias J/r-mse  r-bias /r-mse | r-bias /r-mse r-bias  y/r-mse
Ti -0.0007 0.0169 -0.0019 0.0529 -0.0025 0.0221  -0.0050  0.0914
Ta 0.0018 0.0599 78916.3 5.56x10° | 0.0043 0.0692 4.3x107 4.3x10°
T -6.08x107> 0.0204 21271.2 1.5x10% | -0.0006 0.0253 1.2x107 1.2x10°
?1(0) -0.0007 0.0169 -0.0022 0.0529 -0.0025 0.0221  -0.0055 0.0915
?2(0) 0.0018 0.0599  0.1175 0.5855 0.0043  0.0691 0.1447 0.7180
70 | -3.32x1075  0.0204  0.0300 0.1611 -0.0005  0.0253 0.0376 0.2116
?1(1) -0.0009 0.0170  -0.0052 0.0532 -0.0029 0.0222 -0.0088  0.0918
?2(1) -0.0017 0.0593  -0.0325 0.3595 -0.0003 0.0682  -0.0511 0.3703
7 -0.0012 0.0203  -0.0125 0.1050 -0.0021  0.0253 -0.0209  0.1283
T -0.0031 0.0172  -0.0261 0.0580 -0.0055 0.0229  -0.0308  0.0948
T 0.0016 0.0216  0.0033 0.0673 0.0038  0.0270  -0.0009  0.0721
T -0.0018 0.0201  -0.0182 0.0648 -0.0028 0.0249  -0.0222 0.0859

Notes: 71, 7» and 7, MLE’s; %1(0)

improper uniform distributions; %1(1) #0

, %2(0) and 7(%), Bayesian estimators based on the initial
, 7o/ and 7#(1), Bayesian estimators based on the initial

Jeffreys’ distributions; 71, 72 and 7, Bayesian estimators based on the initial two-stage

Poisson-Gamma distributions.

were less than 0.01 and the square roots of their rel-
ative mean square error were less than 0.1. Thus,
the estimators were robust to deviations from the
Poisson assumption. However, when the nomination
probabilities were small (Case 2), the performances
of the MLEs of 7 and 7 were very badly. The per-
formances of the corresponding Bayesian estimators
were much better than those of the MLEs, but not
as good as those obtained in Case 1. The best per-
formances were obtained by the Bayesian estimators
based on the initial Poisson distributions for 7 and
T2.

The performance of every one of the variance es-
timators was acceptable when the nomination prob-
abilities were large and the M;’s were Poisson dis-
tributed (the estimators were practically unbiased
and the values of the /r-mse fell between 0.15 and
0.29). When the M;’s were not Poisson distributed
and the nomination probabilities were large, the
model-based variance estimator of the MLEs of 7
tended to subestimate the variance (r-bias=-0.2).
The performances of the design-based variance es-
timators were not seriously affected by the devia-
tion from the Poisson assumption. However, when
the nomination probabilities were small, every one
of the estimators of the variances of the estimators
of 7 and 7, except the estimators of the variances
of 75 and 7, seriously overestimated the variances.
The estimators V (72) and V() performed very sat-
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isfactorily.

The performance of each one of the confidence in-
terval estimators was influenced by the performances
of the corresponding estimator of the population size
and its variance estimator. Thus, when both of these
estimators performed well, so did the confidence in-
terval estimator; but when one of them perfomed
badly, so did the interval estimator.

5. Conclusions

In this work we have used the design proposed
by Félix-Medina and Thompson (2003) to sample
a hidden human population, and we have devel-
oped estimators of the population size using the
Bayesian approach. From the frequentist approach,
we have developed design-based variance estimators
and normal-based confidence intervals of the popu-
lation sizes.

According to the simulation results, the proposed
Bayesian estimators are robust to deviations from
the assumed Poisson distribution of the cluster sizes.
They perform similarly to the MLEs proposed by
Félix-Medina and Thompson (2003) when the nom-
ination probabilities are large, and better than them
when the nomination probabilities are small.

The best estimators were the Bayesian estimators
obtained by using the informative Poisson initial dis-
tributions for 7 and 7». These estimators, as well
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Table 3: Results of the variance estimators.

Population I Population IT
E(p") =0.05 E(p!") =0.01 E(p") =0.05 E(p!") =0.01
E(p{”) = 0.03 E(p{”) = 0.006 E(p”) =0.03 E(p{") = 0.006
r-bias  y/r-mse  r-bias Jr-mse | r-bias ,/r-mse r-bias y/I-mse
V() |-0.0197 0.1559  0.0399  0.0792 | -0.2016 0.2929  -0.3988  0.5998
V() | 00071 02852 3.1x107 2.8x10° | -0.0119 0.4362 5.1x10'° 5.1x10'2
Vu(7) |-0.0073 02124 3.1x107 2.8x10° | -0.0844 0.3412 5.1x10' 5.1x10"?
V(7)) | -0.0348 0.1523  -0.1096  0.1769 | -0.1179 0.2588  -0.1846  0.2966
V() | 0.0071  0.2852 3.1x107 2.8x10° | -0.0119 0.4362 5.1x10'° 5.1x10'2
Vp(7) |-0.0129 02109 3.1x107 2.8x10° | -0.0522 0.3386 5.1x10'° 5.1x10'2
Vp(#”) | -0.0242 0.1529 0.0046  0.1697 |-0.0827 0.2575 -0.0282  0.2854
Vo) | 00071 02849 02867 154462 | -0.0117 04348  0.5912  14.915
Vp(®) | -0.0091 0.2111  0.2877  14.738 | -0.0393  0.3394  0.5895 14.008
Vp(#V) [ -0.0259 0.1528  0.0005  0.1688 |-0.0878 0.2575  -0.0342  0.2854
Vp(#Y) | 00059 0.2815 02057  3.1670 |-0.0122 04262 03677  3.6031
Vp((M) | -0.0129  0.2079  0.1697  2.7105 | -0.0518 0.3306  0.2009  2.4809
Vp(f1) |-0.0384 0.1517 -0.0293  0.1652 | -0.1221 0.2598  -0.0734  0.2799
V() | 0.0059 0.2641  0.0183  0.2051 | -0.0139 0.3867  0.0438  0.1936
Vp(F) |-0.0160 0.1964 -0.0059  0.1411 | -0.0598 0.3061  -0.0489  0.1830

Notes: Vs (-), model-based variance estimators; Vp(-), design-based variance estimators.

as the estimators of their variances and the confi-
dence intervals based on them performed very well.
From this, we conclude that if initial information
were available, it could be worth of using it.
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Table 4: Results of the 95% confidence intervals.

Population I

Population IT

Ep") =005  E@®") =001
E(p?) =003  E@?)=0.006

E(p!") =005  E@")=0.01
E(p?)=003  E@")=0.006

i

Cover-  Semi- Cover- Semi-
age length age length

Cover- Semi- Cover- Semi-
age length age length

71 E 1.96\/\7M(%1)

Ty £+ 1.964/ Vs (72)

74 1.961/Var(7)
71 +1.964/Vp(71)
7y £ 1.964/Vp(5)

7 +1.96\/ V()

0.9477  62.29 0.9530  200.67
0.9469 81.64 0.9303 5.6x10'
0.9489 102.86 0.9546 5.6x10'
0.9456  61.81 0.9294  185.22
0.9469 81.64 0.9303 5.6x10"
0.9484 102.57 0.9497 5.6x10!

0.9221 66.36 0.7827  197.08
0.9484 9225 0.940 1.3x10'
0.9410 113.88 0.9288 1.3x10'6
0.9347 69.78 0.9079  278.37
0.9484 9225 0.940 1.3x10'6
0.9467 115.93 0.9484 1.3x10'6

#0 +£1.96\/Vp ()
#9 +1.964/Vp(7?)
70 £1.964/V p(7(0)

0.9477 62.16 0.9451 196.66
0.9468 81.61 0.9235  591.20
0.9491 102.75 0.9473  634.10

0.9395 71.13 0.9288  303.79
0.9485 9219 0.9150  698.11
0.9483 116.71 0.9469 788.56

# 4 1.96\/\71)(3(1))
# +1.96/Vp(7")
71 £1.964/Vp(+(1)

0.9464 62.10 0.9439 196.24
0.9433 80.89 0.8667  450.61
0.9457 102.14 0.9036  500.12

0.9384 71.04 0.9267  303.03
0.9457 91.14 0.8515  483.35
0.9445 115.82 0.9054  588.39

P+ 1.96\/\71)(%1)
7o +1.964/Vp(72)
7 4+1.961/Vp(7)

0.9413 61.57 09037  189.17
0.9470 79.53 09384  250.89
0.9445 100.72 0.9289  314.88

09314 70.29 0.8974  291.29
0.9483 89.02 0.9407  250.22
0.9430 113.64 0.9234  385.45

Notes: Vs (-), model-based variance estimators; Vp(-), design-based variance estimators. 71, 7»

and 7, MLE’s; 7, 7%

distributions; f'l(l) ) 7A'2(1)

and 7(©), Bayesian estimators based on the initial improper uniform

and 7(1)| Bayesian estimators based on the initial Jeffreys’ distributions;

71, 72 and 7, Bayesian estimators based on the initial two-stage Poisson-Gamma distributions.
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