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1. Introduction

Let P = {1, 2,..., N} represent the set of labels of the
units of a finite population (N known) and y;

represent a fixed value of interest for each unit i € P.
The focus of this paper is on the prediction of a finite
population total 7' =3’; y; by sampling 7 units from a
population of size N units. If s represents a sample of
size n selected from P and r represent the remaining
N — n non-sampled units from P, then the population
total can be written as T = X y; + X, y;. Define 1" =

r

1. i1/] and Y = | >~ | where 1’ isan 1 X n vector
N r \)
: y :

of ones, 1',, isa 1 X (N —n) vector of ones, y, is ann
X 1 vector of sampled units, andy . is an (N —n) X 1

vector of the non-sampled units. Then we may write
T=1y+ Ly, (1.1

For example, suppose we wish to estimate the
average total amount a university student can expect
to borrow before graduation in a certain region of the
country. We can use sample survey information from
graduating students to predict the total loans for all
students in that region and from that we can estimate
the average total that will be borrowed.

Classical theory models the data collection
procedure with a sampling design, a probability
function defined on the sample space, S, of all
possible samples of size n. The sampling design
along with unbiasedness requirements yields a
frequentist approach to relating observed with
unobserved population units. In contrast, a
superpopulation model provides the stochastic
structure for Bayesian inferential purposes.

Bayesian interpretations of classical designed-
based estimators such as the Horvitz-Thompson
estimator and the well-known ratio-estimator have
been established in the literature. For example, the
classical ratio estimator has been obtained through
various Bayesian superpopulation models (see, for
example, Ghosh and Meeden, 1997, Section 3.2.1
and Royal and Pfefferman, 1982, p. 402). The
Horvitz-Thompson estimator has also been shown to
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have an empirical Bayesian analog; see Ghosh and
Meeden (1997, Section 4.2) and a fully Bayesian
analog; see Ghosh and Meeden (1997, Section 5.1).
Another popular estimator for finite population
prediction is the general regression estimator
proposed by Cassel, Sarndal and Wretman (1976),
Sarndal (1980), and Sarndal, Swensson, and
Wretman, (1997). The general regression estimator
is the Horvitz-Thompson estimator plus an
adjustment term.

In this paper we define a projection matrix by
constructing a multivariate error structure which
allows us to develop a fully Bayesian estimator of the
population total 7. As a special case of our estimator
we obtain a Bayesian interpretation of the general
regression estimator.  Since our estimator is a
function of the mean of the posterior predictive
distribution, we can find the posterior standard
deviation to our fully Bayesian estimator.
Consequently, we are able to construct interval
estimates that have a strict probabilistic interpretation
without reference to repeating sampling.

In Section 2 we introduce the general regression
estimator and then derive it in matrix form. In
Section 3 we introduce a superpopulation model and
obtain an empirical Bayes estimator of the population
total. We also demonstrate that a special case of our
empirical Bayes estimator is the general regression
estimator. In Section 4 we establish the Bayesian
model and then provide the general form of the
integrand that produces the predictive distribution. In
Sections 5 and 6 we derive the distributions in the
integrand of the predictive distribution. In Section 7
we combine the results of Sections 4 through 7 and
derive our Bayesian estimator of the population total.
We present the posterior standard deviation for the
fully Bayesian estimator in Section 8 and end the
paper with a brief discussion in Section 9.

2. General Bayesian Regression Estimator

In this section we introduce the general
regression estimator and then present it in a new form
using  matrices. This facilitates  subsequent
derivations.

As a means to possibly improve the basic
Horvitz-Thompson  estimator  using  auxiliary
information, Sarndal et al. (1997) employ classical
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sampling design theory, using inclusion probabilities,
and the regression model

y=XB +e, 2.1

where X is the model matrix,  is the unknown
coefficient vector, and e ~ N(0,V). Equation (2.1) is
used, however, only as a means to obtain an estimate
of B. Hence, unbiasedness and variance expressions
are derived under the sampling design. In short,
Sarndal et al. (1997) do not assume that the
regression model (2.1) generates the sample. Thus,
the general regression estimator (GRE) derived in
Sarndal et al. (1997) is model assisted but not model

dependent. Sarndal et al. (p.225, 1997) define the
GRE as
n p N n xX.
A Yk A Jk
k=17 =1 \k=1 k=1 Tk

where y, is a variable of interest, like loan amount,
fork=1,2,..., N, m, is the inclusion probability, Bj is
an unknown regression coefficient for j = 1, 2,..., p,
and Xt is a known auxiliary variable. Notice that the
GRE is equal to the Horvitz-Thompson estimator plus
an adjustment term. Using a regression model to
estimate B = (B, ..., Bp)', Sardnal et al. (1997, p.

228) suggest the estimator

-1
n X, X
A k™ k
B=| 2

n

Xy Vi
2 b
k=1 Ok Tk

2
k=1 O T

where X, is a p X 1 vector of known auxiliary
information and o] denotes the kth diagonal element
of the variance matrix V in (2.1). Under a simple
random sampling design in which ®©t = Diag (%) , [3
is the least estimator

generalized squares

B, = (X;E"XS )_l X', Z_lys, where Te (17, the set

of all p X p positive definite real-valued matrices.
Now, the GRE (2.2) can be rewritten as

A , _—1 ’, r —I~x7 \R
Tore= 15 ys+(1X_lsns XS)BS
=UXB, + 1,7, (v, - X:B, ). (2.3)

A similar matrix representation of the general
regression estimator is presented by Mukhopadhyay
(1993). Assuming X = ¢°I, we can express (2.3) as

~ ’~0A N v DL
TGRE =1XBS +71sPXS Yso
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A , -1 + .
where B, =(X(X;) Xy, Px=X/X{, is the
orthogonal projection matrix onto X(X,), the column
space of X, X:“ is the Moore-Penrose inverse of X,

and P)%S is the orthogonal projection matrix onto the

orthogonal complement of X(X).

3. An Empirical Bayes General Regression
Estimator
In this section we introduce a

superpopulation model and obtain an empirical Bayes
estimator of the population total (1.1). Our empirical
Bayes estimator of the population total requires
derivation of the mean of the posterior predictive
distribution E(y,ly,). Finally, we show that a special

case of our empirical Bayes estimator is the general
regression estimator.

Royall and Pfeffermann (1982) focus attention
on necessary assumptions needed for robustness of
their statistical procedures for predicting the
population total (3.1) given y,. They consider their

procedure robust if the posterior probability
distribution of T is not greatly affected if the model is
taken to be

y=Xp+Uy+e 3.1

instead of (2.1), where y, X, B and e, are defined as in
(2.1) and U contains additional regressors with a
fixed coefficient vector y. Renssen and Niewenbroek
(1997) consider estimating the population total 7" by
using two or more surveys to obtain common
variables, U, for use in (3.1). They assume these
additional regressors are observed in both surveys
where the corresponding population totals are
unknown. The variables in U are combined with the
auxiliary variables in X, which have known
population totals. They then use these common
variables as a tool to improve the estimate of the
population total with what they call an adjusted
general regression estimator.

Consider the superpopulation model (3.1) where

€ U, and X, € Uy_y)y, - Furthermore, assume U

g such that U

US
= Ur € U nxg Where rank(U) =

€ UpnxgandU,e U . Finally, let ye [ ;5 and

n)xq
let e ~ N(0,V) with V known, where
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To estimate the total (1.1), we utilize E(y, | y,) by
regressing y, on X, resulting in an empirical Bayes

estimator of .
Thus, consider the regression model y, = X B + e

with e ~N(0,V,)), where V , € D; is known. For an

improper prior p(B) =< constant, one can show that the
posterior distribution of B is

’ -1 -1 ’ -1 ’ - -1
Blys ~ N ((XY VSS XS ) XSVSS yS s (XS‘VYSI'XY ) J *
Substituting into (3.1) we have

y = XB, +Uy+e. (3.2)

Using the improper prior p(y) o< constant, the
posterior predictive distribution has the form
p(y,ly,)

= f N(yr

Xrﬁs + Ur’Y’ Vrr )

0 q
7 yr—1 —1y77yr—1 7vr—1 -1
XN Y (UsVss Us) USVSS es’(UsVss Us) d"{ >
(3.3)
wheree; = (y, —Xsﬁs) . Using (3.4), we have
E(y, 1y
= '[ J‘ YrN(yr XrBs +UrY’Vrr)
gqph-n
7 yr—1 Iy y—1 — | -
X N[’Y‘(USVSS US) USVSS eS’(USVSS US) ]dyrdy

= E’Y|:Eyr (yr Bs’Ur’Y’Vrr) Bs’ys’Us’Vss:|

=X, B, + U, (U VU ) ULV (v, - X By).

AN

where Ey (1) and EY(-) denote expectations with
r

respect to the distributions of y, and v, respectively.

Thus, our empirical Bayes estimator of the
population total is
7A1E3 =1y, +1E(y, lyy)
=1y, +1,[X,B, +U, UV U,
XUV (v, -X,8,) | (.4)
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We now show that a special case of Tpp is the

general regression estimator fGRE . Define & to be an
N X N matrix whose diagonal elements, ©;; = 7t;, i =

1,2,...N, are inclusion probabilities and the off-
diagonal elements are zero so that

T, 0
T= 0 im,

and tr(w) = n. Next, assume V =m(— n)_ln and U=
ntl. Note that the covariance structure V is the matrix
representation of the geometric distribution. Similar
assumptions are presented by Ghosh and Meeden
(1997, Section 4.2). Then, we have that

E(’Y | yS’ﬁS’US’VSS)
= (U VLU UV (v, - X By )

sV ss s Vs
= [llrnrlr ]_l l,s (Is — T )EEI (YS _Xsﬁs ) - (3.5

Now tr() = n implies1,n, 1, =n—1,m 1, so, from

(3.5) our empirical Bayes estimator becomes

T =1y, +1, [X,ﬁs +U (U VU)oLV e ]

=15 X, B, +e, |+1,X,B, +

U1, (1w, 1] 0 (1 - n ) nte,
= X, + Ly (v, -X,B,)
=fGRE~

4. The Superpopulation Model

In this section we develop a Bayesian model and
then provide the general form of the integrand that
will produce the predictive distribution.

Consider the superpopulation model
y=XB+Uy+e 4.1)

where X € [] p with rank(X) = p, U € Dqu with
rank(U) = ¢, Pe O pxt » Y€ D guq » and € ~ N(O,V).

Assume V € D1>v can be partitioned as

VssEVsr
V{V Vo

rs H rr
where Ve 07, Ve U7, , and V. € U ..
such that V,; = V, and (V,, - V, V5V, ) e 0% .

Assume P and Y each have improper uniform
prior distributions. Using the super population model
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(4.1), we obtain E(y, | y,) to estimate 7, = 1.y, in

(1.1).
The predictive distribution is (Geisser, 1993, p.
49)

p(y,ly)=
1
r SO Ay K 'y d d
f(yr)]j,,quf(y [vs-B.Y) £ (v51B.Y) p(B.v)dvaB

= [ [ £(y|vs-%B)p (V[B. ¥, )P (Bly, )dvaB, (4.2)

gpPnd

where f denotes the appropriate density. Notice that,
if y, is independent of y,, then

p(y,lyy) =

[ Trly

nrp4

v.8) p(Y[B. ¥5) p(Bly,)dvdB .

In the following sections we derive the distributions
in the integrand of (4.2).
5. The Marginal Density of y,.

In general, independence between y, and y, may
not obtain. To derive fy, |y, B .y), definez, =y,
+ My, and z, =y, where M is chosen so that z, is
uncorrelated with z. That is, M must satisfy Cov(z,
Z) = V., + MV, = 0, which yields z

=y, -V V_lys. Note that

rs v ss
Ys
Z=|"""7 70 ":1" o
Yr— Vrs Vss Ysr

and, therefore, z ~ N(|t, X), where

™
u=|---|=

(Xr - VrsVS_SIXs )B + (Ur - VrSVs_SlUs )Y

ZZ s 0 Vss 0 |
2 = R '} Tttt =| """ -i- T .
' ' -1
0 er 0 Vrr - Vrs Vss Vsr |

Because z, and z. are uncorrelated and jointly

rs r

and

multivariate  normally  distributed, they are
independent and, therefore,

flz,z,)= N(zs "lls’zls) N(z,

= N(z,[XB+U7.Vy,)

Mo, o Zs, )

rs " Sss rs " ss

XN(Zr

(X, =V, Vi X )B+(U, -V, VU, ),
><Vrr _Vrsvs_slvsr) . (5.1

Substituting y, — V VS_S1 y, for z,in (5.1) and noting
that the Jacobian is one yields the quadratic term

by, ~[(X,B+U1)+V, Vel (v, - (X,B+U,) |

><(Vrr _VrsVs_slvsr )_1

X{yr _[(XrB +I']r’Y)'i_VrsVs_s1 (ys _(XYB+US‘Y)):|}
Thus,

Ay, 1y B =

N (v, |(X,B+U7)+ Vo Ve (v, ~(X,B+U,7),

XV, =V, ViV, ). (5.2)

rs " Sss
Similarly, substituting y, for z in (5.1) yields

N(zg Th, 2, ) = Nyl X B+ Uy, Vi)
:f(ys | B’ ’Y)'

6. Posterior Distributions for B and y

In this section we obtain the conditional and
marginal components of the posterior p(y,p | y,) .

Because p(y, B) o constant, we have

P.Bly)=p(1B.y)pBlyy)
=Ny, IXB+UyV,). (6.1)

Thus, the quadratic terms in the exponents of p(y| B,
y,) and p(B | y,) contained in (6.1) are

[y, ~(XB+U) ]V [y, ~(X,B+U,v)]
= ¥i V'Y, — YoVEIXB -y Vi Uy
—BXVyy, - YULVy, + BXOVLX B
+BX,VSUy + YULV'X B
+YUV,'Ugy. (6.2)

From (6.2) we have that the quadratic term in p(y | B,
¥y is

YU V'Uy— yi Vi Ugy — YU,V
+BX,VLUy + YUVL'X B

Next, note that VS_S1 has full-rank factorization
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-1 ’
v.'=KK,, (6.4)

where K e [17 and let U; = K,U,. Using (6.4), we
rewrite (6.3) as

’Y,USVSSIUS’Y_ z(yv BX ) wlUv’Y

= Y’USK{KIUS’Y - 2(Ys _B Xs )KIKIUsY

= ’Y’ﬁ:ﬁsy - 2()’; _B,X; )Kiﬁs’y

= (Uyy) (0) —Z[PﬁsKl(ys —XSB)] U,7. (65

Define
C =P K;(y,-XB). (6.6)

Using (6.4) and (6.6) we can express the quadratic
term in p(Y1 B, y,) as

(ﬁs’Y), (ﬁvY) -2 CIGY’Y + CICI
= (ﬁs'Y_Cl ),(ﬁsy_cl)
=[O -(v, - x.BY KiRy, |

x[ﬁsv— Py K (v, - Xsﬁ)J

’

= [v—(U;V‘lU ) ULV (ys—XxB)I
x(Up vy )
X[ 1= UV TV (v, -X,B) .
Thus,
pBy,) = N[ ¥ (U VS U UG (v, — X, ),

<o)

=N[7|1,.V,] (6.7)

We next derive the quadratic term of the
marginal distribution p( |'y,). From (6.6) we have

Cicl = |:PﬁSK1 (yS _XsB):| |:Pﬁs K, (ys - XSB):I

= PX(KiP; K X,B -2y KiP; K,X,B

+ y;KIPﬁ‘Y Ky, . (6.8)
Using (6.3), we utilize the remaining term containing
B in (6.1) to obtain the quadratic term in p(y | B, y,),
which is
-1 —1 -1
BXSVSSXB—YS ssXB BXsVss Ys
- B XSVS_SIXSB - Zys s_SIXsB .
= F'XKIK;X,B -2y KIK;XB. (6.9)

Section on Survey Research M ethods

Thus, from (6.8) and (6.9), the quadratic term in 7(p |
¥y, is
B,X;KilesB - B,X;Kipﬁs KIXSB
-2 Y;KIKIXSB +2 y.,vI(IPﬁ‘Y KIXSB
’ ’ ’ J_ ’ ’ J_
=f XsKlPﬁS K/ XB - 2ysK1Pﬁs K, XB. (6.10)
Define XS :PﬁL KX, . Because Pﬁls is a symmetric
N
idempotent matrix, one can show that (6.10) becomes
’~r’ r L ’ ’
PX(KP; KX B-2yKKXB
~7’ v’ pl 7y oL
=p XsKlPﬁsKlel} - 2ysK1PﬁxK1XS|3
= PX.X,B-2y. KX, B
= PX[Xp— Zy;K{PXS X,
= (XSB) (XSB) - 2(PXSI(lys ) (XSB)

We assume that the sample size n is greater than the
combined rank(X) = p and rank(U) = ¢ and since C,

= PXsKlyS is a constant with respect to P, the

quadratic term in p(B | y,) becomes
(X,B) (X,B) -2C5(XB)+C1C,
= (X,p-C,) (X,-C,)
= (Xvﬂ - PXSKlyx ), (XYB _PXS Klys )

= (B- XKy, XX, (B-XIKyy,)

-1
J_ 4 ’
{ X/ K{P; KX) XSKIPLﬁSKlyS:|

-1
{XKPLKX}

-1
ey ryw'pl
X|:ﬁ_[XsK1PﬁSK1Xs) XSKIPﬁSKIYS:|'
Therefore,

pPBlyy= N[
N[

-1
x(ng;Pl%S lesj }

EN[p|pﬁ,vﬁ]. (6.11)

BX Ky KX, |

-1
rplL 1’ pL
X KIPﬁY KIXS) XSKIPﬁY KlyS ,
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The variable 5(5 has an interesting interpretation.

In particular, by letting X s= KX and recalling that
U, = K,U,, then Xs=(P1i les) can be viewed

as an error matrix, say E, for projecting X s onto the

column space of U, . In other words, X, shows how

the Bayesian paradigm handles the alignment or
combination of the auxiliary information contained in

X, and U, by creating a variable of “left-over” or
residual information from projecting Xs onto the

column space of U;. Also, notice that X)X =

(X;KiPé‘s )(Pi KX sj because Pé‘s is idempotent.

Thus, the covariance structure for B is Vﬂ = X;XS =

E’E which represents a multivariate estimate of the
covariance matrix.

If we assume B and 7y are conditionally independent,
then

X(Xp) Lyt XUy, (6.12)

and U, V!X, = In

s Ss

0 (Harvﬂle, 1997, p.257).
particular, because of (6.12) it follows that U,X =
U, V,!X, = 0. Thus, (6.10) becomes

BX(K{P; K/ XB-2y/KP; K X,B
= p'X;P; X B -2y K{P; X B

= BX(XB -2y K{X,B

= (X,8) (X,8)

The quadratic term in p(B | y;) can now be expressed

-2(Pg Ky, ) XB.

as

( B) (X
XB8-C,) (X8-C,)

( B-Pg Klys)(XsB_PXSKIYS)

B) —2C5 (X B) + C1C,

-1 -1
[B XsVss X XsVss sj

XX VX, )
[ XV_IX ;V;slysj.
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Hence, (6.12) implies that

pBlyy=
NM (xivi'X, )
EN|:[3| "B’VBJ .

Also, because of (6.12), (6.7) becomes
p(yB.yy)=

|: ‘(US SSIU ) US SS ( X B) (USVSS1U )_1:|

s S8Ss

X’ V_lys,(XsVs_le ) 1}

ryr—1 -1y yr—1 rxr—1 -1
=N Y (UsVss Us) Usts Ys» (vaxs Ux)
=prlyy.

7. The Bayes Estimator

In this section we combine the results of Sections
4 and 5 and derive our Bayesian estimator of the
population total. Substituting equations (5.2), (6.7)
and (6.11) into (4.2) we obtain

p(y,1yy)
= [ [ ro 1y uBprly, ) pBly,)dydp

oPnd

j j v, [(X,8+U,y)
+V, Vil (v, = (X,B+U,)).V,, =V, Vil V. )
xN[y‘(U ViU UL (v, - X,B).

-1
7 xr—1
X(USVSS US) }
x N[B‘(X;XS)_1X;K1ys,(X;Xs)_1}dydB. (7.1)
The posterior predictive mean is, therefore,
E(y,ly,) = EB{E [Ey, (v % B [, ]Iy }

(YS _(Xsuﬁ +Usuy)) .
(12)

Using equation (7.2), our Bayes estimator of the
population total is

Ty= 1y, +1,E(y, |y,
’ ’ -1
=1Ly, +1, {(Xruﬁ + Uru'y) + Vs Vs

= (XruB +Uru~{ ) + Vi Vg
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X(vy ~ (Xug + Uity ) )} (13)

If we assume V = wn(I — n)_ln and U = xl, then we
can show (7.3) has the exact form of the regression
estimator (2.1)

T, =1Xpg + 175! (v —Xgnp),
where pg = {X{ QX }_IX; Qy; such that
Q=K{P; K,

-1
=T {(Is _ns)_(ls _ns)ls
’ -1_, —1
Xl:ls (Is _ns)ls:| ls (Is LN )}“s .

Recall that Sardnal et al. (1997, p. 228) suggest

(7.4)

A -1 _
estimating B with [, E(X;E‘IXS) XX 1ys. Note
that [35 has the exact form as Mg above, but in our

Bayesian context, > is defined by (7.4).
Under the more strict assumption where  and 7y
are independent, ie. X(X,) L1 X(Ug), equation

(7.2) becomes
~ | ~
E(yr | ys) = XrB+VrsVss (ys _Xsﬁ)

. -1
where f§ = (X' vIx S) X, Vly, . In particular, our

s S8s

Bayes estimator (7.3) becomes the population total
predictor found in Royall and Pfeffermann (1982,
equation 1, p.402; that is

T,=1,y, +1, [X,ﬁ+VrSVs_Sl (v, —Xsﬁ)]

The above estimator has the form of the best linear
unbiased predictor (Royall, 1976a). Furthermore,
when [ and y are independent, then the Bayes
estimator for the population total under the

. -1 . .
assumption V = (I — ) © with U = w1 is the
general regression estimator (2.1) with an adjusted
error term, that is

Ty =UXp+1,x;! (ys —nSXSﬁ) ,
where
0 ’r _— - -1 ’ _— —
B=(Xm (4, —mm X, ) Xy (@ —mmy,

Notice that difference between the Bayesian
estimator above to the general regression estimator
(2.1) is the fraction w,, which is the inclusion
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probability multiplied to XSI.LB. Note that Hg is equal

to the weighted least squares estimatorf} s

8. Dispersion of 7,

In this section we derive the posterior standard
deviation for the fully Bayesian estimator f‘B given in
(7.3). We have

Var(T) = Var (1,y, +1,y,|y,)
= 1} Var(y, | yyl,
=1; |:(Vr _Vrsv.;vlvsr)

rs " Sss s Sss sr " SSs

+(U, -V, ViU, (U vy, )_1 (U, -V, V', )
+ (Xr - Vers_les )(X;Kipé; K1XS )_1

X (Xr - Vers_les )’:| lr.

9. Discussion
In this paper we have developed an empirical

Bayes estimator, fEB , and a fully Bayesian estimator,
fB , that yield the classical general regression

estimator fGRE as a special case. The fully Bayesian

procedure recognizes the uncertainty of all prior
parameters with ‘“non-informative” or improper
priors whereas the empirical Bayesian procedure
estimates one of the parameters with a classical
approach. The fully Bayesian procedure explicitly
shows how the estimate of the parameter B is
weighted with the inclusion probabilities that are
used extensively in classical designed-based finite
population prediction (see equation (7.4)). One of
the advantages of using the fully Bayesian procedure
for inference on the population total is the ability to
clearly measure the posterior variation on the
unknown quantity of interest 7. Consequently, we
can obtain the posterior variation on the unknown
quantity of interest 7 under the same assumptions
that provided our special case Bayesian analog to the

This
provides us with a Bayesian interpretation of the
general regression estimator specified by Sarndal et
al. (p.225, 1997). That is, we are able to construct
interval estimates that have a strict probabilistic

classical general regression estimator 7GRk -
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interpretation  without reference to repeating
sampling.
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