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1. Introduction

Various controlled selection techniques have been
developed since Goodman and Kish (1950) first
suggested the method. Jessen (1970) proposed two
methods which can be quite complicated to
implement and sometimes fail to provide a solution.
Jessen (1978) approached the controlled selection
problem as probability lattice sampling.

Hess, Riedel and Fitzpatrick (1975) gave a
detailed explanation of how to use controlled
selection in order to select a sample of Michigan's
hospitals. Groves and Hess (1975) suggested aformal
computer agorithm for obtaining solutions to two-
and three-dimensional controlled selection problems.

Causey, Cox and Erngt (1985) proposed an
algorithm based on transportation theory to solve
two-dimensional controlled selection problems, an
approach originally suggested in a previous paper by
Cox and Ernst (1982).

Following Rao and Nigam (1990, 1992), Sitter
and Skinner (1994) used a linear programming
approach to solve controlled selection problems.
Tiwari and Nigam (1998) proposed using linear
programming to reduce the selection probabilities of
non-preferred combination of units.

Huang and Lin (1998) proposed a recursive
algorithm using network flow to solve the two-
dimensional controlled selection problem with row or
column subtotals.

In this paper, we suggest a new linear
programming approach. Our method adopts ordinary
distance functions to minimize the overall distortion
to cell sample size expectations in two-dimensional
controlled selection problems.

2. Optimal Samples

Consider the two-way controlled selection problem
that is denoted by the RxC tabular array A, which
consists of cells that have real numbers, a;
i=1--,R, j=1---,C. LetB,, k=1--,L, denote
possible samples where each sample is the
replacement of the real numbersin A by the adjacent
integers. Also, let by, be each internal entry of B, .
Then by, equals either [a,] or [a;]+1, where [a;]
isthe integer part of a;.
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The major restriction on finding a solution to this
controlled selection problem is the fact that the
selection probabilities of samples should depend only
on the tabular array A. In other words, we have to

consider a set of samples with selection probabilities
that satisfy the congtraints:

E(byli.i)= > puPBI=a, (1)
icBxwBkeB
and
Y. P =1, (22
BB

where B is the set of possible samples, {B,}, and
p(B,) is the selection probability of each sampleB, .

There may be a large number of sets of
probability distributions p(B,) satisfying (2.1) and
(2.2), dthough only one set of probabilities can be
used to obtain a solution to the controlled selection
problem. In this case, we may consider an algorithm
to find the solution that reflects the closeness of each
sample B, to A, which is based on an appropriate
and objective principle for measuring this
“closeness.”

For this purpose we consider several measures of
closeness between A and By. The ordinary distance
metric, which is often called the Euclidean metric,
could be used.

NI~

R C 2
d,(A: Bk)=[§j§(a”_b”k) } , k=1L (23
This function would be the most common measure to
define the distance between arrays A and B..

The metric measure below could be also used to
define another distance function for each integer m.

d2(A B - [ZZ(aH —bijk)zm}zm,

i=1j=1
k=1---,L,1l<m<oo (2.9

It is clear that we can define other distance
functions using the following metric:

ol

R C p
dy(AB)-|Efa, byl |
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k=1---,L,1< p<oo (2.5
Furthermore we can define the distance function
below for p=-eo.

d,(A'B)= max{\ai,. —b,|:1<i<R1< < cl,

k=1L (2.6)
which is motivated by the fact that:
d,(A:B)=limd,(A B,) (2.7)
pres
The different metrics for measuring the

“closeness” of Aand By, suchasd,» d,, d,»and d,,
give rise to a number of distinct metric spaces. Here
we focus on d, or d,, which are specia cases of
d, with p=2and p=-eo. These are chosen because
d, represents the “overall distance’ between A and
B, considering all RxC cells, whereas d, indicates
the maximum deviation in asingle cell.

We define afew samples in the set of all possible
samples, {B, ], having the minimum distance value
from d, or d, as‘optimal samples.’ For identifying
optimal samples, we would prefer d, rather than d,
because the following relation always holds:

B,SB,, (2.8)
where B is the set of optimal samples under metric
d, and B, istheset of optimal samplesfor metricd , .

Empirically, there would be a very small number
of samples to be added to our subset of optimal
sampleswhen we use d, comparedtod, .

On the other hand, if we define ‘unfavorable
samples as samples which have the maximum
distance value, d, yields a greater number of
unfavorable samplesthandoes d , .

In the next section, we first review several
controlled selection methods in the literature and then
explain our new algorithm to obtain solutions of
controlled selection problems. We use a simple linear
programming approach which maximizes the
selection probabilities of optimal samples under
distance metric d, and d, and simultaneously
minimizes the selection probabilities of unfavorable
samples.

3. Optimal controlled selection

The algorithm developed by Causey et al. (1985)
applies transportation theory to approximate
nonlinear distance functions (2.5) and (2.6) by linear
functions in order to obtain a solution for the
controlled selection problem. To solve the problem
specified by the array A, their algorithm requires the
solution to a sequence of problems. Thus this
algorithm is not only less direct, but aso more
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purposive in making a decision on the selection
probabilities of samples.

Sitter and Skinner (1994) showed how linear
programming may be applied to controlled selection
problems. Their key idea is to minimize “the
expected lack of desirability” of samples with regard
to margins of the tabular array A. Their method is
primarily applicable to controlled selection
problem A, with non-integer margins.

Huang and Lin (1998) adopted subgroup
congtraints raised by Goodman and Kish (1950) and
solved a controlled selection problem as a network
flow problem. Their method uses a recursive
algorithm based on simple definitions of the selection
probabilities of samples, which is similar to the
method of Causey et al. (1985).

In this section, we present an agorithm to
optimize the assignment of probability to each
sample.

First, consider al possible samples for the
controlled selection problem corresponding to
rounding of tabular array A. As mentioned above,
the set of possible samples is denoted by B. Second,
establish the following linear programming problem:

¢.- > d.(A'B)P(B,) (3.2)
BkEB
or
¢, = > dy(A:B,)p(By) (3.2)
B.eB
subject to:
X PBY=aj (3.3)
ij€By
p(B,) =0, (3.4)
2 p(B)=1, (35
B«EB

where & isthe non-integer part of a;.

For distance measure d, this method can be
employed for any integer, m> 2. Although d, could
aso be considered as the weight in objective
functions such as (3.1) or (3.2), it is sufficient to
explain the role of different distance functions in the
linear programming approach using d, or d,.

In particular, we can use the following objective
function for p =< under the same constraints (3.3),
(3.4) and (3.5).

¢,= 2 d, (A BYIP(B)

BB
It is evident that it would be more convenient to
use ¢_than ¢ or ¢ since d, has the simpler form
and d, would cluster possible samples into severa
groups in which the number of groups is much

(3.6)
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smaller than in using d, or d,. It also makes the
selection probability of each sample p(B,) easy to
compute under the linear programming approach.
Third, selection probabilities of possible samples
are obtained by minimizing each objective function
subject to the congtraints (3.3), (3.4) and (3.5).
Finaly, we randomly select one sample from the
sampling plan which is the solution, using the method

of cumulative sums (probability proportionate to size).

Objective functions ¢ ¢ or ¢)3would reflect
the “closeness’ of each sampzle B, to the origina
tabular array A, and this linear programming
approach would maximize the selection probabilities
of optimal samples under the given constraints.

This agorithm may be a more direct approach
than the method using transportation theory or flow
in the network developed by Causey et al. (1985) and
Huang and Lin (1998) respectively, since the
controlled selection problem is specified directly as a
linear programming problem. Also, it would reflect a
more straightforward weight than the method
proposed by Sitter and Skinner (1994), which uses
marginal constraintsin tabular array A.

We have developed public use SAS-based soft-
ware for our linear programming approach to two-
way controlled selection problems. Possible samples
B,, k=1---,L for origina tabular array A are
automatically produced. The objective functions such
as ¢ ,¢,and ¢_can be used by simple options in
the program.

In this software, a two-phase revised simplex
method, implemented using SAS'OR LP Procedure,
is employed to solve the controlled selection
problem. A unique optimal solution set is obtained
when the objective function is minimized under the
given congtraints (3.3), (3.4) and (3.5) through phase
1 and 2 of LP program.

In using the algorithm, there are no restrictions on
the problem size, i.e., the number of all possible
samples that can be considered for the solution. The
problem size and the number of constrainsthat can be
solved would depend on the memory capacity and the
available disk space of the computer. A public use
version of the SOCSLP (Software for Optimal
Controlled Selection Linear Programming) software
may be downloaded from the URL:
http://www.isr.umich.edu/src/smp/socs.

4. Examples

We apply our linear programming method to solve
threetwo-way controlled selection problems previous-
ly described in the literature. These problems are
divided into two cases. integer margins and non-
integer margins. The results from several methods are
compared using as criteria the assigned selection
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probabilities of optimal samples and unfavorable
samples.

Example 1: Jessen (1970)

We first examine the simple example given in the
table of Jessen (1970), page 778. This example is a
3x3 controlled selection problem with integer
margins and a total sample of size n = 6. There are
six possible samples, B, , that satisfy the marginal
congtraints imposed by the problem.

Table 1 presents the selection probability of each
sample, resulting from Jessen’ s (1970) method 2 and 3
solutions, the Sitter and Skinner (1994) method, and
our method using ¢, and ¢,. For Sitter and
Skinner's method, we used the SASOR LP
Procedure to find the solution.

Table 1 shows that the solutions from all methods
except Jessen’s method 3 yield the same result for
this simple controlled selection problem. In the
common solutions, the optimal sample receives .5
probability of selection and the unfavorable sample
has .2 chance of selection.

Example 2: Jessen (1978)
Consider another example that is a4x4 controlled
selection problem (Jessen 1978, p. 375) which has 30
possible samples. This problem also has integer
margins. Jessen used asimple but effective probability
lattice sampling method to find a solution set for this
controlled selection problem. A comparison of the
proposed method using ¢ or ¢_ with those of Jessen
(1978) and Sitter and Skinner (1994) is shown in
Table 2. (Only samples that receive a non-zero
probability for one or more methods are shown.)
Sitter and Skinner's method provides the lowest
probability of 0.4 to optimal samples, whereas the
suggested method using g o @ dlocates the
highest probability of 0.8 to the samples. For
unfavorable samples, the suggested methods give the
probability of 0.2. Jessen’s method and the Sitter and
Skinner solution give zero probabilities to the
unfavorable sample pattern.

Example 3: Causey et al. (1985)

Causey et a. (1985) used an 8x3 controlled
selection problem to explain their transportation
theory agorithm. Each row can be regarded as a
stratum and each column considered a classification
variable. This problem could produce 141 possible
samples considerably larger than in the above two
problems. Table 3 presents a comparison of the sug-
gested method using g org with Causey et al.
(1985), Huang and Lin'(1998), Sitter and Skinner
(1994). (See the last page)
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Table 1. Sampling Designs And Comparison For
Example 1

Table 2. Sampling Designs And Comparison For
Example 2

Sample P(B.) Sample p(B))
B. )2 | 98 | S-S | K-H-SO) | K-H-SQ) B. 3 | s-s | K-H-su) | K-HS@
0011
011 0101
10 1# 0.2 0.1 0.2 0.2 0.2 1010 0.2 0.1 0.0 0.0
110 1100
0011
011
110 0.0 0.1 0.0 0.0 0.0 919%#% | o0 0.0 02 0.2
101 1010
101 0011
1001
011 0.0 0.1 0.0 0.0 0.0 0110 0.0 01 0.0 0.0
110 1100
0011
101 1100*
110* 0.5 0.4 0.5 0.5 0.5 0011 0.2 0.1 0.2 0.2
011 1100
110 0011
1100
011 0.3 0.2 0.3 0.3 0.3 0101 0.0 0.1 0.0 0.0
101 1010
0110
110 0011
101 0.0 0.1 0.0 0.0 0.0 1001 0.0 0.1 0.0 0.0
011 1100
Z 0.5 0.4 0.5 0.5 0.5 g % é g.)*
1 : : i ’ . 0011 0.0 0.0 0.2 0.2
1100
Y, 02 01 02 02 02 5110
3981 0.2 0.0 00 0.0
Note. * : optimal sample, # : unfavorable sample 1010
JS2: Jessen’s method 2, JS3: Jessen’s method 3 2 (1) (1) g_)
< . , 1931 0.0 01 00 0.0
S—S: Sitter and Skinner(1994)’s method 0110
K —H —S(1): Proposed method using 0110
_ /. 1939" 0.4 03 0.4 0.4
K —H —S(2): Proposed method usmg¢3 0101
>, : Sumof selection probabilities of optimal samples 2 % é 8
. o 0011 0.0 0.1 0.0 0.0
ZQ : Sum of selection probabilities of unfavorable samples 1001
21 0.6 0.4 0.8 0.8
zz 0 0 0.2 0.2

We note that all these methods provide different
solutions, athough the four methods except Sitter
and Skinner’s method offer the same sum of selection
probabilities of optimal samples. The proposed
methods distribute the total probability of 0.4 to two
optimal samples, whereas the first two methods just
allocate the probability to only one optimal sample.
Stter and Skinner's method appears to be less
effective for this problem. For this problem, we
would prefer the method using ¢, to one using 9,
because the former gives the probability of 0.08 to
the unfavorable samples, while the latter gives a
higher probability of 0.2 to the undesired sample
problem.

In conclusion, through the above examples, the ef-
fectiveness of the method using ¢ or 9, is measured
by the ability to maximize the selection probabilities
of optima samples. In particular, not only does the
method using [ maximize the possibility to be
selected for optlmal samples, it reduces the selection
probabilities of unfavorable samples as the controlled
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Note. JS: Jessen's (1978) probability lattice sampling method. See notes for
Table1

by the ability to maximize the selection probabilities
of optimal samples. In particular, not only does the
method using [ maximize the possibility to be
selected for opt|mal samples, it reduces the selection
probabilities of unfavorable samples as the controlled
selection problems have larger numbers of possible
samples. Though we did not show the results of the
comparisons between the suggested method using ¢,
and other methods, they are less effective than the
method using 9, in reducing the selection
probabilities of unfavorable samples.

5. Conclusion

In this paper, we propose using a linear programming
approach with metric distance functions as a weight
for each sample to find optimizing solution sets in
two-way controlled selection problems. We have
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implemented this procedure in a new SAS-based
software.

As shown in the above examples, this method
would offer solution sets not only to maximize the
selection probabilities of optimal samples, but also to
minimize the probability of choosing unfavorable
samplesin large controlled selection problems.

Based on the results for the two-way controlled
selection problem, we expect that the suggested
method would also contribute to controlled selection
problems with three dimensions. We are currently
working on an extension to those problems and to
develop a more effective agorithm for large
controlled selection problems.
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Table 3. Sampling Designs And Comparison For Example 3

Sample B, p(B,) Sample B, p(B,) Sample B, p(B,)
020 0.20°2 020 0.00 020 0.00
101 - 101 201
388 [om | iy L om | 09y L ow
038 oo 838 om | 838 o

d
001 0.00 001 0.10 010 0.00
001 0.00°¢ 000 0.04 001 0.02
020 020 020
101 0.00 101 0.00 201 0.00
000 0.00 100 0.00 000 0.00
200 110 110
(l) 8 % 0.10 % 8 % 0.05 (1) 8 (1) 0.15
010 0.00 000 0.00 000 0.00
000 0.10 001 0.04 001 0.06
020 0.00 020 0.00 120 0.00
101 201 101
000 0.20 000 0.00 000 0.00
200 100 10 0*
690 0.00 g3 0.10 619 0.10
001 0.00 001 0.00 000 0.16
020 0.00 020 0.00 120 0.00
101 201 101
000 0.00 000 0.20 000 0.00
200 101 101
é é 9 0.00 % 2 8 0.00 (1) (1) 8 0.05
001 0.10 001 0.00 001 0.00
000 0.00 000 0.00 000 0.00
020 0.00 020 0.00 120 0.00
101 201 101
000 0.00 000 0.00 000 0.00
200 10 1# 101
% % 8 0.10 % 8 % 0.00 (1) (1) 8 0.10
1 K )

001 0.10 010 0.10 010 0.00
000 0.10 000 0.00 000 0.00
020 2 020 ] 120 ]
101 020 201 0.00 101 040
180 | x| B89 | oo | 008 | o%
é 2 é 0.00 % 2 % 0.05 é é 2 0.15
001 0.00 000 0.00 000 0.30
000 0.00 000 0.06 000 0.24
020 0.00 020 0.00
101 201
100 0.00 000 0.00
100 101
$18 oo 848w
001 0.00 001 0.00
000 0.04 000 0.06
020 0.00 020 0.20
101 201
100 0.00 000 0.00
10 1# 101
010 0.10 010 0.00
001 0.08 000 0.00

0.40°% 0.00°%

0.40° 0.00"°
>, 0.25°¢ >, 0.00°

0.40° 0.20¢

0.40° 0.08°

Note a: Causey, Cox and Ernst (1985), b: Huang and Lin (1998)
c: Sitter and Skinner (1994) , d : Proposed method using ¢1

e Proposed method using ¢3

See notes for Table 1.
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