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Abstract:

There are many situations in which it is desirable to de-
rive reliable estimators for small geographical areas or
small subpopulations, from existing survey data. The
basic random effects model and corresponding small area
predictors for small area estimation is introduced. There
are also many situations in which it is necessary to have
the total of the small area predictors equal to the total of
the direct survey estimates for many small areas. This
motivates the small area estimation under a restriction,
which forces the sum of the small area predictors equal
to certain benchmark. Several small area predictors un-
der a restriction are reviewed. A criterion that unifies
the derivation of these restricted predictors i1s proposed.
The predictor that is the unique best linear unbiased es-
timator under the criterion is derived. The derivation
of the mean square error (MSE) of the restricted predic-
tiors is discussed. Simulations are used to demonstrate
that imposing a restriction can reduce the bias compare
to that of the small area predictors without restriction.

1. Introduction

There are many situations in which it is desirable to de-
rive reliable estimators for small geographical areas or
small subpopulations from existing survey data. How-
ever, sample sizes for these small areas are typically small
due to their relative size. Therefore, the usual direct sur-
vey estimators for such small areas, based on data only
from the sample units in the area, are likely to yield
unacceptably large standard errors (compared to the in-
teresting statistic). This makes it necessary to “borrow
strength” from related area using a model-dependent es-
timator to find more accurate estimates for the given
area or, simultaneously, for several areas.

The random effects model for small area estimation is

yi = xl B+ 2 bi, (1)
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and

Yi=vi+e i=1 n, (2)
where y; are unobservable small area means of interest,
Y; are observable direct survey estimators, ! are known
constants (auxillary information), z; are known positive
constants, 3 is the vector of regression parameters, the
b;’s are independent and identically distributed random
variables with E(b;) = 0 and V (b;) = ¢, and the ¢;’s are
sampling errors with E(e;|y;) = 0 and V(e;|y;) = 0.
Small area estimation is the construction of predictors
for y; and the estimation of the M SFE of the small area
predictors.

Combining (1) and (2), we obtain the model

R

Yi=alB+ b +e, i=1,...,n, (3)
which is a special case of the general mixed linear model.
When the variance components are known, the best lin-

ear unbiased predictor (BLUP) of y; is

0= Y+ (- )al B, (4)
where 3 = [X'/V_l)(']_1 X'V7'Y, and

i = zop(efop + o) (5)

See Henderson (1963). This result does not depend on
normality for b; and e;.

We use ﬂH instead of the direct survey estimator Y;
to estimate y; for each small area i because Y; has a
large variance as an estimator of y; due to small sam-
ple size. However, the direct survey estimator of the
mean across all (or several) small areas is often satis-
factory when the sample size is large. For example, the
direct survey estimator in Fuller and Wang (2000) for
urban change acres Y; has a large variance as an estima-
tor of the true urban change acres y; in the i-th small
area (HUCCO). However, the direct survey estimator for
state urban change acres ). Y; is design unbiased for the
true urban state change acres, and it has relatively small
variance. Therefore, it 1s often desirable to put a restric-
tion on the weighted total of the small area estimators
such that the weighted total of the small area estimators
is equal to the the weighted total of the direct survey
estimators.
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Equivalently, we can put the restriction on the
weighted mean of the small area estimators. Thus, we
want to modify the small area estimators such that

Zn:wi@M = Zn:ini, (6)
i=1 i=1

n

where w; > 0,2 = 1,---,n, are the weights, Zwi =1,
i=1

and M is the adjusted small area estimator. Usually the

n
w; are the sampling weights such that Zini IS an un-
i=1
biased estimator of the population mean. One heuristic
approach is to make a ratio adjustment to obtain

1
g = Y el > wiYi | g, (7)
Jj=1 Jj=1

where g is the EBLUP of y;. This adjustment was
used in Fuller and Wang (2000). The disadvantage of
this approach is that it 1s difficult to assess the bias and
variance of yM .

Pfeffermann and Barnard (1991) proposed an alterna-

tive approach. The mixed model equation for the ran-
dom effects model defined in (3) is

X's7'x  X's7'z Bl _[X'='Y
73'X 77+ 3! ] [ b ] - [ 73y ]
(8)
where X, = diag(zio}, -, 2202) and X, =
diag(c?, -+, 02,). Let @H = (G, -, 31)T denote the

BLUP estimator of y = (y1,- -, yn)’. We have
v = XpB+12b, 9)

where 3 and b are any solutions to the mixed model
equation (8). Note that finding a solution to the mixed
model equation (8) is equivalent to finding a solution to
the minimization problem

gmé {(Y - XB-2b)"S;' (Y — X3 — Zb)

bl

+bT2g1b}. (10)

To make (6) hold, Pfeffermann and Barnard (1991) pro-
posed the modified estimator

~M ~M
g =xp +7b | (11)

~M ~M
where 8 and b are any solutions to the minimization
problem (10) with 8 and b subject to the constraint

Zn:wi(azlrﬁ—l—zibi) = Zn:szz (12)
i=1 i=1
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This leads to the estimator

gt =g Var(@)] ™ eon(@ )R _wiYs —§l (13)

n
where §y = ZwlfthH Pfeffermann and Barnard did not
i=1
give the expression for cov(y¥,3 ) and Var(y) in their
paper.

The Pfeffermann-Barnard (1991) approach is a natural
way to make the estimator g™ satisfy (6). The deriva-
tion of (13) relies on the fact that b can be treated as a
fixed parameter. When there is no restriction, Hender-
son (1950) showed that we can solve the mixed model
equation (8) and estimate b as a fixed parameter. How-
ever, (12) puts a constraint on the random vector b. The
constraint (12) makes the distribution of b a degenerate
one. Thus, the variance structure of b is changed and
Var(b) # diag(zici, ..., z20?). The underlying model
assumptions about the random effects model (1) have
been changed by the constraint. It is not clear that the
estimation of b as a fixed parameter is still justified.

Isaki, Tsay and Fuller (2000) imposed the restriction
by a procedure that, approximately, constructed the best
predictors of n — 1 quantities that are estimated to be

n
uncorrelated with Z%YZ Let
i=1

w= (w1, ,wn)?, (14)

and

Y=3,+3. =Var(Y). (15)
Let 3 be the estimator of ¥ and let €' = AT, where

w/
T= ( On—l In—l )’ (16)

. 1 0%_1
A= ( _an—l In—l )’

oy -1
éin_l = (WTEQJ) ( On—l In—l )Ew
The modified estimator of y is

g =Y - ¢ 'BEWI, -D)(Y-XB),  (7)

~ ~—1

where T' = X, and
_( 0 05,
B= ( ST ) (18)

argued that the estimator in (17) gave

n

the BLUP of the n — 1 quantities orthogonal to Zini
i=1

Isaki et. al.
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when variance components parameters are known, but
no other theoretical justification was provided for the
particular choice of @y,_1.

In light of this fact, it is desirable to develope the-
ory for small areas estimation under restriction (6). We
consider restriction (6) as an adjustment problem in-
stead of a constraint problem proposed by Pfeffermann
and Barnard. Suppose we have the small area estima-
tor g;. To make the modified (adjusted) estimator g
satisfy (6), we construct g by allocating the differ-

n n

ence ijYj — ijgj to the small area estimators
j=1 j=1
¥i, i = 1,---,n, according to a rule defined by

n n
G = | Y owY =) wiEi| . (19)
j=1 j=1

where Zwiai = 1. Clearly, the modified estimator sat-
i=1
isfies (6).
The estimator defined in (7) is an estimator of the
form (19) since

n n
g o= g [ D owYi =D wigl |, (20)
j=1 j=1
-1
n
where a; = ijgf g1, The estimator defined
j=1

in (13) is also of the form (19) though the estimator
1s derived from a constraint minimization problem. An
estimator similar to (13) proposed by Battese, Harter
and Fuller (1988) is

n n
= [ D wy =D wipt ] (21)
j=1 j=1
-1

n
where a; = Zw‘?@@f) Wz@(ng)
=1

For the random effects model defined in (1) and

(2), B = diag(:}67 + 6%, --,2267 + 2,), T =
diag(A1, -+, 7n), and 3; = (zizﬁg + Ggi)_lzfﬁg. After

some matrix operation, we can rewrite (17) in compo-
nent form, rather than matrix form, as

n n
o= it [ D owY =D wiil | (22)
j=1 j=1

-1

where a; = Zw?@(Y])
j=1
the Tsaki, Tsay and Fuller estimator in (17) also has the

wlﬁ“(Yl) Therefore,
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form of (19). We will discuss the properties of the mod-
ified estimator of the form (19) in this paper.

2. Best linear unbiased estimator under
a restriction

We want to find the “best” linear unbiased estimator
for y that satisfies restriction (6). Just as in the deriva-
tion of BLUP, we first assume the parameters for the
variance components are known. Let R(y) denote the
collection of all linear unbiased estimators that satis-
fies (6). Suppose the BLUP of y = (y1, -+, yn)? is
v =@, )" and 57 ¢ R().

First, we need to define the meaning of “best”. Given
the constraint (6), we cannot obtain the BLUP for all
(k)

yi,t = 1,...,n. Consider a family of estimators y""/,

where
i if i j,
:?//(k) _ n n
Z T w1 wYs = > wil | ifi=k
j=1 j=1
(23)

(k) is the estimator in which every com-
ponent is the BLUP of y; except the k-th component is

In other words, ¥y

the BLUP of y; plus wk_l ijYj — ijgf . It s
easy to see that §*) € R(y). For any g e R(y), there
is at least one component §M # 7 since y" ¢ R(y).
For any ﬂ(k), where k # 1,

Var(@” —yi) > Var(@® — y) = Var(G® —y) (24)

because g is the BLUP of y.
Ta= R(y), there are always at least another n — 1
estimators in R(y) with smaller prediction variance for
at least one component. This indicates that no estimator
can be found in R(y) with smallest prediction variance
for every component.

Since it is impossible to compare estimators in R(y)
component-by-component to find the best estimator,

Therefore, for any

some kind of overall criterion is desirable. A natural
choice is to find g™ € R(y) that minimizes
n
~M .
QW)=Y e @ — ), (25)
i=1
where the ¢;,i = 1,...,n are positive weights. Usually,

w; depends on the variance components. To obtain a
general result, we do not specify ¢; now. We will discuss
the choice of ¢; later. We give the major theorem of this

paper.
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Theorem 1 Assume the random effects model

Vi=alB+zbit+e, i=1,...n

yee ey 1Yy

where the b; have independent identical distributions

with mean zero and variance o}, the e; have indepen-

dent distributions with mean zero and variance ¢2;, and
b = (by,...,by)T is independent of e = (e1,...,en)T.
Assume z;, of, and o2, are known and (3 is unknown.

Let 3 be the BLUP of y; defined in (4). Let

n n
= [ D wy =D wii (26)
j=1 j=1

-1
n

where a; = (Z goi_lwiz) goi_lwi and w; are the fired
i=1

weights of (6). Then g = @M, 9M)T s the
unique estimator among all linear unbiased estimators
that satisfies (6) and minimizes criterion (25). In other
words, g™ is the unique best estimator in R(y) under

eriterion (25).

Proof: See Appendix A.

Remark 1. When the variance components are unknown,
we replace the variance components in (5) with estima-
tors to obtain the empirical BLUP or EBLUP, denoted
by g . To impose the restriction (6), we define the mod-
ified estimator

g =0 @Yo e =Y Wi, (21
j=1 j=1

where 3! is the EBLUP.
Remark 2. If ¢; = ini_l, we have that the ratio esti-
mator defined in (20) minimizes the criterion (25). Since
Y; could be less than zero and it i1s not reasonable to
have negative ¢;, we can see that the ratio adjustment
is not always a good choice. If ¢; = w;[cov(gH 7 )71,
n
where § = ijgf, we have the estimator (13) de-
j=1
rived by Pfeffermann and Barnard (1991). The estima-
tors in (21) and (22) are estimators when the variance
components are unknown. When ¢; = [@@f)]_l, we
have the Battese, Harter and Fuller estimator of (21).
The TIsaki, Tsay and Fuller estimator in (22) results from
pi = [@(Yi)]_l. Therefore, Theorem 1 provides a uni-
fied way to derive the estimators described in the intro-
duction part of this paper.

3. Choice of Criteria

Since the “best” estimator depends on the ¢; used in
the criterion (25), we desire a reasonable choice of ;.
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To gain insight into the problem, we first assume all the
variance components to be known.

We argue that ¢; = [Var(Y;)]7! is the most reasonable
choice by showing the properties of the corresponding
modified estimator. Let
dn—l = (dz, . .,dn)/ = (wTEQJ)_l ( On—l In—l ) Ew,
where w is defined in (14) and X is defined in (15). Let
C = AT, where

A 1 07,
A= ( _dn—l In—l )

and T is defined in (16). We want to estimate y. Equiva-
lently, we can estimate Cy = (¥, y2— @29, . . ., Yn —any)’,

where y = sz’yi~ When there is no restriction, the
i=1

BLUP of Cy 1is C@H by the property of BLUP. In other

words,

Cy=CY - &I, - T)(Y — XP). (28)

Let V = Zini and observe that CY = (Y,Ys —
B =1 B
aY,...,Yn —a,Y)". Note that Y; —a;Y,i =2,...,n
are uncorrelated with V', i.e., (Y2 —a2V,... Y, —a,Y)’
is a basis for the space that is orthogonal to Y in the
space spanned by Y. Let ¢] be the first row of C, ¢y =

y= sz’yi~ To impose the restriction (6) on Cy, we
i=1

n
only need to replace ¢}y with Zini and use BLUP to
i=1
estimate the other n — 1 quantities in Cy. This leads to
the modified estimator

cy™ =CY - BC(I, -T)(Y — XP3), (29)

where B is defined in (18). To obtain the modified esti-

. . sl
mator for y, we multiply equation (29) by C ~ on both
sides to obtain

7 =Y - ¢ 'BC(I,-T)(Y —XB).  (30)

This estimator does not depend on the choice of the
basis of the subspace (of the space spanned by Y') that
is orthogonal to Y. Therefore, (30) is derived by apply-
ing the restriction and making estimation based on the
information from the space that is orthogonal to Y.

There are exactly n — 1 linearly independent BLUPs
in any n — 1 dimensional subspace spanned by Y that

n
does not contain Y = Z%YZ Let C,,_1Y be the space
i=1
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spanned by the n — % linearly independent BLUPs and
let Cq = (w, C;_l) . Similar to the derivation of @M
in (30), we can impose the restriction (6) by using the

linear combination of Zini and the n — 1 BLUPs to
i=1
construct the modified estimator
Ja =Y —Cz'BCq(I, - T)(Y - XB3).  (31)

It is possible to derive some linear unbiased estima-
tors for y by using less than n — 1 linearly independent
BLUPs in the space spanned Y. Obviously, these esti-
mators are less efficient than the estimators in the form
of (31). Therefore, the question, “which estimator for y
1s the most reasonable estimator?” is equivalent to the
question, “which n — 1 BLUPs are the most reasonable
choice for constructing the restricted estimator?” If we

n
interpret restriction (6) as meaning that Yy = Zini

i=1
n

is the best estimator for y = Zwiyi, we should choose
to evaluate the n — 1 componéntls that are orthogonal to
Y. This indicates that the estimator in (30) is the most
reasonable estimator. Therefore, p; = [Var(Y;)] ™! is the
most sensible choice for ;. When the variance compo-
nents are unknown, we replace the variance components
with the corresponding estimated value. This leads to
the estimator in (22).

We further establish the relationship between the esti-
mators of the form (31) and estimator of the form (19).
Let @ be the first column of Cg' and let

~

U= (1., 9n) =Y — (I, - T)(Y — XB)]

be a small area estimator of . Then
gM = Y _Cz'BCq(I, —-T)(Y — XB)

= [Y - (I, -T)(Y — XB)] (32)
—Cg (I, — B)Ca(I, —-T)(Y — XJ3)

= g—aldy wVi— > wil] (33)
j=1 j=1

because Cg'(I, — B)Cq = [Cg'(I, — B)|[(I, —
B)Cq] = aw’. In other words, any estimator of the form
(31) can be written in the form of (19). On the other
hand, any estimator of the form (19) can be written in
the form of (31) by letting Cq = AaqT, where

1 0,_,
Aa o ( —Qp-1 In—l )’

an_1=(as,...,a,)".

Therefore, (19) and (31) are different representations of
the same family of estimators.
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5. Appendix

Proof of Theorem 1 Let R"(74) denote the collection
of all estimators that have the form

Vo =T +ai | > wV; > wigl |, (34)

where Zwiai = 1. Clearly, R°(9q) is a subset of R(y).
i=1

We first find the best estimator in R°(yq). For any

Yo € R'(Yq), let

flar, .. an) = Q(g) = Z%E{[(@H - yi)
+ai(ZWij - Z%@f)]z}

Note that cov {(1 — 'yz)azZT(E —B),w;(1— 'yj)} = 0 and

cov{(yi—1)bi+ieq, wi(1=7;)[(bj+e;) —=T (B-p)]} = 0,
where 4; is defined in (5). This leads to

E[@" —u)(Y; -] =0 (35)

fori=1,..,nand j = 1,...,n. Therefore,

flat,...,an) = ZQDZE{@ZH - yi)z}
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+E Z""J -y ) Z@ia?~
i=1

Using Lagrangian multiplier methods to minimize

f(al,...

obtain the system

,dn) subject to the restriction Zwiai =1, we
i=1

2a;p;F +Adw;=0,i=1,...,n

> wi(y;
j=1

The solution to the linear system subject to the restric-

tion E wia; = 1 1s
i=1

n -1
4; = (Zsoflw?) o7 wi. (37)
i=1

Therefore, ™ defined in (26) is an estimator of the form
(34) and minimizes criterion (25).

Let 4 be any linear unbiased estimator of y that sat-
isfies (6), i.e., ¥ € R(y). By standard results for BLUP
(See, for example, Robinson (1991) and Harville (1976)),

we have

yzayz_yzH):O'

cov (gl
This leads to
E{w —v)} =E{@ —vw)?*} +E{@ -37)*}.

(38)
Therefore,

y) = Z%’E (@ —v)} + Z%’E (@ —al")?}
i=1 i=1 (39)

= Zn: w;Y;. For
i=1

n
Since y satisfies (6), we have Zwl@
i=1

the g™ defined in (26),

=g |y w5 - )
j=1
By (36), we have

=Y B (G - )

n n -1
B> wiw - ) (Z@le?) (40)
j=1 i=1
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Note that

2

IA

n n
Zzijkgjgk

j=1k=1

(Zn: Wigi) , (41

where g; =/ E {@] — ft]f)z} By Cauchy’s inequality,
ijgj < (Z i ) (Z 30292)
(Z% ) lZ%E{ b - )’}

v") < Q@)

we need to check when

E Z""j@]
j=1

. (42)

Combining (40), (41) and (42), we have Q(

To show the uniqueness of @M,
the inequalities (41) and (42) become equalities. Inequal-
ity (41) becomes an equality if and only if

Ui— U =+ —ur) (43)
for some constants c? and c},j = 2,...,n. Inequality

(42) becomes an equality if and only if

Vi Wi gl = v teiVpig? = 0,
or, equivalently,
B - )} = o
Also,

witE{( -5 (44)

Zn:wi@' = ZH:WZYZ (45)
i=1 i=1

Combining (43), (44), and (45), we have that the equal-
ity holds if and only if y; = @jw Thus, we have shown

that @M is the unique linear unbiased estimator that
satisfies (6) and minimizes criterion (25).
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