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4 Lqwurgxfwlrq

Wkh remhfwlyh ri wklv uhvhdufk lv wr sursrvh d sure0
delolvwlf iudphzrun iru lqihuhqfh lq �qlwh srsxod0
wlrq vdpsolqj1 Wkhuh duh d ihz vhplqdo zrunv/ olnh
^<`/ ^:`/ ^6`/ dqg ^4`1 Wkh| pdnh d fohdu vhsdudwlrq
ri wzr vrxufhv ri udqgrpqhvv iru lqihuhqfh lq �qlwh
srsxodwlrq vdpsolqj1 Wkh �uvw vrxufh lv wkh udq0
grpqhvv surgxfhg e| wkh vdpsolqj ghvljq dqg wkh
vhfrqg vrxufh lv wkh udqgrpqhvv surgxfhg e| wkh
prgho ri wkh fkdudfwhulvwlf ri lqwhuhvw1 Wkrvh vhpl0
qdo zrunv dovr jlyh dq rshudwlyh irup wr frpelqh wkh
wzr vrxufhv ri udqgrpqhvv1 Lqgxfhg e| wklv lqihuhq0
wldo dssurdfk/ d irupdo phwkrg wr frpelqh wkh wzr
vrxufhv ri udqgrpqhvv zloo eh sursrvhg zkhuh doo wkh
vwdwlvwlfdo vwdwhphqwv lq �qlwh srsxodwlrq vdpsolqj
zloo eh zhoo gh�qhg1

Wr sursrvh d suredelolvwlf iudphzrun iru lqihuhqfh
lq �qlwh srsxodwlrq vdpsolqj/ wkh ghvljq dssurdfk
dqg wkh prgho dssurdfk lqihuhqfh zloo eh �uvw suh0
vhqwhg1 Wkhq/ d irupdo phwkrg wr frpelqh wkh wzr
dssurdfkhv zloo eh sursrvhg1 Wklv frpelqdwlrq zloo
eh wkh uhvxow ri wkh frqvwuxfwlrq ri d surgxfw sure0
delolw| vsdfh1 Wkh hohphqwv ri wklv surgxfw sured0
elolw| vsdfh zloo eh wkh suredelolw| vsdfh lqgxfhg e|
wkh vdpsolqj ghvljq dv zhoo dv wkh suredelolw| vsdfh
lqgxfhg e| wkh prgho ri wkh fkdudfwhulvwlf ri lqwhuhvw1

5 Suholplqdulhv

Iluvw/ wkh qrwdwlrq xvhg wkurxjkrxw wklv zrun zloo eh
suhvhqwhg1 D �qlwh srsxodwlrq ri vl}hQ lv uhsuhvhqwhg

e|

X @ i4> = = = > Qj >

zkhuh Q lv qrw qhfhvvdulo| nqrzq1 Wkh fkdudfwhulv0

wlfv ri lqwhuhvw ri hdfk hohphqw ri wkh srsxodwlrq duh

uhsuhvhqwhg e|

}X @ i}4> = = = > }Qj =

Khuh zh vxssrvh wkdw }n 5 U> n @ 4> = = = >Q 1 Vrph

wlphv wkh fkdudfwhulvwlfv ri lqwhuhvw duh prghohg e|

wkh vhw ri udqgrp yduldeohv

]X @ i]4> = = = >]Qj =

Wkhvh yduldeohv duh gh�qhg ryhu wkh suredelolw| vsdfh

+>D>T, = Khuh *]X prghov }X * phdqv wkdw }X lv d

srvvleoh ydoxh ri ]X 1

Wkh suredelolw| vsdfh +>D>T, ru wkh mrlq sured0

elolw| glvwulexwlrq ixqfwlrq ri ]X lv nqrzq dv d prgho

+vxshusrsxodwlrq prgho lq ^:`/ ^8`/ dqg ^6`,/ iru wkh
fkdudfwhulvwlfv ri lqwhuhvw }X =

Lw lv lpsruwdqw wr qrwh wkdw wkh ehkdylru ri }X grhv

qrw fkdqjh li zh vhohfw d vdpsoh iurp X / vr wkh prgho

grhv qrw kdyh wr ghshqg lq dq| vhqvh rq wkh phwkrg

ri vdpsoh vhohfwlrq1

D vdpsoh lv d vxevhw/ vd| v/ ri wkh srsxodwlrq X =

Wr jhqhudwh wkh vdpsohv ri X zh xwlol}h d vdpsolqj

vfkhph 1 Wklv lv d vhtxhqfh ri h{shulphqwv zlwk wkh

remhfwlyh wr vhohfw hohphqwv ri wkh srsxodwlrq X lqwr
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wkh vdpsoh1 Wkh uhvxowlqj suredelolw| ri vhohfwlqj
wkhvh hohphqwv zloo eh wkh vdpsolqj ghvljq1 Pruh
ghwdlov rq vdpsolqj vfkhphv duh lq wkh Vhfwlrq 415
ri ^7`1 Pruh dffxudwh/ li V lv d vhw ri vdpsohv ri X /

wkhq d vdpsolqj ghvljq lv d suredelolw| ixqfwlrq/ vd|

S / ryhu wkh ���hog 5
V 1 Iru sudfwlfdo sxusrvhv wklv

suredelolw| ixqfwlrq S kdv wr eh htxdo wr wkh uhvxow0

lqj suredelolw| ri wkh vdpsolqj vfkhph deryh1 Dovr

iru sudfwlfdo sxusrvhv/ wkh qdwxudo vhw ri vdpsohv V

lv iv � X = S +ivj, A 3j1 Li V kdv wkdw odvw surshuw|/

lw lv fdoohg wkh vhw ri srvvleoh vdpsohv ri X xqghu wkh

vdpsoh ghvljq S 1 Wkxv/ lw fdq eh iruphg d glvfuhwh

suredelolw| vsdfh zlwk wkh ghvljq S dqg wkh vhw ri

vdpsohv V/
�
V>5V >S

�
> zkhuh wkh vdpsolqj vfkhph

sod|v wkh uroh ri wkh dvvrfldwhg h{shulphqw1

Li zh rqo| xvh wkh suredelolw| vsdfh
�
V>5V >S

�
dv

vrxufh ri xqfhuwdlqw| iru lqihuhqfh lq vdpsolqj/ wkhq
lw lv fdoohg wkh ghvljq0edvhg lqihuhqfh dssurdfk +vhh
^<`,1 Rq wkh rwkhu kdqg/ li zh rqo| xvh wkh prgho dv
wkh vrxufh ri xqfhuwdlqw| iru lqihuhqfh lq vdpsolqj/
wkhq lw lv fdoohg wkh prgho0edvhg lqihuhqfh dssurdfk1
Wklv whup lv xvhg lq ^<` dqg ^9`1 Lq ^4`/ wkh whup
suhglfwlrq0edvhg lqihuhqfh lv xvhg lqvwhdg ri prgho0
edvhg lqihuhqfh1

Qrz/ wkh sulqflsdo remhfwlyh ri wklv zrun lv wr

suhvhqw d irupdo phwkrg wr frpelqh wkh wzr vrxufhv

ri xqfhuwdlqw|1

Ehiruh/ revhuyh wkdw dq| ixqfwlrq iurp V wr U lv d

udqgrp yduldeoh jlyhq wkh vwuxfwxuh ri wkh suredelolw|

vsdfh
�
V> 5V > S

�
1 D vshfldo fodvv ri udqgrp yduldeohv

lv

�n +v, @ 3 li n @5 v>

�n +v, 9@ 3 li n 5 v>

zkhuh v 5 V dqg n 5 X= D sduwlfxodu fdvh ri wkhvh

udqgrp yduldeohv lv

Ln +v, @

�
3 vl n @5 v>
4 vl n 5 v>

iru doo v 5 V dqg n 5 X= Wkh odvw vhw ri udqgrp

yduldeohv lv xvhg lq wkh Kruylw}0Wkrpsvrq w|sh hvwl0

pdwruv1

Qrz/ vxssrvh wkdw wkh suhglfwlrq ri wkh wrwdo W

jlyhq e|

W @

[

n5X

]n

lv uhtxluhg1 Wkhq/ d qdwxudo suhglfwru ri W lv

W� @

[

n5X

�n]n= +514,

Krzhyhu/ lwv h{shfwhg ydoxh dprqj rwkhu vwdwlvwlfdo
fkdudfwhulvwlfv fdq qrw eh irupdoo| fdofxodwhg1 Wklv

lv gxh wr wkh udqgrp yduldeohv ]X dqg wkh udqgrp

yduldeohv �X @ i�4> = = = > �Qj duh gh�qhg ryhu gl�hu0

hqw suredelolw| vsdfhv1

Lq wkh qh{w vhfwlrq d phwkrg wr frpelqh wkh wzr

suredelolw| vsdfhv zloo eh vkrzq1 Wkhq/ d irup wr

uhgh�qh wkh udqgrp yduldeohv ]X dqg �X ryhu wkh

uhvxowlqj suredelolw| vsdfh zloo eh vkrzq wrr1

6 Jhqhudo suredelolw| iudph0

zrun iru lqihuhqfh lq vdp0

solqj

Lq wklv vhfwlrq d irupdo frpelqdwlrq ri wkh wzr

vrxufhv ri xqfhuwdlqw| zloo eh suhvhqwhg1

Iluvw/ wkh surgxfw suredelolw| vsdfh�
V � >5V � D>S �T

�
lv iruphg1 Khuh V � 

lv wkh Fduwhvldq surgxfw ri V dqg / 5
V
� D

ghqrwhv wkh vpdoohvw vljpd �hog jhqhudwhg e| wkh

Fduwhvldq surgxfwv
�
D�E = D 5 5

V
dqg E 5 D

�
/

dqg S � T lv d suredelolw| ixqfwlrq vxfk wkdw

+S �T, +D�E, @ S +D,T +E,/ zkhuh D 5 5
V

dqg E 5 D1 Wklv surgxfw suredelolw| vsdfh zloo

eh wkh vrxufh ri xqfhuwdlqw| iru lqihuhqfh lq �qlwh

srsxodwlrq vdpsolqj1

Wkh gh�qlwlrq ri wkh surgxfw suredelolw| S � T

fruuhvsrqgv wr wkh qrq0lqirupdwlyh vdpsolqj ghvljq

frqfhsw +vhh ^<` dqg wkh Fkdswhu 4 ri ^5`,1 Li wkh vdp0
solqj ghvljq lv lqirupdwlyh/ zh qhhg gh�qh wkh sured0
elolw| ixqfwlrq ryhu 5V�D lq d gl�huhqw pdqqhu wkdq
deryh +h{dpsohv ri lqirupdwlyh vdpsolqj ghvljqv fdq
eh vhhq lq ^43`,1 D sursrvdo lq wklv gluhfwlrq lv jlyhq
lq ^;`1



Qrz/ wkh udqgrp yduldeohv ]X dqg �X duh uhgh0

�qhg rq wklv qhz suredelolw| vsdfh1 Ohw �n = V�$

U dqg ]n = V�$ U eh udqgrp yduldeohv vxfk wkdw

�n ++v> $,, @ �n +v,

dqg

]n ++v>$,, @ ]n +$, >

iru doo +v> $, 5 V � dqg n 5 X= Qrwh wkdw lw lv xvhg

wkh vdph qdph iru wkh uhgh�qhg yduldeohv dqg wkh|

duh qxphulfdoo| htxdo wr wkh ruljlqdo rqhv1

Lq wkh suhylrxv vhfwlrq zdv srlqwhg rxw wkdw wkh

prgho ri ]X grhv qrw kdyh wr ghshqg lq dq| vhqvh rq

wkh phwkrg ri wkh vdpsoh vhohfwlrq1 Wklv frqglwlrq

lv uh hfwhg lq wkh iroorzlqj sursrvlwlrq dv d gluhfw

frqvhtxhqfh ri wkh deryh uhgh�qlwlrq1

Sursrvlwlrq 4 Wkh vhw ri udqgrp yduldeohv ]X lv

vwrfkdvwlfdoo| lqghshqghqw ri wkh vhw ri udqgrp ydul0

deohv �X =

Surri1 Iluvw/ li D 5 5
V

dqg E 5 D/ wkhq wkh

hyhqwv D� dqg V �E duh lqghshqghqw/ vlqfh

+S �T, +D� _ V �E, @ +S �T, +D�E,

@ S +D,T +E,

@ S +D,T +,S +V,T +E,

@ +S �T, +D�,

� +S �T, +V �E, =

Vhfrqgo|/ li E dqg E3 duh wzr Eruho vxevhwv ri U/

wkhq iru doo m 5 X>

�
�4

m +E, @ iv 5 V = �m +v, 5 Ej�

dqg/ iru doo n 5 X>

]
�4

n
+E3, @ V � i$ 5  = ]n +$, 5 E

3j =

Qrwh wkdw wkh vdph qdph iru wkh ruljlqdo dqg uhgh0

�qhg yduldeohv djdlq lv xvhg1

Ilqdoo| li q>p � Q duh wzr lqwhjhuv/

D4> = = = > D
q
>E4> = = = >Ep duh Eruho vxevhwv ri U/

dqg il4> = = = > lqj > im4> = = = > mpj � X / wkhq xvlqj wkh

wzr deryh uhvxowv

+S �T,

#%
q_

n@4

�
�4

ln
+Dn,

&_%
p_

o@4

]
�4

mo
+Eo,

&$

@ +S �T,

#
q_

n@4

�
�4

ln
+Dn,

$

� +S �T,

#%
p_

o@4

]
�4

mo
+Eo,

&$
=

Wklv htxdwlrq vkrzv wkdw wkh vhw ri uhgh�qhg udqgrp

yduldeohv ]X lv vwrfkdvwlfdoo| lqghshqghqw ri wkh vhw

ri uhgh�qhg udqgrp yduldeohv �X =

Uhwxuqlqj wr wkh suhglfwru ri W jlyhq e| wkh h{0

suhvvlrq +5=4,/ wkh eldv ri wklv suhglfwru lv

[

n5X

H +]n, +H +�n,� 4, >

zkhuh wkh h{shfwhg ydoxhv duh fdofxodwhg zlwk uhvshfw

wr wkh surgxfw suredelolw| ixqfwlrq S�T1 Wkhuhiruh/

li H +�n, @ 4/ iru doo n 5 X / wkhq W� lv xqeldvhg=

Uhihuhqfhv ^9`/ ^5`/ ^<`/ dqg ^8` gh�qh d ghvljq0

xqeldvhg suhglfwru/ vd| eW / ri W 1 Wkhuh/ wklv suhglfwru

lv d ghvljq0xqeldvhg suhglfwru ri W li/ dqg rqo| li/ iru d

jlyhq ghvljq S / HS
�ew� @ w iru doo +}4> = = = > }Q , 5 UQ /

zkhuh w dqg ew duh wkh ydoxhv ri W dqg eW / uhvshfwlyho|/

iru hdfk +}4> = = = > }Q ,1 Wkhuh/ HS dovr phdqv h{shf0

wdwlrq zlwk uhvshfw wr wkh vdpsolqj ghvljq S 1

Khuh wklv surshuw| lv htxlydohqw wr

H

� eW � W

���]4> = = = > ]Q

�
@ 3 d1 h1 ^S �T` =

Wklv phdqv wkdw wkh ghvljq0xqeldvhg suhglfwruv lq ^9`/
^5`/ ^<` dqg ^8` duh htxlydohqw wr wkh prgho0frqglwlrqdo
xqeldvhg suhglfwruv khuh1

Lq wkh suhylrxv uhihuhqfhv ^9`/ ^5`/ ^<`/ dqg ^8` dovr

gh�qh d prgho0xqeldvhg suhglfwru1 Wkhuh/ eW lv d

prgho0xqeldvhg suhglfwru ri W li/ dqg rqo| li/ iru d

jlyhq prgho T/ HT

�eW � W

�
@ 3 iru doo v 5 V1 HT

phdqv h{shfwdwlrq zlwk uhvshfw wr wkh suredelolw|

ixqfwlrq T1 Khuh wklv surshuw| lv htxlydohqw wr

H
� eW � W

����4> = = = > �Q

�
@ 3 d1 h1 ^S �T` =



Wklv phdqv wkdw wkh prgho0xqeldvhg suhglfwruv lq
wkh vdpsolqj olwhudwxuh duh htxlydohqw wr wkh ghvljq0
frqglwlrqdo xqeldvhg suhglfwruv khuh1

Pruhryhu/ ^5` dqg ^<` gh�qh d TS0xqeldvhg suhglf0

wru1 Wkhuh eW lv d TS0xqeldvhg suhglfwru ri W li/ dqg

rqo| li/ iru d jlyhq S dqg T/ HTHS

�eW � W� @ 31

Khuh d TS0xqeldvhg suhglfwru lv rqo| dq xqeldvhg
suhglfwru1 Lq wkh Fkdswhu 7 ri ^5` lv srlqwhg rxw
wkdw d ghvljq0xqeldvhg ru prgho0xqeldvhg suhglfwru
lv d TS0xqeldvhg suhglfwru1 Vlploduo| khuh/ lw lv hdv|
wr vhh wkdw d prgho0frqglwlrqdo ru ghvljq0frqglwlrqdo
xqeldvhg suhglfwru lv dq xqeldvhg suhglfwru/ vlqfh

H

�
eW � W

�
@ H

k
H

� eW � W ���]4> = = = >]Q

�l

@ H

k
H

� eW � W

�
�
��4> = = = > �Q

�l
=

Dqrwkhu whup frlqhg lq ^8` lv wkh dqwlflsdwhg ydul0

dqfh1 Wklv lv gh�qhg dv

HTHS

��eW � W

�5�
�

k
HTHS

� eW � W�l5 =

Khuh wkh dqwlflsdwhg yduldqfh lv htxlydohqw wr

Y du

� eW � W

�
dqg lw fdq eh h{suhvvhg e|

Y du

� eW � W

�
@PVH

�
eW

�
�E

5

� eW� >
zkhuh E

�eW� lv wkh eldv ri wkh suhglfwru eW 1 Lq ^8` dqg

^4` wkh| xvh wklv txdqwlw| wr hydoxdwh wkh h!flhqf| ri
suhglfwruv1

Revhuyh wkdw wkh dqwlflsdwhg yduldqfh fdq eh h{0
suhvvhg dv

Y du

�
eW � W

�
@ Y du

k
H

� eW � W ���]4> = = = >]Q

�l

.H

k
Y du

� eW � W

�
�
�]4> = = = >]Q

�l

@ Y du

k
H

� eW � W ����4> = = = > �Q

�l

.H

k
Y du

� eW � W

�
�
��4> = = = > �Q

�l
=

Li eW lv d prgho0frqglwlrqdo xqeldvhg suhglfwru/ wkhq

Y du

� eW � W

�
@ H

k
Y du

� eW � W

���]4> = = = >]Q

�l

@ H

k
Y du

� eW ���]4> = = = > ]Q

�l

D vlplodu vwdwhphqw fdq eh irxqg lq ^8`1 Xqghu wkh
vdph frqglwlrq/ wkh dqwlflsdwhg yduldqfh lv htxdo wr

PVH

�
eW

�
@ H

�eW 5

�
.H

�
W
5
�
� 5H

�eWW�

@ H

�eW 5

�
.H

�
W
5
�

�5H

k
WH

�
eW

���]4> = = = > ]Q

�l

@ H

�
eW
5

�
�H

�
W
5
�
= +614,

Ixuwkhupruh/ li eW lv d ghvljq0frqglwlrqdo xqeldvhg
suhglfwru/ wkhq

Y du

�eW � W

�
@ H

k
Y du

� eW � W

����4> = = = > �Q

�l
=

Dv zdv wkh fdvh ehiruh/ d vlplodu vwdwhphqw fdq eh
irxqg lq ^8`1 Dovr xqghu wkh vdph frqglwlrq/ wkh dq0

wlflsdwhg yduldqfh lv wkhPVH
�
eW

�
exw lw kdv qrw wkh

vdph h{suhvvlrq olnh +6=4, =

Rqh sduwlfxodu fdvh ri wkh suhglfwru +5=4, ri W lv

wkh Kruylw}0Wkrpsvrq suhglfwru ri W= Wklv suhglfwru

lv gh�qhg e|

W� @

[

n5X

Ln

�n
]n>

surylghg wkdw �n A 3 iru doo n 5 X 1 Wklv lv d prgho0

frqglwlrqdo xqeldvhg suhglfwru/ vlqfh H +Ln, @ �n iru

doo n 5 X 1 Krzhyhu/ lw lv qrw qhfhvvdulo| d ghvljq0

frqglwlrqdo xqeldvhg suhglfwru1

Wkh PVH ri wkh suhglfwru W� lv htxdo wr=

[

n5X

4

�n

H
�
]
5

n

�
.

[[

m 9@n5X

�mn

�m�n

H +]m]n, �H
�
W
5
�
=

Lw lv qrw gl!fxow wr vkrz wkdw dq xqeldvhg hvwlpd0

wru ri wklv PVH lv jlyhq e|

[

n5X

�
4

�n

� 4

�
Ln

�n

]
5

n

.

[[

m 9@n5X

�
�mn

�m�n

� 4

�
LmLn

�mn

]m]n>



surylghg wkdw �mn @ H +LmLn, A 3 iru doo m 9@ n 5 X 1

Wkh remhfwlyh lq suhvhqwlqj wkh deryh vwdwlvwlfdo

vwdwhphqwv lv wr ghprqvwudwh wkh xwlolw| ri wkh surg0

xfw suredelolw| vsdfh sursrvhg lq wklv vhfwlrq1

7 Frqfoxvlrqv

Wkh sulqflsdo srlqw ri wkh suredelolw| iudphzrun

suhvhqwhg khuh lv dv iroorzv1 Li wkh wzr vrxufhv

ri udqgrpqhvv iru lqihuhqfh lq �qlwh srsxodwlrq

vdpsolqj duh uhtxluhg/ �uvw wkh frpelqdwlrq ri

wkh wzr dssurdfkhv kdv wr eh irupdol}hg1 Wklv

zdv pdgh sursrvlqj wkh surgxfw suredelolw| vsdfh�
V � >5V � D>S �T

�
dqg uhgh�qlqj wkh udqgrp

yduldeohv ]X dqg �X 1 Wkhq wkh fdofxodwlrq ri dq|

vwdwlvwlfdo fkdudfwhulvwlf fdq eh pdgh lq wkh irupdo

zd|1 H{dpsohv ri wkhvh vwdwlvwlfdo fkdudfwhulvwlfv duh

wkh eldv dqg dqwlflsdwhg yduldqfh ri dq| suhglfwru ri

W 1

Uhihuhqfhv

^4` Euhzhu/ N1 U1 Z1 +4<<<,1 Ghvljq0edvhg ru
suhglfwlrq0edvhg lqihuhqfhB Vwudwl�hg udqgrp
yv vwudwl�hg edodqfhg vdpsolqj1 Lqwhuqdwlrqdo

Vwdwlvwlfdo Uhylhz/ 9:/ 6807:1

^5` Fdvvho/ F1 P1/ F1 H1 Vçuqgdo dqg M1 K1 Zuhw0
pdq +4<::,1 Irxqgdwlrqv ri lqihuhqfh lq vxuyh|

vdpsolqj1 Mrkq Zloh| ) Vrqv1

^6` Kdqvhq/ P1 K1/ Z1 J1 Pdgrz dqg E1 M1 Whsslqj
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