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1. INTRODUCTION

1.1 Interest in the population problems of devel-
oping countries, has led scientists to develop

and construct mathematical models as an aid in
understanding the dynamics of population growth
and change. Research in model-building in the
field of human fertility was initiated by Alfred
Lotka. While Lotka was concerned with determin-
istic models, most of the recent work in fertility

models deals with stochastic or probability models.

A good review of the attempts in stochastic model-
building can be found in Sheps et al.! The role
of social-structural factors in influencing fer-
tility_has been noted by several researchers
(Davis2, Lauriat3, Pool?, Stycos®). But in the
stochastic process models developed to date, most
of the vital social-structural factors are not
considered at all, or considered insofar as they
modify biological functions. For social policy
decisions, especially in view of the forces of
modernization impinging on developing nations, one
has to know the role and contribution of social
factors to fertility. To develop a sociologically
sound model of fertility, one has to study conju-
gal history in detail. Even a model of conjugal
history per se, is of interest to family sociolo-
gists for a deeper understanding of the different
forces at work on marriage and its disruption.

1.2 A female in any society, ignoring childhood
and adolescent days, will be in any one of the
following states.

A] - Not in union by not entering into union
Aé - In union

A; - Not in union by divorce

A; - Not in union by separation

A; - Not in union by desertion

Aé - Not in union by death of husband

1.3 The classification of conjugal states as
given above is most general. But in many cases,
data may not be avaiiable with regard to some of
these states. In such cases we shall have to

*Based on the doctoral dissertation submitted
to the Graduate School at Cornell University.
The author is highly indebted to Professors
Robert McGinnis, J. Kiefer, N.U. Prabhu, D.I.
Pool and H.M. Taylor, members of the special
committee, for their valuable suggestions and
advice at every stage of his graduate training
and research. The research reported here was
supported by a fellowship under the H.S.S.
Program.

324

switch back to the usual way of classifying
females as unmarried (state Aj), married

(state A2), widowed (state A3), and divorced
(state A4). We shall confine the discussion to
this simple and common classification of conjugal
states. The results derived can be extended to
the most general case easily.

1.4 To get a more realistic model of conjugal
history, 'death' state has to be brought explic-
itly into the picture. This is not attempted
here due to the following reasons: (a) Most of
the data that we have are cross-sectional, and
retrospective marital and childbearing histories
are collected only for those who are living and
are sampled or interviewed at the time of the
survey (b) Mortality is not, comparatively speak-
ing, a significant force to be reckoned with
especially in the age span of 15-49 years, which
is of interest as far as human fertility is con-
cerned. A model of conjugal history incorporat-
ing mortality expgicitly, is suggested by the
author elsewhere.® The model suggested in this
paper, is thus conditioned on the survival of the
female. Unconditional results can be obtained by
integrating these results over the relevant prob-
ability space assuming a realistic probability
distribution for survival.

1.5 A diagrammatic representation of the conju-
gal history of a female, conditional on survival,
is given below (Figure 1).
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Figure 1 Chart of Conjugal History
Legend: A] Unmarried State A3 Widowed State
A, Married State A, Divorced State

2 4
An unmarried female after a random length of time
is pushed to the married state (Ap). Conditional
on the survival of the female, there are two
forces acting on the female who has moved to Aj.
The female runs the risk of moving to the widowed
state A3, or to the divorced state Ay, or she can
remain in Ap. If she makes a transition to A

or Ag, she may remarry and thus move back to Rz.
Remarriage depends on many factors. But it is
clear that the conjugal history of a female can
be completely characterized by the knowledge of
the sequence in which these states are visited
and the length of time spent in each state at
each visit.



2. SOCIOLOGICAL CONSIDERATIONS

2.1 Various sociological considerations make one
view the length of stay in each state as a random
variable. The frequency of dating, the availa-
bility of males in the appropriate age groups as
potential mates, the stigma attached to remaining
"single", the social recognition of married
couples in preference to "singles", etc. are all
social factors which affect the annual chance of
marriage of an unmarried female. Thus the time
spent in unmarried state can be considered as a
random variable. The length of stay in married
state also is a chance variable in view of the
sex-differential in the expectation of life, the
husband-wife age differences, educational status
of the spouses, participation in labor force, the
tabu attached to extra-marital relations, etc.,
in addition to the psychological compatibility of
the spouses.

2.2 After becoming divorced or widowed, a female
can hope to remarry, if the society under consid-
eration has no tabu on such remarriages. The
female thus may return to married state. There
are several factors, such as age, beauty, number
of children the female has begotten, the availa-
bility of females in relation to males, which
affect the chance of remarriage. Over and above
this, if the female stays in unmarried state, or
divorced, or widowed state for a long time, her
chances of marriage/remarriage diminish. ;hat is
to say the principle of cumulative inertia
applies here, due to obvious reasons. Thus the
length of stay in divorced or widowed also is a
random variable. After remarriage, the female
again becomes exposed to the risks of widowhood
or divorce and the process repeats itself. Hence
the whole conjugal or marital history can be view-
ed as a stochastic process.

2.3 The probabilities of transition from state A,
to state Aj (i, j =1, 2, 3, 4) are sociologically
interpretag1e. A female who has moved to A2 can-
not go back to Aj. Hence in the development of
the model here we shall be concerned witk the con-
jugal history of ever married females.

3. A MARKOV_RENEWAL/SEMI-MARKOV PROCESS

3.1 From the various considerations stated above,
the conjugal history of an ever married female can
be chargcterized as a Markov Renewal/Semi-Markov
Process®, if we further assume that the parameters
of the various probability distributions and the
transition matrix do not change over time. This
assumption may not be strictly true in view of the
fact that after remarriage, the transition matrix
and the various distributions are likely to be
different from those of the first marriage. In
such a case we can characterize the conjugal
history as a General Markov Renewal Processd. As
a first approximation of the process, M.R.P. comes
as handy. Since the number of states is just
three, the results can be derived from fundamental
probability considerations without recourse to
renewal theory. Derivations are not given her?
for lack of space but are available elsewhere. 0
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3.2 We use the standard notation.

States B1 - Married state

82 - Widowed state

B3 - Divorced state

Transition Matrix P - (p..) (i, j =1, 2, 3)

ij
p;: - Annual probability of transi-

' from state Bj to state Bj. p32
and pp3 will be taken as zero.

Fi.(t) - Distribution function of
J length of stay in B; before
transition to Bj'

*
uyj - mean of Fij(t)

G..(t) - Distribution function of the

0 First passage time from Bi to
B.
J
m;; - mean of Gij(t)
*
Hi T2 Py i

J
3.3 Results that are of sociological importance
are given below.

3.3.1 Conditional on survival, the mean
(first passage) time of a divorced female to
remarriage is

_ * *
M3y = P3q M3y * P33 H33
P31

3.3.2 Conditional on survival, the mean
(first passage) time of a widowed female to
remarriage is

_ * + *
M21 = P2y Y21 7 Pop Va2
P21

3.3.3 Conditional on survival, the mean
(first passage) time of a married female to
widowhood is

M2 = P3p ¥y ¥ P13 13
P31 P12

3.3.4 Conditional on survival, the mean
(first passage) time of a married female to
divorce is

M3 = Pyp ¥y ¥ P Wy
P13 P2




3.3.5 Conditional on survival, the mean
(first passage) time of a widowed female to
divorce is

Moz = (1-Pyy) wp + Pyy 1y
P21 P13

3.3.6 Conditional on survival, the mean
(first passage) time of a divorcee to
widowhood is

map = (1-Pyy) ug + Pgy 1y
P12 P31

3.3.7 Conditional on the survival of the
female, the mean first recurrence time of
married state is given by

My = Pr2 Moy * Py3 M3y + 1y

3.3.8 Conditional on the survival of the
female, the mean first recurrence time of
widowed state is

Myp = Mp * Ppy M

3.3.9 Conditional on the survival of the
female, the mean first recurrence time of
divorce state is

M33 = ¥3 * P31 M3

3.3.10 It may be noted that if any of the
waits is defective, the mean first passage
or recurrence time(s) involving the

defective distributions will become infinite.

4. EXPECTED NUMBER OF MARRIAGES, DIVORCES,
AND WIDOWHOODS IN (o,t] SUBJECT TO SURVIVAL

4.1 Let Nj(t) be the random number of times a
female enters By (i = 1, 2, 3). Then Ny(t) is
the number of marriages contacted, N (t] the
number of widowhoods experienced, anﬁ N3(t) the
number of divorces undergone. We will compute
the mean values of Nj(t) (i =1, 2, 3) given that
the female starts from By, married stat? (i.e.
after first marriage). }ollowing Smith!1, the
sequence of recurrence times of B; forms a renew-
al process. If the first passage from j to i is
added to this sequence, Yg have a general renewal

process. Using Murthy's'c approximation, we get
a) expected number of remarriages in (o,t]

-t @y

n L R
| n 2m112
b) expected number of divorces in (o,t)
- (2)
= t/mgy + Mgy - Mg
an3? Mgy
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c) expected number of widowhoods in (o0,t}

- (2)
= t/Myy vy T - My
2m222 My
where m..(z) is the second moment of the first

recurrehbe time of Bj (i =1, 2, 3

4.2 A few remarks are in order now. A family
sociologist will be interested to know how much
percent of married life time is lost due to dis-
rupting forces such as divorce and widowhood. To
gauge the intensity of such disrupting forces, an
index of marital disruption can be developed.

The transition matrix and the waits are likely to
be age dependent. This problem can be solved to
some extent by considering age cohorts, assuming
that the female population of each cohort is homo-
geneous with respect to the characteristics under
consideration.

5. ILLUSTRATION

5.1 The survey of economic opportunity (S.E.0.)
conducted by the U.S. Bureau of the Census in

1967 for the Office of Economic Opportunity
(0.E.0.) contains information on the marital his-
tory of ever married females of the U.S. canvassed
in the sample. The geographical coverage of the
study, the size of the sample, the sampling pro-
cedure, and the method of estimafgon are all dis-
cussed in a Census Bureau paper.

5.2 The following results have been obtained
ignoring age (i.e. all ever married females are
lumped together) and race. Race has been ignored
because the S.E.0. had an overrepresentation of
the Negro population. Differential with respect
to color is well established. Our aim is not to
study differentials. Also we have omitted the
group of females who had experienced 26-55 years
of married life in the estimation of the elements
of the transition matrix, and the mean waits in
"married" state. It was seen that the mean waits
were not underestimated even when truncation was
taken into account.

5.3 Considering first marriage alone, we have
the following estimates.

M W D
| 9865 .0048 .0087
P =|.0265 .9735 0
.1447 0 .8553
A A A
* * *
My = 12.46 Moy = 6.92 ugy = 6.38
A A A
5 .=19.79 5o =9.82 i, = 9.80
g = - Moo & 7 M3z 7 7
A
b = 9.56
Y13 .



5.4 We have the estimates of the mean first
passage and the first recurrence times as
follows:

A

A _ A

miy = 14.8 my = 367.7 my = 64.3
A Ao Ao

m, = 2732.3 my, = 82.2 my, = 2797.0
Ao A A

mly = 1640.1 myy = 2008.6 my, = 246.6

5.5 A few comments are in order now. The
absolute values of the mean first passage times
etc. have no significance. Large values of the
mean first passage times etc. have ensued from
the defective nature of the distribution func-
tions of waits. Relative values are meaningful
(cf. Kemeny and Sne1114). Thus, if a divorced
female is considered as waiting for one unit of
time to remarry, the widowed female, on an
average, will take 5.7 units of time for remar-
riage. If the time from "married" state to
"divorced" state is taken as one unit of time,
the time to "widowed" state is two units. Anoth-
er interesting result that emerges from this
model is that the mean time from "divorced" state
to "widowed" state and the mean time from
"married" state to "widowed" state are nearly of
the same order of magnitude. Also, if the mean
recurrence time of "married" state is taken as
one unit of time, the mean recurrence time of
"widowed" state is nearly 5.6 units and of
"divorced" state 16.8 units. This last result
seems to be highly unrealistic. The probable
reason for this may be ignoring the age factor.
Older females are more likely to become widowed
earlier than becoming divorced.
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