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VARIANCES FOR INDEXES FROM COMPLEX SAMPLES* 

Leslie Kish, Survey Research Center, University of Michigan 

Summary 

Methods of computing variances were found for 
several statistics of importance in economic and 
social surveys. These statistics are based on 
the ratio mean (score) r y /x, where x is 

commonly the variable sample size of complex 
(stratified clustered) samples. One set of these 

statistics involves the weighted sum 

Ewjrj for any real wj. Another set is based on 

the relatives R1 
rl = (yl /(yd 

/ xo), the 

ratio of current (1) score to the base (o) score. 

From these relatives the indexes 

I1 = are constructed and then changes in the 

index I2 - I1. We develop computing formulas for 

the variances of these statistics, including some 
good simple approximations. These methods are 
applied to a series of data from the Surveys of 
Consumer Expectations. A large group of empiric- 
al results give interesting and useful evidence 
on the behavior of those statistics, with wide 
implications for the design of surveys to measure 
economic and social indicators. 

(1) Variances for Linear Combinations of Ratio 
Means 

The use of sample surveys for collecting social 
and economic data is increasing in scope and some 
important indexes are now- -and more will be in 

time --based on sample surveys. Many of these 
resemble in the essentials of sample design the 
Surveys of Consumer Expectations [2] that pro- 

vided both the stimulation and the data for our 
empirical investigations. Our principal aims 
were empirical: to learn something about the 
magnitudes and sources of sampling variations 
affecting the principal economic indicators. The 
surveys are based on a complex multi -stage sample, 
from which the scores r are computed as the ratite 
of two random variables and x: 

H H H ah ah 
(1) r= y /x 

Typically is the sum of some characteristic in 
the sample and an estimate (usually unbiased) of 
the population value Y, except for a constant 
factor- -such as f, the sampling fraction. The 
random variable x in the denominator is here (and 
usually) the sample size; in general it estimates 
the population value X in a form similar to the 
numerator. The sample is selected in H primary 
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strata and aa, denotes number of primary selec- 
tions from the h -th stratum. Our data come from 
45 strata representing the U.S.A. and 2 

primary selections (mostly counties) from each 
stratum. The quantities and x. represent 

sample totals for the -th primary selection in 
the h -th stratum; is the total score for an 

attitude and the sample size; the quantities 
yh and are 'stratum totale [4]. 

The variance of the sample ratio r can be 
estimated [1, 4, 8] usefully in large samples by 

var(r) ¿ x- 2[var(y) + r2 var(x) - 2r cov(y,x)] 
(2) 

We shall use the convenient computing forms [4] 

for the variance of a score r 

var(r) x 2 dz (3) 

where 
ah 1 rDyh]2 

ah 

ah 

yah) r(y- ah) (4) 
a! 

when abbreviated to the basic units of deviation. 
Often, as in our sample, two primary selections 
(á and b) are drawn from each stratum; and with 
ah 2 the basic computing unit takes the form: 

dzh = dy - rdx - r(xha xhb)] (4') 

This is quite common in survey practice and Key - 
fitz [3] called attention to the wide usefulness 
and simplicity of that design. But I believe the 

essential simplicity and flexibility is in the 
computing forms (3) and (4), which can also be 
used for more than two selections with either 
electronic or desk computers. Similar to the 
variance, the covariance of two scores rj and rk, 

based on samples from the same primary selections, 
is: 

cov(rj,rk) = h(dzjh/xj)(dzjdxk) 

(xjxk) 
-1 

dzjhdzkh (3') 

These forms permit readily the computation of 
variances for the linear combination 

of several (J) scores where the are 

constants as needed: (5) 

var(i, wjrj) = var(rj) + 24wjkj 

H dz J H 
A + 2 E x )(wk Ka) x xk 

a h h (5') 



The first line follows from basic theorems about 
linear combinations of random variables. In 
the second line we reverse the order of 
summation to obtain the third line readily, 
because of the simple additivity of the within 
stratum computing forms. 

An example of (5) is the change of score (r2- ri) 

from period 1 to period 2; here J 2 with w2 = 1 

and w1 = -1: 

dz2h dz1h 
-2 (6) 

var(r2 
r1) ( x2 xi ) x2 

H H 
+ x12 dzlh - 2(x2x1) -1 dz2hdzlh 

Another example is the simple summed score, 
J J 
Er /x when all 1, all x and 

J 

var(E yj/x) x-2 dzjh)2 

J 

dyjh - Jrdxh)2 

H 
- 

2. The Variances of Relatives and Indexes 

(7) 

The relative for any current year is the ratio 
of the score for that year to the score for the 
base year R1 ri /ro. 

R1 /ro - (yl /x1) /(yo/x0) _ (ylxo) (8) 

The requirement that ro, hence yo, be safely far 

from zero can usually be met and the base period 
score is often set arbitrarily at 100 (or 1). 
The values of x in the denominators of all scores 
must be such that compared to sampling variabil- 
ity we can disregard the possibilities of values 
near zero. This requirement is met readily when, 
as in our sample the x values denote sample sizes 
under good control [5]. We also use the 
difference of two relatives (R2 - Ri). 

Finally, we also investigate indexes of the type 

I1 E /roj and I2 

(9) 
the difference of two indexes. The difference 
typically indicates a change between two periods 
(2 and 1) in the indexes I2 and I; this can 

refer either to the entire sample (and popula- 
tion) or to a subclass. But the same treatment 
can also accommodate other kinds of differences, 
such as the comparison of indexes for two sub- 
classes in the same period. 
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The index is the sum of J relatives, and 

combining different relatives results in differ- 
ent indexes. Each relative, consists of 

the current score rij standardized by taking it 

as the ratio to the score, roj, for the base 

period "O ". If before summation the relatives 
are multiplied by weights, these can be conven- 
iently assumed incorporated either in the base 
score roj or (if the weights are subject to 

periodic changes) in the current score rij. 

These standard economic measures are well known 
and frequently used. But they need to be 
accommodated to a sampling approach when the data 
come from sample survey data, particularly from a 
complex sample design of the kind commonly used 
for large -scale socio- economic surveys. We 
provide methods for computing variances for these 
indicators and then use them for the empirical 
investigation of a large and important source of 
data. Further problem about optimum weights and 
methods of combining the indicators must be left 
to other investigations. 

If we treat R1 /ro simply as the ratio of two 

random variables, the variance of which may be 
estimated with the same formula (2) that we use 
for r = y /x, then we have 

var(R1) = (var(r1) + R1 var(ro) 

- 2R1 cov(ri, r )] (10) 

This brings our only serious new theoretical 
problems. We can and must be satisfied with a 
large sample approximation, because most surveys 
are based on large enough samples and this 
permits the use of two approaches. We note that 
the derivations [1, 1J used for obtaining (10) 
need few restrictions. Especially the variances 
of r1 and ro can be mean- square errors and small 

biases will not destroy these relationships; we 
found these biases of r1 and r to be trivial or 
absent. We also investigated the bias in the 
ratio R1 = and found it to be real, but 

negligibly small for our purposes. 

Another approach to this problem is through 
methods sometimes called the "propagation of 
errors "; see for example Rao [7]. We must 
depart from his classical presentation which uses 
terms assuming simple random sampling. 

This was generalized to the covariance terms of 
a large sample of complex design by Mr.'s R.K. 
Pillai and N.K. Namboodiri --as yet in rough 
draft form. The approximation resulte in a 
relatively simple form: 

var(R1 E[(dg1 -1) 2)]2 (10s) 
h y1 1 yo o h 

A form of this, a "double -ratio sample" for a 
random sample is attributed by Yates [8, p. 
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to Keyfitz, and mentioned briefly by Hansen 

[1, Voi I, pi 514]. This can be generalized for 

as: 

var(U/V) (U/v)2 E[E 
h uj 

vi 

but the validity of the approximation must be 
checked empirically in each case. 

The computation of indexes can be facilitated 
with a different computing unit; which bring the 

inside the brackets of (10'). In addition to 

some computational conveniences this also avoids 
division by y1, hence the unnecessary assumption 

that 110. Thus: 

dylh rldxlh 
dzoh 

elh 
rox1 ( roxl ) and eoh 
dzlh 

dyoh rodxoh 

yo 

because roxo yo. With these units we get (10') 

into the brief form 

var(R1) E(elh - Rleoh)2 (10 ") 

(12) 

We may also express in these eh units the 

variances of scores 

var(r1) r2 E 
h 

and the difference of two scores to the same 
base ro 

H 
var(r2- r1) ' E(e2h 

- elh)2 (6') 
h 

From simple considerations of symmetry we also 
see that the variance of the product (rir2), 

which has a positive covariance term, can be 
computed as 

var(r1r2) 2dzlh + y1dz2h)]2 (10 ') 

2 

This can be generalized to the product of more 
than two ratios insofar as this would be justified 
by its distribution. Furthermore, it could also 
be summed in the manner of formulas (14) and (15) 

below. 

(3') 

The useful simplicity of the eh units appears soon 

when we need variances of linear combinations of 
of the relatives The difference of two 

relatives measures its change between two periods 
and its variance appears term by term as: 

(13) 

var(R2 - R1) var(R2) + var(R1) - 2cov(R2,R1) 
H 
EE[(e2h elh) 

- (R2- 
R1)eoh]2 (13') 

elh)2 + (R2- R1)2 

- 2(R2- R1) 
oh(e2h- elh) (13") 

ro2var(r2-r1 ) + (R2-R 
1 
)2ro2var(ro) 

- 2(R2-R1)ro2[cov(ro,r2) - cov(ro,rl)] (13"9 

The last expression can also be obtained 
immediately by considering (R2- R1) (r 

2 
- r1) 

as the ratio of two random variables and apply- 
ing (2) directly to that ratio. The expression 
(13'") interests us because it leads to a use- 
ful approximation: the first term, which can be 
computed with simpler methods (6) and with data 
only from the current surveys, proves to be a 
good approximation for the entire expression. 
Thus the easily computed variance for a change in 
scores can be used to estimate the more difficult 
variance of a change in relatives. 

The variance of (R2- R1) can be seen in (13') as 

consisting of the algebraic sum of the computing 
units (ejh Rjeoh) from (10 ") with the coeffici- 

ent of +1 for j 2 and -1 for j 1. This 
ready result comes from the simple form of the 
variance of the relative, which consists of the 
sum for all strata of the squares of the comput- 
ing units. Similarly, the variance of any simple 
Bighted sum of the relatives 

R. takes the form 

var(EwjRj) Rjeojh)]2 (11 

These derivations are similar to those for 
formula (5). Squaring the brackets yields the 
proper terms of variances and covariances for all 
the j's. Our present interest is in two forms. 
One of these (with all 1) yields the index 

as the simple sum of the J relatives composing 
the index. Its variance is 

var(ERj) Rjeojh)]2 (15) 

This seems like a good computing form. But for 

analytical purposes we also note, that, compared 
to the variance of a single relative (10 "), the 

variance of an index is the sum of the variances 
and covariances of all (j 1, 2...J) relatives: 

H J 
var(ERj) Rjeojh)2 

+2É ' 
Rkeokh) (15 ) 

= var(R ) + 2 E cov(R R.) (15 ") 

Finally, we want the variance of the difference 
of two indexes I2 - and this is (14) with all 

1 and all wlj -1: 



- f(e2Jh_ R2jeojh) 

H 

é2h 
el - 

eljh)l2 

J 

+ 

J 

- 2 

(eljh- Rljeojh)J 
)2 

(16) 

(R2j- (16') 

(16") 

2 

J 

[E(R2j- 

The three terms correspond to the analogous terms 
in equations (13) for the variance of the differ- 
ence of relatives, but comprise the summations 
for all (j = 1, 2,...J) relatives. The first 
term consists of the variances and covariances of 
the score differences (r2j - for the differ- 

ent relatives (j = 1, 2,...J) and including the 
factors without sampling variation, i.e., as 

a constant for each j: 

= raj var(r2j- 

+ 2j cov((r2j- 
(r2k rlk)] (i6") 

We find (line 8, Table 3) that the covariances 
among the change of relatives are important and 
that they are in proportion to the covariances of 
the relatives, the second term of (15 "). But we 
also find (line 7, Table 3) that this entire 
first term (16 ') is an excellent approximation 
for all the three terms of (16 ") for the variance 
of index changes --just as the first term of (13 
was for the variance of changes of individual 
relatives. Thus the second and third terms of 
(16 ") can be neglected often - -when the factors 
(r2j- /ro are uniformly small enough to be 

neglected. They consist of sums of variances and 
covariances, generalizations for the J relatives 
of the second and third terms of (13"9. 

3. Standard Errors for Scores and Their Changes 

The methods described in the preceding sections 
have been applied to a large body of empirical 
data. The chief aim was the computation of 
variances for long series of economic indicators 
as they have been used for about 12 years in the 
Surveys of Consumer Expectations [2]. Data from 
six surveys are represented, each of about 
n = 1370 interviews and two from each of three 
years: the base year 1956, and two current years, 

1959 and 1960. Essentially the same methods of 
multi -stage probability area sampling methods 
were used in each survey to select dwellings with 
equal probabilities. In the dwellings families 
were identified (1.04 per dwelling) and a single 
interview was taken from head or wife alternately 
designated (or from head, if without a spouse). 

193 

The 1320 or so dwellings came from about 400 
segments and these from 66 primary sampling 
areas, either single counties or Standard Metro- 
politan Areas --a widespread sample, with an 
average of 20 cases coming from an average of 
seven segments per area. Of the 66 areas 54 were 
selected with less than certainty and these 
contribute 27 strata, each containing two primary 
selections, to the computation of the variance. 
The other 12 are the largest metropolitan areas, 
included with certainty; here segments were the 
primary sampling units and these were paired into 
18 computing strata. Altogether then the 
computation of the variance is based on 
27 + 18 = = H strata, with two primary sel- 
ections in each [4]. 

The 15 variates represent answers obtained in 
essentially the same form over the years. All 
15 variates, as they appear here, represent 
trinomials. For example on the first item the 
response "Better off" has a value 200, the 
negative response "Worse off" has a value of 0, 
and the neutral response has a value of 100; the 

neutrals responses are mostly "Same ", with fewer 
"Incertains" and Knows" and very few 
"Unascertained ". The mean is 110 and this ex- 
presses results from about 30 per cent "Better 
off" against 20 per cent "Worse off ", with 50 per 
cent in the middle group; the deviation from 100 
expresses the difference between positive and 
negative percentages. All 15 items have similar 
positive directions, denoting optimism, improve- 
ment or expectations to buy. Of the eight items 
(1 -8) of attitudes and expectations, seven 
average more than 100, showing more positive than 
negative responses. 

A great difference,of behavior separates the 
eight attitudinal variates (1 -8) and the seven 
rare buying variates (9 -15). This difference 
runs through the entire analysis. The attitudin- 
al items have fairly large middle groups, com- 
prising about one -third or one -half, and both 
sides are of moderate size. On the contrary, the 

seven buying items represent "J "- shaped distribu- 
tions. The "certain or probable" buyers are 
rather rare and the "slightly" inclined or "un- 
certain" are even fewer, but nonbuyers are 
numerous. For example, a score of 14 might 
typically consist of these proportions: .06 

buyers with scale value 200; .02 slightly in- 
clined with scale value 100; and .92 nonbuyers 
with scale value 0. (Note that to estimate the 
actual proportion of buyers one should divide the 
"raw" scores and their standard deviations by 
two. But all coefficients and relatives remain 
unaffected thereby.) Thus the five variates 
(numbered 9, 12 -15) with scores near 14 denote 
buying intentions of about seven per cent; 
variate 10 with scores of about 32 represents car 
buying by 16 per cent and variate 11 with scores 
around 42 represents home repairs by 21 per cent. 
There is little difference in the statistical 
properties of this kind of score and the simple 
use of the proportion of buyers, and the latter 
has been often preferred in the survey. 
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Table 1. -- Standard Errors for Scores (r) and Score Changes (r2 - r1) 

Item Scores 
r 

S.E.(r) 

r 

S.E.(r) /r 

x 100 

S.E.(r2- r1) 
17 
Fluctua- 
tions in 

8uá eys 

( ) 

(1) (2) (3) (4) (5) (6) 

1. Evaluation of financial situation as 110 2.32 2.11 2.95 6.26 
compared with a year earlier (.14) 

2. Expected change in financial situation 128 1.73 1.35 2.37 3.78 
(.10) 

3. Business condition expected over the 156 2.29 1.47 2.91 12.93 
next 12 months (.31) 

4. Business condition expected for the 122 2.35 1.93 2.54 10.83 
next five years (.35) 

5. Good or bad time to buy large house- 129 2.74 2.12 3.10 8.50 
hold goods (.31) 

6. Changing prices expected for next 92 2.37 2.58 3.15 9.68 
year is to the good or bad (.33) 

7. Evaluation of current business con- 109 2.76 2.53 3.72 27.37 
ditions compared to those a year ago (.25) 

8. Expected business condition a year 120 1.68 1.40 2.26 11.96 
from now as compared with the present (.35) 

9. Plan to buy house during the next year 14 139 9.93 1.92 1.76 

(.27) 
10. Intention to buy automobile during the 33 1.87 5.67 2.42 2.94 

next 12 months (.20) 

11. Evaluation of chances of home repair 42 2.72 6.48 3.70 4.25 

(.32) 
12. Evaluation of chances of buying 1.48 10.57 2.06 1.60 

refrigerator (13) 
13. Evaluation of chances of buying T.V. 1.23 8.78 1.61 1.29 

(.22) 
Evaluation of chances of buying cook- 12 1.17 9.75 1.64 1.55 
ing range (.17) 

15. Evaluation of chances of buying wash- 17 1.38 8.12 1.92 1.69 
ing machine (.18) 

The score in column 2 of Table 1, stands for the 
mean of the six "raw" scores obtained on the six 
surveys. In column 3 we present the mean of 
standard errors computed for the six studies; the 
standard deviations shown underneath in parenthe- 
ses measure the variations of those six values. 
The standard errors are fairly uniform, mostly in 
the range of 1 1/2 to 2 1/2 points. Nevertheless 
differences do exist among them; some of these 
differences are appreciable --also reliably large 
compared to their own standard errors (WE 0.4 
times their standard deviations). 

Column 4 contains the coefficients of variations: 
the mean standard errors of column divided by 
the mean scores of column 2. The uniformity we 
noted before in column 3 disappears here in 
column 4: the seven rare expectations (9 -15) have 
much larger coefficients of variation compared to 
the attitudes (1 -8). For the sources of this 
difference we may look to the coefficients of 
variation under unrestricted random sampling. For 
binomials this would be -P) n ; for tri- 
nomials it can be written, with P2, P1, and PO 

denoting the proportions having scores of 2, 1, 

and 0 respectively, as: 

+ 
p1 

(2P2 + P1)2 2 PO - (P2 P0)2 

(2P2 + P1)2 n (1 + P2 P0)2 n 

(17) 

When P2 P the coefficient of variation becomes 

.1(P2 + P0)gn . The attitudes (1 -8) approximate 

this condition; furthermore, they tend to be 

"humped in the middle" so that P1 is of consider- 

able size and P2 + P 
0 

is in the neighborhood of 

0.5. Under these conditions the coefficient of 
variation is ,/0.5 /n 0.7 and for n 1370 
it comes to .019. However, for the rare items 
the situation is modified: when P2 approaches 0 

then the coefficient of variation approaches the 
binomial model //P01 - P0)n . For example for 

the score of with P2 .06, P1 .02, PO 0.92, 

we get .x/(.98 - .86)¿/(1.06 - .92)2n_. 3.50/. 
For PO = .92 the binomial is 3.39/ß/n; and with 

PO = .93 (for a score of 14/2) it comes to 

3.64/./n. For n 1370 the value of 
3.50 /,/n .095. These facts explain the source 
of the high coefficients of variation of the five 
rare items 9, 12 -15 and items 10 and 11 fare only 
a little better. 

We should add that when the trinomials are broken 



into three separate binomials, these have large 
coefficients of variation. For example, the 
first item usually appears also in the surveys 
in terms of percentages of "Better off ", "Worse 

off" and "Same plus Uncertain "; and these per- 
centages have coefficients of about .04 to .07. 
While using the coefficients of variation insofar 
as they help we should do so with caution; they 

are affected by the arbitrariness of direction 
for vinomials and by the arbitrariness of both 
location and direction for the trinomials. But 
the coefficients also are important for under- 
standing the variance of relatives and indexes. 

Column 5 contains the standard errors of changes 
of scores (r 

2 
- r1) between two periods. Each 

entry is the mean of three computations obtained 
for the pairs of surveys from each of three 
years. We used formula (6) for the variance of 
the difference of two ratio means. 

The standard errors for the differences in col 5 
are somewhat higher than for the corresponding 
means (column 3), but not greater, as they 

would be without positive correlation between the 
pairs of means. We computed the ratios of 
standard error of (r 

2 
- r1) /,/var(r2) + var(rl); 

the computed ratios lay between 0.77 and 0.99 
and average 0.916. Thus the positive correlation 
between the r2 and r1 reduces the standard error 

of (r 
2 
- r1), but leaves it greater than the 

variance of a single ratio. As a working 
average we may consider that the average ratio 
0.916 0.84 expresses the effect of an average 
correlation of R = 0.16 -- assuming at Ó 
and with (02 + - /(02 + 02) (1 -R)- 0.84. 
These results resemble hundreds of similar 
computations we have made on many other surveys, 
but still unpublished. 

To measure the fluctuations of these "raw" 
scores between the periodic surveys we used the 
scores for 17 surveys available in the years 
1955 -1962; the standard deviations between the 
17 survey scores appear in column 6. Some of 
the fluctuation is due to sampling variations 
and it is interesting to compare the extent of 
fluctuations of scores between surveys with their 
standard errors. The attitudes (1 -8) all had 
fluctuations much greater than the standard 
error, though variate 2 fluctuates less than the 
others and variate 7 much more. But the seven 
buying expectations (9 -15) had fluctuations only 
about as great as their standard errors. These 
fluctuations could not individually contribute 
much new information; the usual fluctuations are 
about equal to the standard errors of the differ- 
ences. But to conclude that the measures are 
useless would be too hasty. First, the variates 
can detect the larger fluctuations, which perhaps 
are more important though less frequent. We 
should add here that the ranee of fluctuation of 
all 15 items was on the average (with some 
variation) about 3.5 as great as the standard 
deviations presented here. (These results for 
the range /s.d. are about what one could expect 
for a sample of 17 from normal distributions.) 
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Second, if we would regard the fluctuations as 
"random ", then the values of column 6 should be 
multiplied by 1.4 before comparing them 

with the entries of column 5; on this fairer view 
the variates appear to contain some information. 

Because the sample was clustered (and multi - stage) 
the standard errors actually computed in conform- 
ity with the sample design were greater than would 
appear from formulas proper only for unrestricted 
random sampling. This ratio of the actual stand- 
ard errors to the unrestricted random model we 
denote as its values were computed and 
their means assessed for each of the 15 variates 
as 1.21, 1.16, 1.42, 1.24, 1.33, 1.07, 1.46, 1.28, 

1.08, 0.99, 1.32, 1.14, 0.97, 0.97, 0.96. The 
average of the 15 values is 1.17, with some 
variation among them; this represents an increase 
of 1.172 = 1.37 in the variance. Its chief 
probable sources are the clusters of about three 
interviews in somewhat homogeneous segments; 
clusters of about 20 in less homogeneous counties; 
and clusters of about 10 interviews per inter- 
viewer [6]. These magnitudes are in accord with 
dozens of other variates computed for these 
surveys; also with hundreds of other computations 
on many other SRC surveys of national household 
samples. 

We had also computed average values of JDeff for 
the score changes, by taking the the actual stand- 
ard errors of (r 

2 
- r 

1 
) as the ratio of the stand- 

ard error of two independent unrestricted random 
samples of the same numbers of interviews; for 
the 15 items they were 1.07, 1.11, 1.28, 0.96, 

1.08, 0.99, 1.36, 1.15, 1.04, 0.90, 1.25, 1.10, 

0.88, 0.95, 0.95. We find that effects of 
clustering remain averaging 1.07 for the stand- 
ard error and 1.0 1.15 for the variance) but 
are not as great as for the single ratio means. 
The reduction of the effect is due to the posit- 
ive correlation between the two means. Again, 
we have found these relationships for dozens of 
other variates on these surveys and for hundreds 
on many other surveys; though still not published 
separately. The correlations come from using the 
same counties and some but not all of the same 
blocks and segments; using the same interviewers 
also reduces their effect if present in the 
separate means (6). 

In column 3 we not only gave the means of the six 
replicate computations of standard errors, but 
also in parentheses the standard deviations 
between the six values for each. We took advant- 
age of the information from the repeated 
computations performed on what are essentially 
six replications to obtain estimates of the 
coefficient of variation for the standard error. 
The computation of the standard errors should be 
subject theoretically and approximately to a 
coefficient of variation of about 
17/2 x 45 .106, because the 45 pairs of compari- 
sons result in about 45 degrees of freedom. We 
should actually expect somewhat more, because of 
probable skewness of >3 and because the 90 
primary selections vary somewhat in size. The 
15 computed values vary from .06 to .20 and they 
average .128. We should expect this to be an 
overestimate because of variations between 
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surveys in the measurements and in the sample 
designs. A similar coefficient of varia- 

tion applied to the values of ,/Deft averages 

.120, also varying from .06 to .20; the differ- 

ence is fortuitous though in the expected direc- 

tion; we expect ,/Deff to vary somewhat less than 
the sampling error because here the variations in 

sample size and in the level of the variates 
between surveys are largely eliminated. But we 

can use .12 as a working estimate of the 

coefficient of variation of the standard errors. 

Some readers may be interested in the technical 

bias of the ratio mean r. These were computed 

and all found to be negligible: much less than 
one per cent of the values of the standard errors 

and appeared, when tested, to vary haphazardly 
around zero. This was expected in light of 

previous research [5] and in light of the computed 

coefficient of variation of about .04 for the 

sample size x. 

4. Standard Errors for Relatives and Their Changes 

The results about relatives in this section, also 
about their sums, the indexes in the next section, 
were computed for four surveys, two in 1959 and 
two in 1960. The two surveys of 1956 combined 
serve as the base period. The standard errors of 
relatives were computed, using (10 ") for each of 
the four surveys. The means of the four standard 
errors appear in column 1 of Table 2. The chief 
lesson again concerns the striking contrast 
between the eight attitudinal items (i -8) on the 
one hand, and the seven rare items (9 -15) on the 
other. The standard errors for the former range 
from about 1.6 to about 3.1; for the latter they 
range from 6.0 to over 13. 

This pattern follows the behavior of the coeffic- 
ient of variation of the simple scores (col 4 

of Table 1). The standard errors of the relatives 
are high for those items that have large 
coefficients of variation of the score. Because 

the relatives have values near 100 their 
coefficients of variations are much like their 
standard errors times the factor 100. 

In column 2 of Table 2 we present standard errors 
for the changes (R2- R1) of two relatives. Each 

entry is the mean of six standard errors computed 
for the differences between the six possible paint 
of the four periods investigated. We note that 
the standard errors for items 1 -8, are again much 
smaller than for the seven rare items. We should 
also note the remarkable fact that these entries 
are only a little greater than the corresponding 
entries in column 1 for the standard errors of 
separate relatives. The variances of the differ- 
ences are reduced by the strong correlations 
between the pairs of relatives R2 and R1. These 

effects may be seen in the entries of column 3, 
each showing the ratio of the standard error of 
difference (R2 - R1) to the square root of the 

sum of the two variances for R2 and R1; each entry 

is the mean of the ratios for the six samples in- 
volved. The ratios are well less than 1, which 
would denote the absence of correlation; their 
average is 0.800, which denotes a variance ratio 
of 0.64, the effect of a correlation of 0.36 on 
the average. 

We also obtained most reassuring confirmations for 
the conjecture that the variance of the change in 
the relatives (R2- R1) may usually be computed 

more simply in terms of the variance of change in 
the scores (r r1), taking advantage ofrther 

approximation that o2var(r2- r1) A var(2r 1) 

var(R2- R1). We computed the ratios 
o 

[var(R2- R 
1 
) /r- 2var(r2 r1)]1 

/2 
and averaged these 

over the six possible pairs for each of the items. 
All 15 ratios of the standard errors were found 
within .014 of 1.00; there was little variation and 
the mean of the 15 was 1.00. Thus we can safely 
use this approximation when (r2- r1) /ro is moder- 

Table 2. -- Standard Errors of Relatives (R1 - /ro) and Changes of Relatives (R2- R1) 

Item S.E.(R2- R1) 

Fluctuations 

17 Surveys 

(s.d.) 

S.E.(R2- R1) CR 

V[Var(R2) + Var(R1)) + 

(1) (2) (3) (4) (5) 

1 2.30 2.82 5.40 .87 ;88 

2 1.65 1.78 2.97 .76 .96 

3 
4 

1.59 
1.79 

1.86 
2.01 

7.89 
7.94 

.82 .94 

.88 

5 
6 

2.42 
2.89 

2.23 
3.62 

6.29 

7.45 

.65 

.89 .96 

7 3.11 3.66 24.64 .84 .97 

8 1.90 2.21 17.26 .81 90 

9 11.93 14.24 12.69 .83 .95 

10 6.02 6.83 8.52 .8o .90 

11 7.3o 8.21 9.93 .79 .95 

12 13.37 14.71 11.18 .78 .98 

13 10.00 11.29 8.57 .79 .98 

14 13.14 14.95 14.17 .80 1.00 

15 11.44 12.40 11.10 .77 .98 

Mean .8o .944 



ately small. This holds usually, especially when 
the standard error is needed. Then we may simply 
compute the variance of the score change instead 
of the more difficult variance of the change in 
relatives. We can note also that decreasing the 
variance of ro does not decrease the variance of 

the changes in relatives. 

Searching also for a simpler approximation for 
the variance of the relative, we wondered how 
important the correlation Proro was in 

CÁ C + Cr 2 Pr r Crr . 
We found that the 

o 
ratios [C /(C= + Cro)] /2 varied only between 

0.88 and 1.00, averaging 0.944. It seems then 

that using the convenient values of + 

results in overestimating CR, the coefficient of 
variation of the relative, on the average by 
about 5 1/2 per cent (the variance by 11 per cent) 
and it also appears to be a fairly stable sub- 
stitute. (This agrees with the slightly greater 
correlation of 0.16 found between successive 
surveys.) Hence, knowing Cro for the base, by 

computing the relatively simple estimates Cr we 
can obtain fairly good estimates of the more 
difficult CR . We also note that by decreasing 
the variance of r0, we decrease the variance of 
every relative based on it. In our case ro was 
based on two samples and C0 is about 0.5 C=; the 

small correlation (0.16) between the two samples 
is counteracted by the circumstance that the ro's 
in the base period seem greater than the average 
r since. Thus approximately 

+ 1.5 3 C =. 

Thus Var(R) CR 0.9(C= + C 0 ".9(1.5C) 

But we.also found that 

var(R2 - R1) ra2var(r2- rI) 2var(r)(1- 0.16), 

because r2r1 0.16 on the average. Thus . 

assuming r /ro 1 on the average we should expect 

Var(R2- R1) /[Var(R2) + Var(R1) 0.84/1.35 

0.62 0.792. This explains the sources of the 
average value of 0.80 found in column 4. The 
variance of the base ro contributes to the 
denominator but not to the numerator. 

We took advantage of the four replicated computa- 
tions of the standard error of each relative to 
estimate their variability. The coefficients of 
variations of the standard errors averaged 11.8, 
resembling closely the results for the scores. 

5. Standard Errors for Indexes and Their Chances 

Table 3 presents results regarding five indexes 
in separate columns, each index being the sum of 
several relatives. The first index is the sum of 
the relatives for the six expectations (1 -6); the 
second index contains only items 9 plus 10 (home 
and car buying); the third is the sum of these 
eight items. The fourth is the sum of the four 
intentions to buy appliances (12 -15); the fifth 
adds items 9 and 10 to them; these two indexes 

197 

have not been actually used but. only contemplated. 
Conforming to usage, instead of sums the means are 
computed, so that the indexes take the form 

I 
J 

R and fluctuate around 100 as the 

relatives do. 

Table -- Factors Relating to the Indexes 

(I If and Index Changes: 

= 2j- - R1j) 

1. Fluctuations 
(s.d.) of I in 
17 Surveys 

Items in =ndex 

1 -6 9,10 
1-6, 
9.10 12 -15 

9,10 
12 -15 

4.16 8.33 4.63 7.62 5.01 
2. Standard Errors 

of the I 1.165 7.171 2.110 7.714 5.505 
3. Effects of Cor- 

relations on 
Var(I) 1.754 1.129 1.372 1.626 1.796 

4. Mean Correla- 
tions among 
the 0.161 0.174 0.119 0.213 0.152 

5. Standard Errors 
of Change (12-II 1.295 8.199 2.381 8.922 6.217 

6. Var(12- I1)/ 

(Var(I2). + Var(I1)]0.626 0.643 0.628 0.661 0.635 

7. Ratio of Var to 
Simple Approxim- 
ation 0.992 1.035 1.029 1.007 0.996 

8. Effects of 
Correlations on 
Var(I2 - Ii) 1.657 1.080 1.269 1.747 1.816 

The standard. errors are on line 2, each the mean 
for the four periods computed. The results here 
conform to the results presented in Table 2 for 
the separate relatives. The index for items 1 -6 
has a very low standard error; that for items 9 
plus 10 is much higher --so much higher that add- 
ing them to the first six items increases sub- 
stantially their standard error. Indexes based on 
the highly variable items 12 -15 would also have 
high standard errors. 

On line 3 we investigate the effect of increased 
variances due to the correlations between the 
relatives csing an index, computed as 
Var(I) /J 

-2 
Var(R ). In the first colgain for 

example we have the variance of I for 
6 

items 1 -6 divided by Var(R3) and find this 

ratio to be 1.754 (actually the mean of such ratios 
computed for the four periods). In the absence of 
correlation between the R's, this ratio would be 
unity and the index would have a variance 1/6 as 
large a single relative on the average. Actually 
since the ratio is 1'.754 the variance of the index 
is smaller in the proportion 1.764/6 1/3.42; the 
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correlations reduce the information in the six 
items from 6 to the equivalent of 3.42 items. 

These considerations led us to compute an 
approximate and synthetic correlation coefficient 
as: 

J Variance(ERj) - Var(Ri) 

fVar(Rj) 

J 

The results, the means of four computations, 
appear in row The last step is justified only 
insofar as the variances are about equal. This 
condition obtains fairly well for the first 
index; also for the fourth and fifth indexes; it 
clearly fails for the third index which mixes the 
low variance items 1 -6 with the high variance 
items 9 and 10. The "decay of information" (the 

increase of the variance) due to positive 
correlations can be put in the form 1 +09(J-1); 
and the mean of J correlated items will have a 

variance + It is encouraging to note 

that the average correlation between the six 
attitudes (1- 6) --also between their changes --is 
only about 0.16. This should overcome any 
suspicion that the several questions might merely 
yield the individual's general feeling of 
optimism or pessimism. It is also interesting 
that the buying behaviors (12 -15) are positively 
correlated with an average of 0.21; this may be 
due to either general financial ability or the 
positions in the life cycles of individual con- 
sumers. These points could be better studied by 
noting the correlations for individual consumers. 

Rows -8 of Table contain results about changes 
in the index (I2 - I1) between two periods. Each 

of the entries again represents the mean of six 
computations for the six possible differences 
between four periods. The outstanding fact to 
note in this table is how well preserved are the 
several useful relationships we had noted before, 
either for the single index or for the changes 
(R2 R1) of single relatives. 

Note on line that the standard errors of differ- 
ences are only slightly greater than the standard 
errors of individual indexes on line 2. This 
relationship is similar to that found between the 
standard errors for the relative R and for the 
changes (R2 - Ç. Again this phenomenon is due 

to the high correlation between I2 and I1. Its 

effect is measured by the ratio of the 
Var(I2 - I1) to the sum of the variances of I2 

and II; note on line 6 that these come close to 
0.64 0.802, the value we found as the average 
in column of Table 2. 

On line 7 we find again, as we found for the 
difference (R2 - R1) of relatives, that the 

variance of (I2 - I1) can be approximated very 

well with the variance of the mean of score 
changes over the base roj; the entries give the 

ratios of the variance of (I2 - I1) to the 

variance of /roj]. Again these 

approximate standard errors would be close 
enough, within 1 1/2 per cent. The values of 

roj are known in advance; used as weights in 

(161 this approximation leads to easier computa- 
tions for the more complicated variance of 
(I2 - I1). It can also lead for easy approxima- 

tions for the variance of the indexes I, insofar 
as the factor 0.64 of line 6 can be considered 
reliable. 

Finally, on line 8 we investigate the increase 
of the variance due to correlations among the J 
different changes of - the sum of 

which is the index change (I2 - I1), computed as 

Var(I2 - I1) /J -2 E Var(R2j - Rlj). The increases 

seen here for the variances of index changes are 
similar to the increases noted on line 3 for the 
separate indexes. 

6. The Statistical Bias of the Relative 

We expect the ratio mean R r /ro of the rela- 
tive to have a ratio bias. We expect it because 
the bias is known (see, e.g., formula in (5)) 
to have this relationship to the standard error: 
Bias(R) /S.B.(R) Cro . Because we expect 

the correlation to be negative we should 

get a positive bias. But we can also expect its 
ratio to the standard error to be less than Cro, 

the coefficient of variation of the base score ro. 

Knowing that the statistical bias exists, we want 
to know how large it is. For computing estimates 
of the bias we used the relationship: 

Bias(R) /R a C0 - Crr (1 /2)(CR - go) (19) 

This may be obtained from formulas 2 and 3 in 
(5] or 4.11.1 and 4.14.2 in [1, Vol II). The 
data show clearly the existence of the positive 
bias, for each of the computed values of the 
relative bias had a mean about 3 to 8 times as 
large as the standard deviation between the four 

estimates. But all the biases were small; for 

the eight attitude items from .01 to .03 of one 

per cent, and for the seven rare buying items 
from 0.1 to 0.6 of one per cent. 

A more relavent comparison is the ratio of the 
relative bias to the coefficient of variation; 
(Bias(R) /(R))/CR Bias(R) /S.B.(R). These values 

of the bis ratio were: 0.80, 0.57, 0.49, 1.03, 

0.56, 1.o6, 0.51, 5.00, 1.92, 2.08, 4.80, 3.89, 
3.65, 3.90. Note the great difference again 
between the first eight and the last seven items. 
But even the maximum bias ratio is only per 



cent; even this is negligible since it increases 
the mean square error by only (1 + .052) = 1.0025. 

The bias ratio equals - Cro and based on 

relationships and estimates already discussed 
we expect on the average: 

Cr 
1 

PR Prro - C .109 
R R 9 x 1.5 

.086 - .61 .52 

The computed values ranged from 0.37 to 0.61, 
averaging 0.52; these were obtained by dividing 
the bias ratio by Cro. The values of Cro were 

1.68, 1.04, 1.11, 1.32, 1.73, 1.45, 1.88, 1.10, 

8.32, 4.12, 4.45, 8.01, 6.77, 6.61, 6.38. 

(These values tend to be a little greater than 
0.707 times the values of Cr in column 4 of 
Table 1) 

The regular relation of the bias ratio to Cro has 

several consequences: (1) The bias ratio can be 
kept low by keeping Cro low; note the low bias 

ratios and the low Cro values for the first eight 

items. (2) The two biases tend to cancel from the 
difference (R2 - R1) of two relatives. (3) When 
summed in indexes the bias ratios tend to grow, 
because the biases sum up, whereas the standard 
errors don't increase as fast. The worst case we 
can make out is for the six -item index in column 
5 of Table 3; the ratio of relative bias to the 
coefficient of variation is 0.438/55.505 .080 

and this would increase the mean square error by 
the factor 1 + .0802 1.0064. (4) The 
predictability of the relation permits adjustment 
when it becomes desirable. 

7. Some Conclusions 

This was not chiefly a theoretical exercise with 
an empirical illustration; rather we tackled an 
important practical problem with whatever tools 
we could find, invent and improvise. 

We must be more circumspect and specify that we 
studied only sources of sampling variations, 
leaving to others the problems of validity and 
the predictive value of the indicators including 
the problems of criteria for testing them. 

But knowledge of the sampling variations and its 
sources provides the necessary base for further 
investigations, and the results also have 
important direct implications. As suspected the 
rare buying intentions have large sampling errors 

199 

and are useful only for detecting large changes. 
How could one improve their sensitivity? Perhaps 
with research the scope of the interview could be 
enlarged and the sensitivity increased in the 
middle of the scale of intentions. Most likely 
however only a drastic increase in sample size 
will prove useful. This perhaps could be 
achieved with some special auxiliary methods. 

Most important are the results showing the 
excellent performances of all eight attitude 
items. They were obtained with precisions entire- 
ly adequate for their purpose and remarkable in 
light of the small sample sizes. Their perform- 
ances are particularly good for measuring changes. 
Furthermore, the cumulative information they 
appear to provide when summed into an index is 
particularly gratifying. 
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