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UNBIASED ESTIMATION

By: W. H. Williams, McMaster University

1. INTRODUCTION

A favourite method in sampling theory of in-
creasing the precision of estimates is the utili-
zation of auxiliary information. Analytically,
we have a random sample of n pairs (yj, xj) drawn
from a population of size N and the problem is to
estimate the population mean /4y relative to the
assumption that the population mean .y is known
exactly. Ratio and regression estimators have
been designed for this problem and they are des-
cribed in detail along with illustrations in the
textbooks on the subject, see for example Cochran
[1953]. Additional contributions have been made
by Hartley and Ross [1954], Nieto [1958] and
Robson [1957].

First, we specify that an estimator is of
the regression type if it is invariant under lo-
cation and scale changes in x and undergoes the
same location and scale changes as the y variate.
A ratio estimator has these properties for scale

changes only.

The two common ratio estimators are known to
be biased. These estimators are the ratio of
means estimator ¥ = Y M4y/X and the mean of ratios
estimator 9 = My f;i ri/n, where ¥ and X are

sample means and ri = yj/xj. The classical re-
gression estimator is obtained by evaluating the
least squares line of best fit at the point Uy
giving ¥, = ¥ + b(Uy - X) as a regression esti-
mator of My. This estimator is biased if the
assumption of a linear model is not valid.

Some exactly unbiased ratio and regression
estimators are presented in this paper.

2. A PROCEDURE FOR UNBIASED ESTIMATION

The following sampling procedure can be used
to derive unbiased estimators. The scheme con-
sists of two steps. First select with equal pro-
bability one of all possible splits of the popu-
lation in mutually exclusive groups of size n/k.
Let s be the number of groups and assume that n/k
divides N so that s is an integer. At the second
step select randomly without replacement k of the
groups from the total number of groups (s) ob-
tained in step one. Thus a sample of size n is
obtained.

Next consider the conditional distribution
for a fixed set of s groups. T?e?e groups have y
and x means which are denoted (i) and %(i) (i) =
1, 2 . .. s; also let b{i) denote an as yet un-
specified function of the y and x of that group.
For a given split and a random selection of groups
the expectations of 7+ and ¥ i =1, 2, 3. . . k
are 4 y and /lx respectively; furthermore

n 1 -
(1 - -ﬁ) mlz:i (bl - B)(x - %) (1)

is an unbiased estimator of Cov(b, X) where b =

K
2 vi/k.
i=1
_  Henge Eg = uy - Cov(b, X) where g = y +
b(uy - x) showing that

Tk = ; + ES/JX - x)

N k. ) (2)
n i ==i =
+ (1 - i)mé(b - b)(x™ - x)

is a conditionally unbiased estimator of/;Ay. It
is then unbiased unconditionally.

Ty remains unbiased for any defined form of
the coefficients b(1), It is classified as a
regression estimator if b(i) has a form which is
invariant under linear x and y transformation
(for example least squares form), If b{i) = i(i)/
%(1) (say) then Ty falls into the class of a ratio
estimator.

3. SOME ILLUSTRATIONS

It is natural to consider b(1) in the least
squares slope form shown in equation (3).

k
}’f_(yj -7 )x, - 74
b(i) = =1 ok : (3)
(x, - ¥1))2
79

(i)=1,2. .. s.

In this case T is similar to %o but possesses an
additional term which compensates for possible
bias in 95. One also wongfrs about the efficiency
of Ty when compared with yp, for when the linear
model assumption is valid possesses certain
optimum variance properties. However, is then
also unbiased and the advantage of Ty is unbiased-
ness in situations in which Y, is not unbiased.

It would be desirable that the variance of Ty
compare favourably with 9b even under the assump-
tion of a linear model. A discussion of this

case showing that the loss in efficiency is 0(n-1)
can be found in Williams [1958].

Another possible choice is b(i) = = ijj/

k
Eéix% . In this form T is a ratio estimator and
J:

it is unbiased even if the linear relationship of
y and x does not pass through the origin. But
characteristically the variance will be inflated
by such a relationship.

Next, if b(i) = §(1)/&(1) = F(1)| 1 will re-
duce to the form

Ty = TUL + ey (5 - T (4)

where b is denoted r. It will be noted that when
k=n, Ty=y', the unbiased ratio estimator presented
by Hartley and Ross [1954).
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Finally, consider bl = ri = Eéé: 3 R rj =
yﬁ/x% thenb =r = rj/n which dges not depend
upon the particularJgplit of the population. Now
if, after substitution of this form into Ty, the
estimator is averaged over all possible splits of
the sample into groups of size n/k, it will be
found that the result is again the Hartley-Ross
unbiased ratio estimator.

Other forms could be considered.

4, EXTENSION TO STRATIFIED SAMPLING

Unbiased estimators are important in strati-
fied sampling as a bias may be magnified relative
to the standard deviation. Their separate use
'within strata' requires exact knowledge of the
population strata means but is straightforward.

A 'combined' stratified estimator can also be
developed.

Suppose that there are L strata with Ng
zts in the tth stratum, t =1, 2 . . . L with

— Nt = N. The sampling is again done in two

stages. First select with equal probability one
of all possible splits of each stratum into s
groups of size ny/k. Then Ny = sng/k. At the
second stage select k groups with equal probabili-
ty and without replacement from each of the strata,
giv1ng a sample of size n¢ in the tth stratum,

2. ng =n.
t=1

For a given split and a random selection of
groups. MY and Uy are estimated unbiasedly by

Yot = é Neyg/N and xi

x% denote means of the 1th group in the tth itra-
tum. Also we can consider a coefficient b
which is as yet unspecified in form but utlilzes
the set of elements in the ith group of all
strata. For example
L ny/k .
2y - e - 5
pli) o L LY
st L ny/k

txt/N where yt and

= (5)
(x,. - %+ )2
t=1 §= t) t

(i)=1,2...s
is an overall slope estimator.

Next, notice that

ZNtyt/N = iyst/k (6)

where ¥ is the mean of the n; observations in the
tth stratum (similarly for Xst) and that a con-
ditionally unbiased estimator of Cov(bst, xst) is

—i
given by (1 - )m g: - x )(b -b t)
Therefore, if g = Jg¢ + Bth/Jx - xst) then Eg =
My - Cov(bgt, Xst) and

Ti(st) = Ist *+ D(X - Xst)

(7)
K
1 . =
+@- %’k(k-ﬁé_(;ét - Xg¢) (bl - Bgy)

is a combined stratified unbiased estimator of
My. Note that Ny = sny/k implies k/s = n/N.

Again the generalization to p auxiliary
variates is straightforward.

o illustra he strgtified estimator take
first b(l} f S/'z 3 ?1 Then Ty(gy) Te-
duces to

T =7 NKD (Fst - TstXat)e (8)

k(st) = TstMX * N(k-1) Ist ~ TstXst’-
When Ny =N, n =n for all t and k = n, 8 = N
then

Ti(st) = TstMX + mﬁl) (¥st - TatXst) (9)
which is a generalized Hartley-Ross estimator.

Finally, we again consider an averaging of
Tk over all possible splits of the sample into
groups of size ny/k, t =1, 2 . . . L. For this,
the coefficient is takeykinithe form bét gt =
t i i _ k° _;
where ri =
N t ntJ= x

t=1
:élrét/k=é_£:€£é_l i ;—Ptandsome

algebraic reduction will show that Ty(gt) averaged
over all possible splits is equal to

Therefore, Tgy =

Tﬁ(st) = ;st/‘x + (;st = ;st;ét)
(10)
f (Fr - Texp)

<1-—)£ T

which does not quite reduce to a form similar in
appearance to equation (8) and the Hartley-Ross
estimator.

As before other selections of coefficients
will yield other unbiased estimators.

5. MULTISTAGE SAMPLING

We consider a population with N primaries of
equal size M and the following sampling scheme.
First select n primaries from the N available with
equal probability with or without replacement. °
Then select with equal probability one oi the
splits of each of the primaries into s groups of
size M/k. Then with equal probability and with-
out replacement draw k of the groups so that the
sample size is @ in each selected primary.

Consider now the conditional distribution for
a fixed set of primaries and a fixed split of the
primaries into s groups each. Then by section 4,
equation (11) is an unbiased estimator of Yy, the
population mean of the n selected primaries.



t=1 j= i=1
1 0 & i
5 Z Ttj and similarly for x. The coeffi-
t=1 j=1
cient bl is again arbitrary in form.

Finally, the expectation of Tk(M) over all
possible primary selections is the average of Y,
over all possible primary selections; this is
My and Ti(y) is unbiased in multistage sampling.

Again the selection of the coefficients
yields estimators of different types. For example,
an unbiased ratio estimator of the Hartley-Ross
type generalized to multistage sampling can be
obtained.
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This delivered paper was submitted to Bio-
metrics in February, 1960.
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