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1 Introduction

In situations where weak or no auxiliary informa-
tion is available at the population level, two-phase
regression estimation constitutes a possible tool for
cost-efficient estimation. In this respect, impbrtant
references are Sérndal and Swensson (1987), Dupont
(1995), and Hidiroglou and Sérndal (1998). Sirndal
and Swensson presented general results regarding
generalized regression estimation under two-phase
samling, while both Dupont and Hidiroglou and
Sérndal discussed two-phase calibration estimation
and its possible relation to generalized regression es-
timation. Hidiroglou and Sérndal showed that under
their suggested calibration approach, the generalized
regression estimator (GREG) under two-phase sam-
pling alternatively may derived using a two-step cal-
ibration approach, a result in line with the findings
regarding the relation between regression and cal-
ibration estimation under single-phase sampling in
Deville and Sérndal (1992).

In this paper we focus on variance estimation for
the GREG under two-phase sampling, and the ques-
tion we seek to answer is whether or not the available
auxiliary information may be used more extensively
than is generally the case, in order to obtain more
efficient variance estimators. This is by no means
a new question {e.g. Rao and Sitter, 1995; Sitter,
1997; Axelson, Breidt, and Carriquiry, 1996), but to
our knowledge, the approach presented in this paper
is a new development. The main goal of this paper
is to extend the calibration technique to allow not
only for point estimation purposes under two-phase
sampling, but for variance estimation purposes as
well. A general framework for calibration estima-
tion of the variance of the two-phase regression es-
timator will be presented in detail and the method
will be evaluated empirically through a small-scale
simulation study. Related work under single-phase
sampling includes Singh, Horn, and Yu (1998) and
Théberge (1999)

The paper is organized as follows. In Section 2
some basic notation is introduced. In Section 3 the
GREGQG is defined and a large-sample approximation
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to its variance is given. Section 4 deals with variance
estimation. The standard approach is presented in
Section 4.1, while a detailed account of the proposed
calibration approach is given in Section 4.2. In Sec-
tion 5, finally, the results of a small-scale Monte
Carlo study are presented.

2 Preliminaries

Let U = {1,...,k,...,N} denote the finite popu-
lation of interest. Associated with each population
element k € U there are fixed values of of the auxil-
iary column vector x; and the variable of interest y,
respectively. The value of x;, x4, is known for all
k € U, and the objective of the survey is to estimate
ty = >y Y, the finite population total of y, which is
unknown at the outset of the study. (If S; is any set
of elements such that S; C U and a; is a quantity
associated with element k, 3 g ax is our shorthand
for 3"4es, ak.) To estimate ¢, two-phase regression
estimation will be used.

Let s, be a sample drawn from U according to a
sampling design p,(:). For all n, elements included
in the first-phase sample s,, information on the aux-
iliary vector x is recorded. (For a discussion about
the possible relationships between the auxiliary vari-
ables x; and x, see Hidiroglou and Sirndal, 1998.)
While x; is often primarily of an administrative na-
ture, x is typically chosen because it is assumed to
be a powerful, yet relatively inexpensive, predictor
for y. However, since both of the auxiliary vari-
ables x; and x eventually will serve as predictors for
the study variable y in the GREG, we assume that
each variable in itself has a predictive ability strong
enough to motivate the use of regression estimation.
Next, a sample s is drawn from s, according to a
sampling design p(:|s,), and the value of the study
variable, yx, is recorded for the n elements included
in the second-phase sample. Throughout the paper,
it is assumed that s, and s are organized in such a
way that the elements are sorted after increasing size
of k. When necessary, the v,th element in s, will be
referred to as k,, (vo = 1,...,n4), while the vth
element in s will be referred to as k, (v = 1,...,n).

The first-phase first- and second-order inclusion
probabilities induced by pa(-) are denoted ma
and m.:, respectively, while the conditional first-



and second-order inclusion probabilities induced by
p(+|ss) are denoted 7y, and myy,, , respectively. In
this paper, we only consider two-phase designs such
that (i) mar > O for all k&l € U and (ii) 7y, > 0
for all k&! € s, and every s,.

For any quantity associated with element k, we
let ~ symbolize division by m,; and let ° sym-
bolize division by maxmx)s,. Thus, for example,
¥k = Yr/Tak, which is defined for all £k € U, and
Uk = Uk /Tk|sa = Yr/(WakThs, ), Which is defined for
all k € s,.

3 Generalized regression estimation under
two-phase sampling

Let {y, = 3., Jx and let t,, be analogous to fys.
Moreover, let Emsa = Es., X1k, let f:“a be analogous
to fzz,sa, and let tz, = ) X1x. In line with S&rn-
dal and Swensson (1987) and Sédrndal et al. (1992,
section 9.7), we define the GREG under two-phase
sampling as
fyr = iys + (Ezsa - iEzs)lfgs

- (1)

+ (txl - t':cls,,) Bls,

where

B, = (T, xiki/ce) VT, xkde/ck 2)

and

Bi. = (T, xukie /o) 1Y, xukdi/ee,  (3)
with

o fc’ﬁs ifk€s, —s.
Y = .,k . ~
U+ (X —%¢)'B; ifk€s.

In (2), ¢ is a weight which is assigned after the first
phase of sampling but prior to the second phase
of sampling. The weight serves to reflect the rel-
ative importance the statistician is willing to assign
to element & on the basis of the auxiliary informa-
tion available for & € s,. Similarly, in (3), ¢ is
a weight which serves to reflect the relative impor-
tance the statistician is willing to assign to element
k on the basis of the auxiliary information available
forkeU.
Define

Grks, =1+ (ta, — toys.)
X (X, X1kXig/c1e) T xan/ork
for k € s,, and
g2ks = 1+ (2, G1ks Xk — X, G1ksaX)’

x (X, xkXjfer) T ki fcx
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for k € s, and let grs = g1ks, + goks — 1, which thus
is defined k € s. It is matter of algebra to show that
an alternative expression for (1) is given by

i‘yr = Zs gksﬂk-

This expression is due to Hidiroglou and Sérndal
(1998), who derived f,, using a two-phase calibra-
tion approach.

The variance of f,, may be written as V (f,.) =
Vi + V,, where V; = Vpa[E(fyrlsa)] and Vo =
E, [V (f,r|54) ] sometimes are referred to as the first-
and second-phase variance component, respectively.
Let

Biv = (Cy xueXie/c1e) " Dy X1kyr/ i,

let

ﬁsu = (Zsa xkilk/ck)—lzsa XUk / Cs

and define the prediction errors Eyxy = yr — X} Biv

and Egs, = yi — xjcﬁsa, which are defined for k € U
and k € s,, respectively. Moreover, let

EIU = (Elan"'7E1kUa'~'7E1NU),

and
M 3 M 3 '
Esa = (Eklsay"',Ekyasay-"sEknasa) ]

and define the matrices A1y = [Aq] and A, =
[Akis. ], Where Aggr = Tort — Takar (K&l € U) and
Aptjs, = Tkifs, = Tk|s, Ti|s, (k&I € s4). Large sample
approximations for V; and V; are given by

Vi = AV; = Ej;AwEww (4)
and
Vo = AV, = Ep [AV (tyr]56)], (5)

where AV (f,.]s,) = ﬁ’soAsuE:}sa, respectively.

4 Variance estimation

4.1 The standard approach

For k € s, let e1xs = yi — x’lkﬁls and exs = Yk —

~

x;.B;, and define the vectors

> - x > 1
€15 = (elk;a;---,elk;s:'--yelk;s)

and
s z 3 s '
e; = (ek;sy--wek;sw--,ek,‘.s) .

Moreover, define the matrices &13 = [Agu) and
A, = [Ayy,], where Auy = Dorr/(TakiTry)s,)



(k&l € S) and Akl|s¢ = Ak!]sa/ﬂ'k”sa (k&l € S).
From (4) and (5) it follows that a possible estimator
for V(t,r) is given by

VREF = VREF,l + VHEF,?’ (6)
where
- - .
VREF,I =8;,81,81,
and
¥ Y1 A%
VREF,‘.Z = esAseS

When the sample size is large in each of the two
phases, (6) is approximately unbiased for V(f,,)
(e.g., Sérndal and Swensson, 1987). .

Remark 1. Let

Gis = diag(gikssas -1 91kzsar- -+ s G1kz )

and
Gs = diag(gr;ss > Gkzsr- -1 Gkzs-
As an alternative to VRE ~» Axelson (2000a) proposed
VI;::;; = V}%;EF‘,I + V]%EF,Z’
where
Vl%iil’,l = élls Gls Als Glséls
and

¥ M A 3
Viers = 8,G,A,G,é,.

Other alternatives to Vp,, based on the so-called g-
weighted residual technique have been proposed by

Sarndal et al. (1992, section 9.7) and Hidiroglou and
Sérndal (1998).

4.2 The calibration approach

In this section we show how the results in Théberge
(1999) regarding calibration estimation of bilinear
estimators may be extended to allow for potentially
efficient estimation of V(£,,). To this end, we need
to introduce some new notation. Let z; (J; x 1) and
z (J x 1) denote vectors such that z;; is known for
(i) k € U or (ii) k € sq, and z is known for k € s,,
and define the matrices

1]
ZlU = (zlla“-yzlky"':le):

!
Zys, = (Zlk”-”)zlkuau---:zlk,.a) )
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— '
le —(zlk;,...,zlk;,...,zlk;),
— ’
Zsa —(zkl,...,zk%,...,zk"a),
and
1
Zs =(zk;,...,zk;,...,zk;) .

In deriving a calibration estimator for V'({,,), it is
assumed that z; and z may be regarded as auxiliary
vectors for the residuals &y and &, , respectively.

Let F; (A x B), let vec(F;) denote the vec-
tor obtained by stacking the successive columns
of F; with the first column on top, and let F,
(AB x AB) be a positive diagonal matrix. Fol-
lowing Théberge, we define the distance measure
IF1li%, = llvec(F1)||3, = vec(F1)'Favec(F;). Now,
a calibration estimator for V; based on Z;y is given
by

Voarn = &, Wi,é15, (7

where W, is the matrix which minimizes
W3, - A, (8)

subject to the condition that it minimizes
- ZiyAwZllk, . (9)

The matrices Q; and T; in (8) and (9), respec-
tively, are positive diagonal matrices, assigned by
the statistician, which serve to reflect the relative
importance of the units in the distance measures.
When z;; is known only for k£ € s,, we simply mini-

mize (8) with respect to W7, subject to the condi-
tion that

HZ’“WIS le

121, Wi, Z1s — Zi,, Avs, Zus, |15, (10)

where Alsa = [Aakl] with Aakl = Aakl/”akl (k‘&l S
84), is minimized. A calibration estimator for V;
based on Z,, is given by

VCAL,Q - é'swsés, (11)

where W is the matrix which minimizes
IW; - Al (12)

subject to the condition that it minimizes
1ZeW3Zs — Z,, Ay, Zs, I (13)

The matrices Q and T in (12) and (13) are positive
diagonal matrices, analogous to Q; and Ty, respec-
tively. Combining (7) and (11), we thus have

VCAL = VCAL,I + VCAL,27 (14)



which may be viewed as a calibration estimator for
V(iyr).

To find closed-form expressions for Wi, and W,
respectively, let Viy = Zwy ® Z1y, Vis, = Z1s, ®
215, V1s = 21382y, V,, =75, QZ,,, and V, =
Z; ® Z;, where ® denotes the Kronecker product
(e.g., Rao, 1973, p. 29). Moreover, for a matrix Fy,
let FI denote the Moore-Penrose generalized inverse
(e.g., Rao, 1973, p. 26) of F,. Using the results in
Théberge (1999, section §), it may be shown that the
minimization of (8) with respect to W1, subject to
(9), yields

vec(Wy,) = vec(&ls) + QflvxsTi/z
x (T3 V3, Q7 Vi, Ty
X Ti/z[V’wvec(Aw)
- V’lsvec(ZXls)].
When (10) is used as the calibration condition, we
get
vec(Wy,) = vec(z:lla) + QI'IVISTi/2
x [T}/*V1, Q7 Vi, 117t
x T}/Q[V’lhvec(ﬁlsa)
— Vi, vec(Ay,)].
Furthermore, the minimization of (12} with respect
to Wy, subject to (13), yields
vec(W,) = vec(A,) + Q1 V,T/?
x [TY*VviQ~tv, T/t
X Tiﬂ[V’savec(Asu)
~ Vivec(A,)].

Remark 2. An alternative to (14), based on g-
weighted residuals, is given by

79159 __ /o1 rg
cCarL — VC’AL,I + VCAL,?y

where
rg ! o
VClAL,l = €15 G W1,Greéy,
and

) _ I T
VCgAL,2 - esGsWsGses~

Remark 3. Under stratified sampling designs, al-
ternative calibration estimators are obtained if the
minimization is carried out separately within each
stratum.
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5 A Simulation Study

To study the design-based properties of VCAL rela-
tive to Vg, ., a small-scale Monte Carlo study was
performed. For the study, the population generated
by Axelson (2000b) was used. The population U was
generated according to a slightly modified version of
the method suggested by Vale and Maurelli (1983),
which allows for the generation a multivariate non-
normal distribution with specified correlation struc-
ture and given marginal means, variances, and coef-
ficients of skewness and kurtosis. In generating U,
Axelson used the correlation structure and the uni-
variate moments for the variables in the real-world
population M U281 ( Sarndal et al., 1992, Appendix
B, pp. 652-659) as input. Hence, although artificial,
U is similar to MU281 in terms of the univariate
moments as well as the correlation structure.

As an initial choice, the study variable and the
auxiliary information was chosen in accordance to
the choices made by Sédrndal et al. (1992, p. 278).
That is, y corresponded to RMT85, z; corresponded
to CS82, and 2 corresponded to S582. The popu-
lation correlation matrix of (y,1,z2)" is given by

1.00 0.65 0.66
0.65 1.00 0.14
0.66 0.14 1.00

r = (ri;) =

and R? = 0.75, where R? is the multiple coefficient
of determination associated with regression of y on
(1,z1,z2). To get an indication of the extent to
which the behavior of Vi, relative to V., depends
on the predictive ability of the vector (1,1, z2), the
choice of z, corresponding to REV 84 was also con-
sidered. For this choice, the population correlation
matrix is given by

1.00 0.65 0.91
r=(r;)=| 065 1.00 0.59
091 059 1.00

and R® = 0.85. These two choices of auxiliary in-
formation will henceforth be referred to’as X1 and
X2.

While the choice of the first-phase design often
is governed by administrative arguments, the choice
of the second-phase design is typically more directly
related to efficiency arguments. It is not uncom-
mon that the auxiliary information collected for the
elements included in the first-phase sample is used
in order to obtain an efficient stratified design for
the second phase. To study the extent to which
the behavior of Vg4, relative to Vi, depends on
the choice of the second-phase design, the following
two-phase sampling designs were considered:



D1 po(-): simple random sampling (n,/N = 0.1)
p(|s4): simple random sampling (n/n, = 0.1)

D2 pg(-): simple random sampling (nq/N = 0.1)
p(:|$a): s, divided into H = 2 equally sized
strata by increasing size of z,, stratified simple
random sampling (ny /ng, = 0.1)

D3 pa(-): simple random sampling, n,/N = 0.1
p(:[sa): s, divided into H = 4 equally sized
strata by increasing size of z,, stratified simple
random sampling (nj/na, = 0.1)

Now, let dpr = 1 if k belongs to second-phase
strata h and define §x = (dik,--.,0mks---,0mE)
Throughout the simulation study, z; was assumed
available for all k¥ € U while zo was known only for
all k£ € s,, and the GREG was defined according to
(1) with x14 = (l,xlk)’, Xp = 0; ® (1,$1k,:£2k)l and
Clg =Cp = 1.

It is likely that the performance of Ve, to a large
extent is governed by the choice of the auxiliary vec-
tors z; and z. In the Monte Carlo study, the follow-
ing two choices of z; and z was considered:

Z1 z, = )‘(jcﬁs - i’lkﬁls = dys (k € s5) and z, =
—dks (k [ sa)

22 715, = %), B1, (k€ U) and z;, = %, B, (k € s4)

The motivation for Z1 is that dy, = &;xs — éxs and
~dys = éxs — &1xs may be regarded as proxies for
Eiks, and Ey,,, respectively. Z2 may be motivated
through an extension of the framework presented by
Singh et al. (1998), to allow for generalized regres-
sion estimation under two-phase sampling based on
multivariate auxiliary information.

Let
Has = diag(ﬂ'ak;,...,Wak;,...,ﬂ'ak;)
and
Hslsu = diag(wkﬂsa,.. . ,ﬂ'k;‘sa,. .. ,7rk;|sa).

The following two choices of Q; and Q were consid-
ered:

Q1 Q = (I, I1;;}) ® (TII;]T,,,) and Q
(II.~1|‘«aa.IIz7,S)_-l ® (I—Irz.~3r1.~z|sa)_1

I

Q2 Qi = diag(Vy,)diaglvec(A,,)]!
diag(V, )diag[vec(A, )]

and Q =

Throughout the study, the matrices Ty = T = 1
were used. Hence, in addition to Vj, ., the following
four choices of Viz,,, were included in the study:

Ve, Vear according to (14) using Z1 and Q1
ch Vc“ according to (14) using Z1 and Q2
f/cs Ve ar according to (14) using Z2 and Q1
Voo Voar according to (14) using Z2 and Q2

For each of combination of sampling design and
auxiliary information, M = 10000 two-phase sam-
ples were realized, and for each simulation run, the
variance estimates corresponding to VRE - Vcl, ch,
Vca, and VC4 were computed Let V and ty, m de-
note the estimates of V(tyr) and t,, respectively, cor-

responding to the mth sunulqtlon run. The Monte
Carlo mean squared error of V' was calculated as

MSEuc(?) = 5 (V= 5%, /(M - 1),

where

M 3
tw Z__: ( yrym tyr)z/(M -1),
with fy,. = Zm=l tyr.m/M. Also computed for each
variance estimator were 95% confidence intervals of
the form

CI(fyrlm, Vm) = fyr,m + 20.975 v Vm:

where zg.975 is the 97.5 percentile of the standard
normal distribution, and the empirical coverage rate
was calculated as

=100 E I[mem’ )5t ]/M

where I is the indicator function.
In Table 1, some of the results from the Monte
Carlo study are presented .

EC’MC(tyr,

Design & MSEmc(V)/MSEmc(Vagr)
auxiliary (ECumc(Eyr V)
information  Vgygp Ve, Ve, Ve Ve,

D1, X1 1.00 0.95 104 1.00. 0.79

(93.7)  (93.7) (94.0) (93.7) (94.0)
bz, x1 (slaé?g) (gé?.g) (3213.3) (é'sqg) (323(1))
bs, X1 3.3) (3'39;) (éif.g) (slaé?g) (éél.g)
b1, x2 (940) (gf.?) (019) (95.0) (914)
bz, X2 (éiﬁg) (8538.;) (éél.g) (slaé?g) (slaf.g)
D3, xz (éfsqg) (85?2) (G10) (959) (9L0)

Table 1. Relative Monte Carlo MSEs and empirical cov-
erage rates of 95% confidence intervals



Clearly, all of the studied variance estimators dis-
play acceptable properties in terms of the empirical
coverage rates. Comparing the estimators on the ba-
sis of the difference between the the empirical and
the nominal coverage rate, the data implies that ei-
ther Vi, or Vg, is to be preferred. However, since the
differences between the studied estimators are quite
small, we refrain from drawing any far-reaching con-
clusions solely on the basis of the empirical coverage
rates.

If the relative MSEs are included in the compari-
son a slightly different picture emerges, in which Vc1
appears as the best choice. The major reasons for
this are:

i Apart for the combinations D1, X1 and DI, X2,
Ve, is the most efficient estimator.

ii Even under DI, X1 and D1, X2, VC, is more
efficient than Vj ..

iit Throughout the simulation study, ch is less
efficient than Vj,, ..

iv Vo, displays the same efficiency as Viee
throughout the simulation study. This may
seem surprising, but it is a matter of algebra
to show that Vg, is almost identical to Vi,
under the used definition of the GREG.

v Although Vc“ which is most efficient under D!,
X1 and D1, X2, performs reasonably well under
D2, X1 and D3, X1, it is the most inefficient
choice under D2, X2 and D3, X2.

vi The degree to which the performance depends

~on the choice of the auxiliary vector x seems
to be smaller for V¢, than for any of the other
three calibration-type variance estimators.

In conclusion, the results from the Monte Carlo
study imply that more efficient variance estimators
may be obtained through the use of the suggested
calibration approach, but they also indicate that the
performance depends on the choice of auxiliary in-
formation to be used. However, before any general
recommendations can be made, both the theoretical
and practical properties of the suggested approach to
variance estimation need to be further investigated.

References

Axelson, M. (2000a). A modified approach to vari-
ance estimation for the generalized regression esti-
mator under two-phase sampling. In On variance
estimation for the two-phase regression estimator.
Ph. D. thesis, Department of Statistics, Uppsala
University.

804

Axelson, M. (2000b). A note on variance estimation
for the regression estimator under two-phase sam-
pling. In On variance estimation for the two-phase
regression estimator. Ph. D. thesis, Department of
Statistics, Uppsala University.

Axelson, M., Breidt, F. J., and Carriquiry, A. L.
(1996). Two-phase regression estimation for policy
analysis using computer simulation experiments.
In Proceedings of the Section on Survey Research
Methods, pp. 320-325. American Statistical Asso-
ciation.

Deville, J. C. and Sédrndal, C. E. (1992). Calibra-
tion estimators in survey sampling. Journal of the
American Statistical Association 87, 376-382.

Dupont, F. (1995). Alternative adjustments when
there are several levels of auxiliary information.
Survey Methodology 21, 125-135.

Hidiroglou, M. A. and Sirndal, C. E. (1998). Use
of auxiliary information for two-phase sampling.
Survey Methodology 24, 11-20.

Rao, C. R. (1973). Linear statistical inference and
its applications (2 ed.). New York: Wiley.

Rao, J. N. K. and Sitter, R. R. (1995). Vari-
ance estimation under two-phase sampling with
application to imputation for missing data.
Biometrika 82, 453-460.

Sarndal, C. E. and Swensson, B. (1987). A gen-
eral view of estimation for two phases of selec-
tion with applications to two-phase sampling and
non-response. International Statistical Review 55,
279-294.

Sarndal, C. E., Swensson, B., and Wretman, J.
(1992). Model Assisted Survey Sampling. New
York: Springer-Verlag.

Singh, S., Horn, S., and Yu, F. (1998). Estima-
tion of variance of general regression estimator:
Higher level calibration approach. Survey Method-
ology 24, 41-50.

Sitter, R. R. (1997). Variance estimation’ for the re-
gression estimator in two-phase sampling. Journal
of the American Statistical Association 92, 780-
787.

Théberge, A. (1999). Extensions of calibration esti-
mators in survey sampling. Journal of the Amer-
ican Statistical Association 94, 635-644.

Vale, C. D. and Maurelli, V. A. (1983). Simulating
multivariate nonnormal distributions. Psychome-
trika 48, 465-471.



