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1 Introduction
Proxy information is often collected for those in-
complete variables in investigations to avoid miss-
ing data situation. For example, in a survey of el-
derly people or in cancer clinical trials, some par-
ticipants may be too sick to respond and the re-
searcher may take approximate information from
their care providers. Then the issue is how to treat
these proxy information. However, most of the re-
lated work todate are limited to the situation that
the incomplete information occurred on covariates.
And the solutions suggested debated between omit-
ting the incomplete covariates or using the proxy
variables instead. McCallum (1972) and Wickens
(1972) demonstrated that using even a poor proxy
is better than using only the observable regressor
in terms of asymptotic bias for the case of one un-
observable regressor. Barnow (1976) showed that
when there is more than one unobservable regressor,
deleting the unobservable regressor may be a better
choice. Aigner (1974) found that proxies are prefer-
able in most empirical situations in terms of scalar-
valued mean squared error. But, Maddala (1977)
showed that including the proxy variable may results
with nonignorable bias. Frost (1979) found that us-
ing proxy information indiscriminately may be very
risky from the view point of the squared bias and
the variance of the estiamtor. Dhrymes (1978), and
Trenkler and Stahlecker (1996) considered the situ-
ations where the estimator without considering the
proxy dominates the estimator with the proxy with
respect to MSE-matrix criterion.

The main advantage of utilizing proxy informa-
tion lies in that it avoids the situation of missing
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data and thus standard statistical analysis can be
performed. Further, it could lead to great cost sav-
ing when the procedure of obtaining actual data is
expensive 1f not impossible. The situation we con-
sider is when the dependent data are measured with
uncertainty as not all data are actual but proxy. The
question is; in this case, how does the estimator uti-
lizing proxy information behave compared with that
using complete actual data, in terms of efficiency.

In this paper, we also extend to multivariate re-
peated measures data. We propose an estimator uti-
lizing proxy information, which is unbiased for the
parameter of interest. We give the conditions un-
der which estimators using proxy information will
be nearly efficient as they are from complete ac-
tual data. For several two and three-period two-
treatment designs, we illustrate our findings. Specif-
ically, we give combinations of proxy and actual data
that are allowed to attain desirable efficiency.

2 The Model and Estimators

Consider the linear regression model

z=XpB+X a+e (2.1)

T T

(Zl)-")zs y 2k (Zﬂ.,...,zgkk)T
Zjp = (lek»"-azpjk)T) Zijk = Yijk if Yijk 1s ob-
served, zjjk = pijr if yijr 1s missing, where p;;
i1s the proxy for wijn, B8 = (ﬁl,-.-.ﬁz)T, X =
(v ®X)T, ., (Ins @ X)TT is the matrix re-

with z = )T =

bl

lating to B3, where X; = (XlTk7 e xka)T for
Xik = (Tik1, .., @)’ . Here, X = (XT (M7},
...,M%ll),...,Xz(M{s,...,M%SS))T is the ma-

trix corresponding to proxy data, so that M;, =
diag(éljk, .. ~,‘5pjk) with (5ijk = 1if y;;, 1s missing,
and 0, otherwise. And, a = (o, .. .,al)T measures
possible bias due to proxy. The £ has mean 0 with
covariance matrix V, where V=1, QX forapx p

covariance matrix X for y;x.

Let & = (,E!T, aT)T | the estimator for & based on
generalized least squares method is
< 2ok X[ T >

E=17" T -1
2ok Xie M Xz,

(2.2)



which is unbiased. The information matrix for £ is

I
Iy Iy .
I= 2.3
[ I; Isg ] 23)
where Iy = Zk NkaE'lxk, I =

SEXTETIMEXy, I = Iy, Ip = 3, X{
(22 Mk B71 M) Xp, Mg = 35, M.

By (2.2) and (2.3), the [ x 1 subvector of £, is B3,
obtained as

B

(L — LpT5,0a) 7t Y XES ™ 7 (2.4)
ik

—I (T — Ty I ) 8

ZXZMjkE—lzjk
ik

which is unbiased for B, the parameter of interest.
The covariance matrix for 3 is

Cov(B)

-

= I(#)*
(I — TyoI5,I0) 7t

(2.5)

which depends on the assumed error structure and
also on the number of missing observations d; x (=
Zj di;%), in period 7 of sequence k.

For complete data with no missing value, the 8
reduces to Bf = 11_11 >k Xf =ty ., where y =

>_; Yjk, and the covariance matrix for Bf is I},
which only depends on the error structure.
. ~c
For complete subset data, the estimator 8 and
1ts covariance matrix are obtained by removing the

. . . . ~f
incomplete pairs and are similar in form as 8~ and

Cov(ﬁf).

Obviously, for model (2.1), the estimator (2.4) uti-
lizing proxy information is more efficient than that
using only the complete subset data.

3 Efficiency of Estimators

Comparing the efficiency of the estimator utilizing
proxy information to that using complete actual
data, we obtain the conditions under which the for-
mer is approximately as efficient as the latter con-
sidering both dependent and independent measure
error structures.

Without loss of generality, we assume /3;, the first
element of 3, is the parameter of interest.
Result 3.1: For ¥ = O'EZIP, estimator Bl for 5y
using proxy information is at least ¢ x 100% efficient
as that of complete actual data, if the number of
missing observations, d; 4, = 1,...,p,k = 1,... s
are the solutions to inequality g‘(d; k) > 0 subject
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to Ng > dip >0fori=1,...p,k=1,...5. Here,
¢'(6i.x) is a It" order function of &; .

6 k) = o2(11(B)] — 1BHIB). 1/11B). 1)
(3.1)

where I(8), and I(,Bj),« are the submatrix of I(3)
and I(Bf) respectively by deleting the first row and

the first column.
Proof: Note that, when X = 052],,, we have I15 =

I51 = Iy3. The information matrix for B and Bf are
simplified to
1(8)

| PP P (3.2)

2 ik (N

— 0i k)i

Q
LR S

Dok (Nk = 8 k) i1 Zins
Doik (N = ik )Tik1@ipt

Zik(Nk - 5i-k)'rz'2kl

V)
Dok Ve

S ik Nein1ig
Yoik Netik1Zins

s (3.4)

Lk Ny,

The determinant |[I(3)| is a [** order funtion of
Sik,i=1,...,p,k=1,...,5 and [I(B),|is a (I —
1)*" order function of &; 4,7 =1,...,p,k=1,...,s.
Thus, the conditions for 6; 4,1 = 1,...,p,k =
1,...,s, such that var(B{)/var(B’l) > ¢, are given
as in Result 3.1.

Remark 3.1 If Ny =n and 6; . = 4 for any ¢ and
k, (3.2) and (3.3) are simply

I(8) = (n - 8)I" (3.5)

and N
I(B") =nI" (3.6)

where
1 D ik mzzkl Dok Tik1Tik!
I = oz : :
2oik Tik1Tikl Dk Tinl

(3.7)



Note also that in complete subset data analyses, the
information matrix becomes

I(B")

where I** is the same as in (3.6) except that the
missing period i in sequence k is eliminated in com-
puting (3.6).

= (n— &I (3.8)

Result 3.2: For & = oI, + U?llT, estima-
tor 8, for B, using proxy information is at least
¢ x 100% efficient as that utilizing complete ac-
tual data, if the number of missing observations,
din,i = 1,...,p,k = 1,...,s are the solutions to
inequality g"+1)(d; x) > 0 subject to Nx > d; 5 > 0
fori=1,...p,k = 1,...s. Here, ¢t (6;4) is a
(I + 1)t order function of &; .

gD (§; ) = (G 4) - ERU=1EHD (8, Y F1 (80 k)

(3.9)
where

1(B)] = [T — TipI5,0s| (3.10)

fl(l+1)((5i.k)

o2(f(6ik))

N RE=DUAD (5, 1)
1T(3)11] W {(3.11)
¢ = c1(8")/ 1B | (3.12)

Proof: The proof of the result is straightforward
and omitted here.

Remark 3.2 If all data are actual, we see that (3.1)
gl(éilk) = 0 and (38) gl(l“)(éik) = 0, as ¢ = 1,
6; 5 = 0 for any 7 and k.

4 Crossover Designs for Two-
treatment Trials with proxy in-
formation

For two-treatment trials, a design is called dual bal-
anced, if the design allocates an equal number of
subjects to sequence k and its dual k*, where the
treatments assigned for k‘” sequence are the oppo-
site of those for the k" sequence for each period.
The parameter 8 in (2.1) can be partitioned as
(ﬂa),,@g))T, where By = (u, )T and By =
(r,9)T, p is the overall mean, 7 is the period con-
trast, 7 is the treatment effect contrast and « is

809

the carryover effect contrast. The additional pa-
rameter « is partitioned similarly. Matrix Xy is
a design matrix relating the responses from sub-
jects in k'™ sequence to B. It is partitioned as
(XZ(I),XZ(Q))T, where Xy (1) is the design matrix
relating to B,y and Xy(2) relating to By). De-
fine d(i,k) to be the treatment given in period

i to subjects in sequence k. Define a; = 1 if
d(i, k) = A and -1 if d(i,k) = B so that X3 =
((alk, .. .,apk)T, (0, Alky .-y ap_ljk)T)T.

Assuming J; x = J; k+, we have
S Nk X{ () 27 K2y = 0
2k XZ(1)E_1M-ka(2) =0
ok XiyM s Z ™ X = 0

> XE ) (2, MjkE ™ M) X(z) = 0

In which case, the information matrix of
T
(ﬁ(z),dg))T does mnot depend on those of

T . . .
(ﬂ(l),aa))T, and its expression is the same as

(2.3) with X replaced by Xy (2. The covariance
matrix for ,3(2) is the same as (2.5) with X}, replaced
by Xk(g).

Applying results in section 3 on ﬂ(z), we can ob-
tain conditions that é;,, 1 = 1,...,p,k = 1,...,5
have to satisfy to generate at least ¢ x 100% efficient
estimator using proxy information. In sections 4.1
and 4.2, we assume that the pattern of missing data
(which were filled in by their proxy)} is monotonic
and the data in the first period is available for all
subjects. The case of §; y = Ny for any ¢ > 1 can be
considered as the comparison of completely random-
ized design to the pseudo repeated measures design
by creating an extra period(s) using proxy informa-
tion. Therefore, we will limit our investigation to
d; 00 < Ng fori > 1.

4.1 Two-period Two-treatment Designs

For two-period designs, there are four possible
sequences to consider: AA, AB, BA, and BB. We
consider the following designs:

Design I: AB and BA
Design I1: AB, BA, AA, and BB
Design III: AA and BB

Design I is the optimal design under no carryover
effect (Grizzle 1965), Design I1 is universally optimal
(Carriere and Reinsel 1992), and Design III is the
parallel group two-period two-treatment design.



Design I and Design III: The estimator for trat-
ment effect contrast T using proxy information is as
efficient as the estimator using complete actual data
regardless of the fraction of proxy data and the mea-
surement error structure.

Remark 4.1 This is due to the fact that in these
2 periods designs, the estimator for 7 only uses the
first period data under the model with unequal resid-
ual effects. Hence gathering proxy information to fill
in the missing second period data does not result in
any gain (or loss) in efficiency.

Design II: Let ry = §2.1/(N/4) = §2.2/(N/4) and
ro = 2.3/ (N/4) = 62.4/(N/4) be the proportions of
data filled in by the proxy in second period of se-
quence AB(BA) and AA(BB) respectively. Results
3.1 and 3.2 lead to

4(c—1) 4(c—1) = (2¢ = 3)ry
—_— . 4.1
™S e—3) ST S, 1203 (4.1)
when ¥ = 021, while
—b2 —b17°2 - b2
<—r < — 4.2
"= blﬂl_ ro + by ( )

when ¥ = 021, + crgllT, where by = [—2b% + 6b —
34 (b2 — 4b+ 2)c]/[2(1 — b)?] and by = [(b* — 4b +
2)(1—c¢)]/(1 —b)?, with b = p/(1+ p), such that the
estimator for tratment effect contrast 7 using proxy
information is at least as ¢ x 100% efficient as the
estimator using complete actual data.

Table 1 reports the possible proportions of proxy
information permitted to generate an approximately
efficient estimator for 7 for Design II. The pro-
portions of proxy information permitted decrease
with increasing efficiency coefficient ¢, and so with
increasing correlation coefficient p. The propor-
tion of proxy information permitted in the se-
quence AA(BB) increases when that in the sequence
AB(BA) decreases. Because sequence AA(BB) are
less favorable (Carriere and Reinsel, 1992), we might
allocate more resources to collect actual informa-
tion in sequences AB(BA). For example, when er-
ror structure is independent, to obtain 80% efficient
estimator for 7, 50% of the data in second period
of sequences AA(BB) and 25% of those in sequence
AB(BA) can be collected as proxy data. Another
example is, when errors are correlated with correla-
tion coefficient p = 0.6, we could have 20% of the
data in second period of sequence AA(BB) and 12%
in sequence AB(BA) collected as proxy information,
with less than 10% loss of efficiency for estimating
T.
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4.2 Three_period Two_treatment Designs

For three-period designs, there are eight possible se-
quences to consider: AAA, AAB, ABA, ABB and
their duals. We consider the following designs:

Design IV: ABB and BAA
Design V: AAA and BBB
Design VI: ABB, BAA, AAB, and BBA
Design VII: ABB, BAA, ABA, and BAB

Under an equicorrelated covariance structure, the
dual-balanced Design IV with sequences ABB and
BAA is known to be the universally optimal design
within the class of three-period designs(Kershner
1986, Laska, Meisner and Kushner 1983). Balancing
statistical optimality and clinical suitability, Car-
riere (1994) recommended Design VI as a ‘nearly’
optimal three-period design, which performed very
competitively under various models. Ebbutt (1984)
considered Design VII seriously, and Design V is the
parallel group three-period two-treatment design.

To simplify the presentation, we assume that miss-
ing data occurs only in the third (last) period.

Design IV: Let 7y = 5.1 /(N/2) = d3.2/(N/2) be
the proportion of data in the third period of sequence
ABB(BAA) filled in by the proxy. Results 3.1 and
3.2 lead to

6(1—c)
r < —— .
T (4.3)
when ¥ = ¢2I,, while
202 — 8b 2¢(3—0)(b—
" 8b+6+2¢(3—-b)(b—1) (4.4)

=TT Bb+5— (3 b)

when © = o?], + agllT, where b = p/(1 + 2p),
such that the estimator for treatment effect contrast
7 using proxy information is at least as ¢ x 100%
efficient as the estiamtor using complete actual data.

For Design IV, Table 2 shows that the proportion
of proxy information permitted in the third period
is decreasing with increasing correlation coefficient
p and increasing c.

Design V: The estimator for treatment effect con-
trast 7 using proxy information is as efficient as the
estiamtor using complete actual data regardless of
the fraction of proxy data in the third period of
sequence AAA(BBB) and the measurement error
structures, with similar reasons laid out in cases with

Design I and Design II1.



Design VI: Let ™ = 531/(N/4) = (532/(1\//4) and
ry = 03.3/(N/4) = 63.4/(N/4) be the proportions of
data filled in by proxy in the third period of sequence
ABB(BAA) and AAB(BBA) respectively. Results
3.1 and 3.2 lead to

6(1—c¢) —24(1 —¢) + (10 — 6¢)ry
re & o
- 5-3c - 4ry — (10 — 6¢)
(4.5)
when £ = ¢21,, while
ry < min{ —t T3y g BTy
- ag  ao — agrz+ a

when ¥ = 021, + 07117, where ap = —2(20* —45° +
66% — 4b + 2),a; = —2(—2b* + 603 — 9b? + 10b —
5) — c(b? — 8b + 6),as = ~2(—2b* + 186 — 29b% +
186 —5) — c(b% — 86+ 6)(4b? —4b+ 1), a5 = ~2(2b* —
2063 446b% — 40b+ 12) — c(b* —8b+6)(—4b% +8b—4),
b= p/(142p), such that the estimator for treatment
effect contrast = using proxy information is at least
as ¢ x 100% effeicient as the estiamtor using complete
actual data.

The trend for Design VI is similar to Table 1 for
Design II. If sequence ABB(BAA) is preferred to
sequence AAB(BBA), we could allocate more re-
sources to collect actual data in ABB(BAA). For
example, when ¥ = ¢21,, we could have 90% and
7% of the data in the third periods of sequences
AAB(BBA) and ABB(BAA) respectively to be filled
in by proxy, with less than 20% loss of efficiency.

Design VII: Let r; = 631/(N/4) = é3.2/(N/4) and
re = d33/(N/4) = 63.4/(IN/4) be the proportions
of the data filled in by proxy in the third period of
sequence ABB(BAA) and ABA(BAB) respectively.
Results 3.1 and 3.2 lead to

(6 — 5e)ra — 20(1 = ¢)

4.
" 415 — (14 — 5e) (47)
with 0 < ry <1, when ¥ = 021, while
—asz — asray . —al
< ——————— iy < — 1 4.
r < PR ,r2 < mind oh } (4.8)

when ¥ = aflp + agllT, where ag = 4 — 4b, a1 =
—2(T+2b2 —7b) —¢(2b—5), a3 = —2(3 — 3b+2b?) —
c(2b—5), a3 = —2(—10+ 14b — 4b?) —c(2b—5)(—4 +
4b), b = p/(1+42p), such that the estimator for treat-
ment effect contrast 7 using proxy information is at
least as ¢ x 100% effeicient as the estiamtor using
complete actual data.

The summarization of the proportions (ry, 73) of
proxy information permitted in the third period of
sequences ABB(BAA) and ABA(BAB), shows that
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r1 is almost stationary as ro decreases from 1 to 0,
except for p = 0. When errors are independent,
increases from .09 to .21 for ¢ = .9 and from .33 to
.39 for ¢ = .8.

5 Discussion

We have investigated the role of proxy information
in statistical analyses. Proxy information can be
available in diverse form. Its quality also vary in
great deal. For example, these can be rather hetero-
geneous measure on neighborhood affluence in de-
scribing one’s socio-economic status. In clinical trial
context, they can contain relevant characteristics to
the respondents, when the sick respondents’ care-
providers act as the respondents in providing the
pertinent information.

Gathering proxy information in an effort to maxi-
mize the data collection strategy is particularly use-
ful in statistical analyses, as the usual software can
then be used to analyze the data. In essence, this ap-
proach is similar to the single imputation strategy,
where missing data are filled in with some values
generated via various methods (Little and Rubin,
1987). Common software gives the users an option
as to what methods to adopt. Most frequent impu-
tation may be to use the mean of the sub-group by
considering particular covariate pattern shared by
the subject with missing data. The usual analytic
methods then proceed assuming that the imputed
values are actual data. With proxy data, such ap-
proach has also been the usual practice.

We have employed a slightly more general model
attempting to capture the possible bias, as the proxy
information is not really the actual responses. We
anticipate that if the proxy information is indeed
alighned with the actual data, there will be no real
loss in efficiency.

Indeed even when over 90% of the data are re-
placed by its proxy information, we find that the ef-
ficiency compared to the ideal situation of complete
data can be over 90%. As the within-subject corre-
lation increases, the proportion of proxy information
allowed to attain desired efficiency decreases.

Efficiency comparison to other existing techniques
can be seen in Remark 3.1. For example, the equa-
tion (3.5) can be regarded as the information matrix
being assumed in a single imputation strategy. By
comparing (3.4) to (3.5), we can see that our ap-
proach reduce the degrees of freedom by the same
amount as the missing data while accommodating
the bias that the single imputation strategy does
not. Similarly comparing (3.4) to (3.7), we can ap-
preciate that the information using proxy is always



much larger than that of the complete subset data
analysis.

The assumptions we used and therefore the lim-
itation of our approach is that we have presumed
the proxy to behave similarly as the actual data, al-
though we allowed the room for possible bias. That
is, we assumed that the covariance matrix for each
subject is identical. This may not hold in some sit-
uations. We are currently investigating the exten-
sion of our approach to the situations with hetero-
geneous covariance matrix. Depending upon the de-
gree of heterogeneity, our findings can give practical
guidelines as to what level of heterogeniety is ac-
ceptable to attain desired efficiency. Our approach
might be a simpler alternative to such current miss-
ing data techniques as (Patel, 1985, 1991; Carriere
1994, 1999; Jennrich and Schluchter 1986) that of-
ten requires iterative techniques or special software.
Power comparisons against these missing data tech-
niques are under investigation.
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Table 1. Proxy information permitted to gener-
ate ¢ x 100% efficient estimator 7 for Design 11

c | r2 p
00 ]02 (04 |06 |08 1.0
81 .50 1 .25 22 14
40 | .40 .38 .33 .23 .07
30| 47 .46 42 .39 .24 .06
.20 1 .52 b1 .48 42 33 .20
10| .85 .54 b1 .46 .38 .28
.00 | .57 .56 .53 49 42 33
9 1.30 ) .06 05 02
20 | .20 19 16 A2 .06
10 .28 27 .25 21 16 10
.00 | .33 .32 31 .28 23 18

Note: rq is the proportion of proxy information in
the second period of sequence AA(BB). The entries
r18, the proportions of proxy information in the sec-
ond period of sequence AB(BA) were divided ac-
cording to ro > r1 or ro < 1.

Table 2. Proxy information permitted to gener-
ate ¢ X 100% efficient estimator + for Design IV

c P
0.0 0.2 04 0.6 0.8 1.0
81 .46 48 .48 .49 49 .50
91 .26 27 .29 .29 .30 .30
Note: The entries rys, are the proportions of

proxy information in the third period of sequence
ABB(BAA).



