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Abstract:

For inference from link-tracing designs, Frank and
Thompson (1998) derived the likelihood function for
the graph model. In addition, they provided the
likelihood functions considered under the symmet-
ric model and also an asymmetric model. In that
paper, they used maximum likelihood estimators to
estimate the graph model parameters. Here, we pro-
pose a Bayesian approach for the estimation prob-
lem. For problems with sampling designs that fol-
low social links from one person to another, it is
quite often that prior information is available on the
proportions that one wants to estimate, Thus, us-
ing these information effectively via a Bayesian ap-
proach should yield better estimators. Also, under
the Bayesian setup, obtaining interval estimates and
assessing the accuracy (posterior variances) of the
estimators can be done without much added diffi-
culties whereas such tasks would be very difficult to
perform using the classical approach. In general, a
Bayesian analysis yields one distribution (the poste-
rior distribution) for the unknown parameters, and
from this a large number of questions can be an-
swered simultaneously.

1 Introduction

Social network data include measurements on the
relationships between social entities. Collecting net-
work data on entire networks requires a great deal of
time and effort, especially when networks are large.
It is thus important to be able to estimate network
properties from samples. In link-tracing sampling
designs, social links are followed from one respon-
dent to another to obtain the sample. For hidden

and hard-to-access human populations, such sam-
pling designs are considered the most practical way
to obtain a sample large enough to study. For exam-
ple, in a study of injection drug use in relation to the
spread of the HIV infection, initial respondents may
be asked to identify drug-injection partners who are
then added to the sample.

Social entities with social structure are often mod-
eled as graphs, with the nodes of the graph rep-
resenting social entities and the arcs of the graph
representing social links, relationships, or transac-
tions. The population graph itself can be viewed
either as a fixed structure or as a realization of a
stochastic graph model. Samples are taken to ob-
tain information about the population graph. Usu-
ally, the sampling method will take advantage of the
arcs or links from one entity to another. There is a
large literature on network sampling, both applied
and theoretical. Frank (1977a, 1977b, 1977c, 1978,
1979a, 1979b, 1980, 1997) has many important re-
sults in sampling for social networks. His classic
work (Frank 1971) presents a basic solution for esti-
mating graph quantities from the sample data. Sni-
jders and Nowicki (1997) proposes various statistical
approaches, including a Bayesian approach, to esti-
mation and prediction for stochastic blockmodels for
graphs with latent block structure.

Snowball sampling is one type of link-tracing sam-
pling design in which individuals in an initial sample
were asked to identify a fixed number of acquain-
tances, who in turn were asked to identify the same
number of acquaintances and so on for a fixed num-
ber of stages or waves. This very clever network
sampling idea originated from Goodman(1961). Er-
ickson (1978) and Frank (1979b) review snowball
sampling design with the goal of understanding how
other “chain methods” (methods designed to trace
ties through a network from a source to an end)
can be used in practice. Snijders (1992) used the
same term “snowball sampling” to include designs
in which only a subsample of links from each node is
traced. Frank and Snijders (1994) consider model-
and design-based estimation of a hidden population
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size, that is , the number of nodes in the graph,
based on snowball samples.

Another link-tracing procedure for which design-
based estimators are available is adaptive cluster
sampling (Thompson 1990, 1997, Thompson and Se-
ber 1996), which has been formulated in the graph
setting as well as the spatial setting. With a fixed-
population, design-based approach in the graph set-
ting, both the characteristics of the people and the
social network structure of the population are viewed
as fixed, unknown values. Design-based estimation
methods have the advantage that properties such as
design-unbiasedness or consistency do not depend
for their validity on any assumed model for the pop-
ulation. On the other hand, these properties do
depend on the sampling design being carried out as
specified. In this paper, we use the model-based
methods described in Thompson and Frank (1998).
The model-based methods do depend on the as-
sumed model for the population or graph. Their ad-
vantage is that they apply to a wide range of sample
selection procedures. In many real studies of hidden
and hard-to-reach populations, the sample selection
procedures, including link-tracing, are not readily
analyzed based on idealized design induced proba-
bilities. For example, in a long-term study on the
heterosexual transmission of HIV infection (Rothen-
berg, et al., 1995), the target population of interest
consisted of commercial sex workers, their paying
and nonpaying partners, persons who use injectable
drugs, and the sexual partners of drug users in the
Colorado Springs area. Persons in the purposively-
selected initial sample were interviewed and, in addi-
tion to their individual characteristics, identities of
their sexual partners were obtained. Persons named
by two or more respondents were also located and
interviewed. The wide range of link-tracing proce-
dures used in studies such as these has motivated
the emphasis in this paper on model-based inference
methods.

In Thompson and Frank (1998), maximum like-
lihood estimators of population graph parameters
and predictors of realized population graph quan-
tities were described and compared to commonly-
used conventional estimates or data summaries such
as sample means and proportions of node or link
values. It is important to note that in most cases
the conventional estimates are not the best estimates
and conventional estimates or unadjusted summaries
of sample data obtained through link-tracing proce-
dures can be misleading if viewed as pertaining to
population or whole graph characteristics.

In this paper, we consider a Bayesian approach
for the estimation problem. For real problems with
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sampling designs that follow social links from one
person to another, it is quite often the case that
there is prior information on the characteristics that
one wants to estimate. Thus, using this information
effectively via a Bayesian approach should yield bet-
ter estimators. Also, note that under the Bayesian
setup, obtaining interval estimates and assessing the
accuracy (posterior variances) of the estimators can
be done without much added difficulties whereas
such tasks would be very difficult to perform us-
ing the classical approach. In general, a Bayesian
analysis ylelds one distribution (the posterior dis-
tribution) for the unknown parameters, and from
this a large number of questions can be answered si-
multaneously. The prediction problem, which is an
important problem in studies of hidden and hard-
to-access human populations, can also be answered
once we obtain the posterior distribution.

Notation for a full graph model with links related
to node values and its likelihood function will be
given in Section 2. In Section 3, the likelihood
function for the sample obtained from a link-tracing
designs will be presented and a Bayesian inference
method will be introduced.

2 Notations and likelihood for a Full
Graph Model with Links Related to
Node Values

Consider a graph of N nodes labeled 1,2,...,N. As-
sociated with the uth node is a variable of inter-
est Y, The full set of node labels is denoted by
U = {1,2,..,N} and the sequence of node vari-
ables by Y = (Y¥7,...,Yy). For two distinct nodes
4 and v, the indicator variable X, equals one if
there is an arc (directional link) from u to v and
zero otherwise. The matrix of arc indicators, having
Xy as the element in the uth row and vth column,
is the graph adjacency matrix, denoted X. For con-
venience we will assume that the diagonal elements
Xuu are zero. The ordered pair (u,v) is referred to
as a dyad of type (Y, Yy, Xuy, Xyu). In the following
assumed model the node variables Y7 ..., Yn are in-
dependent, identically distributed (i.i.d.) Bernoulli
random variables with probabilities P(Y, =) = 8;,
for i = 0,1,and 6y + 8; = 1. Conditional on the
node values Y7 ..., Yy the dyads (X, X,.) are in-
dependent, for 1 < u < v < N,with conditional
distribution given by P{(Xyy, Xvu) = (k,0)|Y. =
1,Y, = j] = Aiju for all combinations of ¢ = 0, 1;
j=01;k =0,l;and I = 0,1. For all combina-
tions of ¢ and j, the sums over & and ! are de-
noted Ay, = Y. 3, Aiji and equal 1. In order



to get graph probabilities not depending on node
identities, the following symmetry requirements are
needed: Aj110 = A1101, A1o11 = Ao111, A1010 = Ao101,
A1001 = Ao110, A0o10 = Agoor and Ajpoo = Apioo. Let
N; denote the total number of nodes with value ¢ in
the graph so that Ng + Ny = N. Let further M;;,
denote the total number of dyads of type (ijkl),
that is, the total number of ordered node pairs (u, v)
such that (Y, Yy, Xuy Xou) = (i7kl). The likelihood
for the full graph under the model with parameters
(0,)) is

ukl
15kl

L(0, %Y, X) = (11 0¥)(I1 11 11 I;I

i=0 1=0j=0 k=01

(1)

3 Bayesian Inference from Link-
Tracing Designs

3.1 Likelihood Functions for the Sample

A sample s from the graph is a subset of nodes and a
subset of node pairs. The sample data d = (s, ys,Ts)
are a function of the sample selected and of the graph
values y and z. For any design in which the selection
of the sample depends on graph y and x values only
through those values y, and z, included in the data,
the design does not affect the value of estimators or
predictors based on direct likelihood methods such
as maximum likelihood or Bayes estimators.

Consider a link-tracing design without subsam-
pling of links. An initial sample sg is selected and
links out from nodes in s¢ are followed to add the set
s1 of nodes not in sg that are adjacent after nodes
in sg. The whole sample is s = s, U 81, The entire
set of labels can be written as the union of three
disjoint sets, U = s, U 81 US where 3§ denotes the
nonsampled nodes. Here, we only consider a design
in which the decision to follow the links from node
% depends on the node value y, For example, in a
study on injection drug use, the initial sample may
contain both users and nonusers. If the investiga-
tors choose to follow social links only from users,
then the design depends adaptively on the node y-
values as well as the links. The design then can be
written P(s|y,Zs,, ), since the selection procedure
depends on both node and link values. The data are
d = (8,ys,%s,, )} so that the design depends on y and
x values only through those in the data and is thus
ignorable.
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With the graph model described in the previ-
ous section, it then follows from Thompson and
Frank(1998) that the likelihood with the sample
data is given by:

N
L(0, X d) = P(sly, Zs,0) Z(J;[l gyu)(ul;lv AYuyo@ou)

where the sum is over all values of y,, and xz,, that
are not fixed by the sample data.

For the link-tracing designs in which all links,
rather than a subsample from the initial samples are
traced, all of the elements in the submatrix z,_z are
zero. It has been shown by Thompson and Frank
(1998) that the likelihood function can then be writ-
ten as:

P(sly, 25,0 )(T] 07 )
(I AGa" S"’)(H NG 0t)

x[Zo HAZ’O(S"’ e 2)

L(0, )Y, X)

I

where n;(s), n;(s,), and 7;(3) denote the numbers of
nodes of type ¢ in the full sample s, the initial sam-
ple s,, and the nonsampled nodes 8, respectively.
Also, mi;xi(So,S0), Mijki(S0,51) are the counts of
node pairs in s, X §, and 8, X 7 .

For a symmetric model, A;jx; = O for & # ! so that
arcs are always two-way or, equivalently, they can be
considered as undirected edges. The full symmetric
model has parameters Ajjrre = Ajigs for ¢, 7, 6 =0, 1,
with Ajjoo + Aij11 = 1. Let '8i+j = /\ijll,

Titjkel = Mijki(S0,8), Tio = Mo100(So,5) +
mM1000(86,5), T12 = Mo111(S0,8) + Myo11(8,,),the
above expression can be rewritten as:

L(9, 8; d)
P(Slyvxsou)gno(s)(l g )nl(s)/@rqz
(1 - ﬁo)ro'o i 2(l — ﬁl)rl o/@r2 2

(1= B [0o(1 = B,)™*)(1 -
O3 (1= )7 (1 = By o)

1)n1(so)
(3)



3.2 Choice of Prior Distributions

Since there are no specific constraints on 0, 3, 08
B2 ,we may assume independent priors on 8, 8, B
B4, all of which take values in the interval [0, 1]. It
is quite common to put a beta prior on a parame-
ter that takes values in [0, 1} because most smooth
unimodal distribution on [0, 1] can be well approx-
imated by some beta distribution and the class of
beta distribution is reasonably rich to model the un-
certainty about the parameter. Also, the expression
in (5) is quite complex but beta priors can yield a
tractable posterior distribution. Using beta priors,
we obtain an analytic formula for the Bayes esti-
mates and a computer program in Mathematica has
been written to evaluate them. In addition, we
wrote a FORTRAN program, employing the Markov
Chain Monte Carlo method to evaluate the Bayes
estimates. The MCMC method is a simulation tech-
nique which can be used to compute Bayes estimates
for general prior distributions specified by an user.
From the MCMC method, we obtain a random sam-
ple from the posterior distribution which is used to
answer a large number of inference questions simul-
taneously whereas the analytic formula can only pro-
vide point estimates. However, one can use results
from the Mathematica program to check the accu-
racy of the MCMC method under the beta priors
since it may take a while for the MCMC results to
converge. The prior considered in this paper consists
of independent beta priors for the parameters :

W(aoﬂaﬁlﬂ2) x 93—1(1_90)b71ﬂ24
(1= 6,) 16571~ 9
851 - By)" ! (4)

In determining the constants a and b it is often
useful to equate the mean
Elf,) = a/(a+10)

of Beta(a, b) to a value which represents your belief
about the location of 8,and the variance

ab
(a+b)2(a+b+1)

Varld,] =

of Beta{a, b) to a value which represents the uncer-
tainty you put on your specified 8,value. Similarly,
the values of ¢,d,e, f,g and A can be determined.

For example, if one is interested in the prevalence
of injection drug use in a certain community, one
may take an initial sample and trace links by asking
the injection drug user in the sample to name the
people they share needle with. If the value y, = 1
represents a user of injection drugs, then 6, is the
percentage of non-injection drug users in that com-
munity. Quite often an investigator may be able to
provide an estimate of its central location and the
corresponding spread.

In the case of complete ignorance, noninformative
priors will be appropriate. There are three com-
monly used noninformative priors. The first one is
the uniform prior, which corresponds to Beta(l,1).
The second one, Beta(0,0) has an improper den-
sity. It is equivalent (by the usual change of vari-
able argument) to a prior uniform in the log-odds
log{f,/(1 — 8,)}. A possible compromise between
Beta(1,1) and Beta(0,0) is Beta(1/2,1/2),which has
a proper density. This prior implies a uniform prior
for sin™! \/@,. In this paper, we are going to con-
sider all of these three priors and provide a compar-
ison of the resulting Bayes estimates. An excellent
discussion on the noninformative priors is given in

Berger(1985, p.89-90).

3.3 Posterior Distribution and Bayes esti-
mates

In the Bayesian framework, one takes prior beliefs
about the unknown parameters and then modifies
these prior beliefs in the light of relevant data which
one has collected to arrive at posterior beliefs. The
posterior distribution of 8, 8, 8 B, given data d will
be denoted (0,8, B; Ba|d). It combines the prior
beliefs about the unknown parameters with the in-
formation about the parameters contained in the
data to give a composite picture of the final beliefs
about them. In our problem, the posterior distribu-
tion corresponding to the beta priors is given by:

7(00,8,,5, F2ld)

o P(Sly»xsou)ego(s)-‘—a'l(l _ 90)"‘(s)+b_1
ﬁz(,,ﬁcﬂ(l _ ﬁo)ro,o-ed—lﬁ?,ﬁe—l
(1- ﬂl)m,o+f—1ﬁ;2,2+gv1(1 _ ﬁ2)r2,o+iL—1
0a(1 = B} (1 = ;)™ ) 4
1(1 = B (1 = B @ (5)

Let
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q(go,/@o,ﬂl,/BZ)
_ a'g,o(s)+a—1(1 _ 00)n1(3)+b—1,8£o,2+c~1

— 1 o+e—1 T o -
(1 _,Bo)ro'°+d 1,311,2 e (1 _/Bl) 1,0+f—1

;2,2‘}'9‘1(1 _ /82)1‘2,04—’1*1

[9o(1 = B,)7<(52) (1 — )=
1 (L= 1)) (1 = By e D

Since fol 2%~ }(1 —z)P~1d £ = B(w, B) is the beta
function, we have:

/01 /01 /0] /0 1 90,8, 58, By) d0,dB3,dB,dB,

n(3)

=0
B(ro2 + ¢, 15(S0) + 70,0 +d)

B(riz +e,i n1(s,) + (n(3) —1)no(s,) + f)
B(ra,2 +g,(n(s) — t) ni(so) +h)

and

/01 /01 /0l /01 0o (00,8, B1.8) d0,dB,d0,d5,

= S n(3) B(ny(s)+a+1-+1
> (") Bt ,
n(3) +ni(s) +b—1)
B(ro2 + ¢, no(S) + o0 + d)
B(riz+e, i ni(so) + (n(3) —1) no(s,) + f)
B(raz2 +g,(n(3) — @) ni(so) + h)

The Bayes estimate for 8, can thus be evaluated
by the quotient of the right-hand side of the above
two equations since:

> (ngg))B(”o(s) +a+1,n(3) + ny(s) + b — 1)

_ fol fol fol fol t, q(goﬁoﬂlﬂz) df,dg,dB,dB,

BE(lo|d) = ==
fo fo fo fo q(8,,8, B, B2) d8,d8,dB,dp,

Similarly, the Bayes estimates for B, 01 B2 can be
computed.
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3.4 Markov chain Monte Carlo method

The Markov chain Monte Carlo (MCMC) method
is essentially Monte Carlo integration using Markov
chains.  Monte Carlo integration draws samples
from the required distribution, and then forms sam-
ple averages to approximate expectations. MCMC
draws these samples by running a cleverly con-
structed Markov Chain for a long time. There
are many ways of constructing these chains, but
all of them, including the Gibbs sampler (Geman
and Geman, 1984), are special cases of the general
framework of Metropolis et al. (1953) and Hast-
ings (1970). The work of Geman and Geman (1984)
led to the introduction of MCMC into mainstream
statistics via the articles by Gelfand and Smith
(1990) and Gelfand et al. (1990). The book by Gilks,
Richardson and Spiegelhalter (1995 ) is an excellent
reference for using MCMC techniques in Bayesian
computations.

For the problem of computing the posterior distri-
bution of 7(0,,8, 3, B,|d) given in (6), we perform
a Monte Carlo simulation analysis, combining as-
pects of Gibbs sampling (Gelfand and Smith 1990)
and sampling-importance-resampling (Rubin 1988)
to evaluate the posterior estimates.

References

Berger, J.O. (1985) Statistical Decision Theory and
Bayesian Analysis, (2nd ed.), Berlin: Springer-
Verlag.

Erickson, B. (1978). Some problems of inference
from chain data. In Schuessler, K.F. (ed.), Socio-
logical Methodology, 1979, pages 276-302. San Fran-
cisco: Jossey-Bass.

Frank, O. (1971). Statistical Inference in Graphs.
Stockholm: Férsvarets forskningsanstalt.

Frank, O. (1977a). Survey sampling in graphs.
Journal of Statistical Planning and Inference, 1, 235-
246.

Frank, O. (1977b). A note on Bernoulli sampling in
graphs and Horvitz-Thompson estimation. Scandi-
navian Journal of Statistics. 4, 178-180.

Frank, O0.(1977c). Estimation of graph totals. Scan-
dinavian Journal of Statistics. 4, 81-89.

Frank, 0.(1978). Estimating the number of con-
nected components in a graph by using a sampled
subgraph. Scandinavian Journal of Statistics. 5,
177-188.



Frank, 0.(1979a). Estimating a graph from triad
counts. Journal of Statistical Computation and Sim-
ulation. 9, 31-46.

Frank, O.(1979b). Estimation of population to-
tals by use of snowball samples. In Holland, P.W.,
and Leinhardt, S. (des.), Perspectives on Social Net-
work Research, pages 319-348. New York: Academic
Press.

Frank, O.(1980). Sampling and inference in a pop-
ulation graph. International Statistical Review. 48,
33-41.

Frank, 0.(1997). Composition and structure of so-
cial networks. Mathematiques, Informatique et Sci-
ences humaines. 35, 11-23.

Frank, O., and Snijders, T. (1994). Estimating the
size of hidden populations using snowball sampling.
Journal of Official Statistics. 10, 53-67.

Gelfand, A.E. and Smith, A.F.M. (1990). Sampling-
based approaches to calculating marginal densities.
Journal of the American Stalistical Association. 85,
398-409.

Gelfand, A.E., Hills, S.E., Racine-Poon, A. and
Smith, A.F.M. (1990). Illustration of Bayesian in-
ference in normal data models using Gibbs sam-
pling.Journal of the American Statistical Associa-
tion. 85, 972-985.

Geman, S. and Geman, D. (1984). Stochastic relax-
ation, Gibbs distributions and the Bayesian restora-
tion of images. IEEE Trans. Pattn. Anal. Mach.
Intel., 6, 721-741.

Gilk, W.R., Richardson, S. and Spiegelhalter, D.J.
(1995). Markov Chain Monte Carlo in Practice.
London: Chapman & Hall.

Goodman, L.A. (1961). Snowball sampling. Annals
of Mathematical Statistics. 20, 572-579.

Hastings, W.K. (1970). Monte Carlo sampling
methods using Markov chains and their applications.
Biometrika. 57, 97-109.

Metropolis, N., Rosenbluth, A.W., Rosenbluth,
M.N., Teller, A.H. and Teller, E. (1953). Equations
of state calculations by fast computing machine. J.

Chem. Phys., 21, 1087-1091.

616

Rothenberg, R.B., Woodhouse, D.E., Potterat, J.J.,
Muth, S.Q., Darrow, W.W. and Klovdahl, A.S.
(1995). Social networks in disease transmission: The
Colorado Springs study. In Needle, R.H., Genser,
S.G., and Trotter, R.T. 11, eds, Social Networks,
Drug Abuse, and HIV Transmission. NIDA Re-
search Monograph 151. Rockville, MD: National In-
stitute of Drug Abuse. 3-19.

Rubin, D.B. (1988). Using the SIR algorithm to
simulate posterior distributions (with discussion). in
Bayesian Statistics 3, eds. J.M. Bernardo, M.H. De-
Groot, D.V. Lindley, and A.F.M. Smith, New York:
Oxford University Press, 395-402.

Snijders, T.A.B. (1992). Estimation on the basis
of snowball samples: how to weight. Bulletin de
Methodologie Sociologique. 36, 59-70.

Snijders, T.A.B. and Nowicki, K. (1997). Estimation
and prediction for stochastic blockmodels for graphs
with latent block structure. Journal of Classifica-
tion. 14, 75-100.

Thompson, S.K. (1990). Adaptive cluster sampling.
Journal of the American Statistical Association. 85,
1050-1059.

Thompson, S.K. (1997). Adaptive sampling in be-
havioral surveys. In Harrison, L., and Hughes, A.
eds., The Validity of Self-Reported Drug Use: Im-
proving the Accuracy of Survey Estimates. NIDA
Research Monograph 167. Rockville, MD: National
Institute of Drug Abuse, 296-319.

Thompson, S.K., and Frank, O. (1998). Model-
based estimation with link-tracing sampling designs.
Technical Report 98-01, Department of Statistics,
Pennsylvania State University.

Thompson, S.K., and Seber, G.A.F. (1996). Adap-
tive Sampling. New York: Wiley.



