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1. Introduction 

In survey sampling the finite population from which 
the data are collected using a complex survey design 
can be treated as one realization from an infinite su- 
perpopulation which itself is generated according to 
a particular distribution (or density) function. In 
this case, it is generally assumed that the underly- 
ing distribution function is continuous. Because the 
finite population (and hence any data collected from 
it) will be at best discrete, and because interest is 
given to estimating a continuous density function, 
interpolation methods which can smooth the data 
are desired. 

Traditional data smoothing techniques often in- 
volve the use of kernel functions (Wand and Jones 
1995). These techniques commonly regard the data 
as an lid realization of some superpopulation distri- 
bution. Bickel and Freedman (1984) made the usual 
superpopulation assumption but modified it slightly 
by allowing for possibly differing distributions in 
each of several strata. Francisco and Fuller (1991) 
introduced techniques for quantile estimation which 
incorporated a survey design approach for data col- 
lected using stratified cluster sampling. Recently, 
Korn and Graubard (1998) suggested multiple tech- 
niques for scatter and box plots of data which ac- 
count for the survey design. Korn and Graubard 
also proposed a method involving the use of kernel 
smoothing to estimate the conditional mean of bi- 
variate data obtained using a complex survey design. 
However, in their work, there is no mention of incor- 
porating the sample design to obtain a univariate 
density estimate of the variable of interest. 

0 The Sample Weighted Kernel 
Density Estimator 

For estimating a continuous, superpopulation den- 
sity function, f ,  using data obtained in a complex 
survey design framework, we propose the Sample 
Weighted Kernel Density Estimator (SWEDE) given 

by: 1 

z fsNn (x) - wh  iesNn h wi 

where SNn is any sample of size n taken from a uni- 
verse, {y l ,y2 , . . . ,  YN}, of finite size, N, and wi = 
7r~ -1 with 7ri - PD{ i  e SNn} and w - ~ i e s N n  wi. K. 
is any kernel function having compact support which 
is symmetric about the origin and h, the bandwidth, 
is any positive quantity. For each i = 1, 2 , . . . ,  N, wi 
is called the unit's sampl ing  weight.  The sampling 
design is incorporated into the SWKDE through 
these sampling weights. 

3. Wha t  Does the S W K D E  Estimate? 

Under a superpopulation model which assumes that 
the finite universe is realized from a collection of 
N random variables, identically and independently 
distributed according to a density, f,  we define the 
(finite) popu la t ion  kernel  dens i ty  es t imator ,  PKDE 

by: N 
1 i~ l / ( : (x - -Y~ ) 

N--i h o_._ 

for any x E (-c~,  c~). Under the auspices of this 
superpopulation model the PKDE is actually a stan- 
dard, non-parametric kernel density estimator of f 
based on a random "sample" of N observations, 
Wand and Jones (1995). The SWEDE estimates the 
superpopulation density, f ,  through this PKDE. 

4. Stratified Random Sampling 

Suppose that the finite population of size N can 
be subdivided into L distinct subpopulations called 
strata with respective sizes N1, N2 , . . . ,  NL.  Assume 
that the random variables generating these subpop- 
ulations are identically distributed according to a 
density, f k ,  for each k = 1 , . . . ,  L. Suppose also that 
these random variables are independent within and 
across strata. Within this framework it follows that 
for y C (-oc,  oc), the function: 

L 

f (y) - Z (y) 
k--1  
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where Wk -- ~ for each k -  1, 2 , . . . ,  L, is indeed a 
population density function which can be estimated 
by the SWKDE under a stratified random sampling 
design (without replacement). 

Let Sk, k = 1,.. . ,  L, denote a simple random sam- 
ple of size nk taken from subpopulation k, where 
n m E L k=~ nk. Under this design the SWKDE be- 
comes" 

1 ~ I N k  (X- -Yk i l l  

k--1 iCSu 

Using the stratum weights defined earlier, the 
SWKDE under a stratified random sampling design 
takes the form: 

L 

k = l  

where ]sk (x) is the SWKDE under a simple random 
sampling (without replacement) design for subpop- 
ulation k. This version of the SWKDE estimates the 
superpopulation density function, f(y), by estimat- 
ing the finite population quantity, fN(z), given by: 

L 

}~(x) - } 2  w~}~ (x) 
k--1 

where fNk (X) is the PKDE for subpopulation k. 

0 Model  & Design Based Propert ies  
of the S W K D E  

> Under the stratified random sampling design: 

• 

1L ( ) [ ] • Vo ]sN~(x) -~~Wk Nk--1 
k = l  

1 x - Yki 2] ) - 
] ki--1 

where Wk -- Nk is the common sampling weight nk 
for elements sampled from the kth stratum. 

Under the superpopulation model generating 
the stratified finite population: 

1/ 

L 
1 E (x)] 

k = l  

• 

• f )  (x) - ~ (/Ch * f)2 (x) 

where K:h (t) -- ~ (~) and * indicates the 
convolution operator. 

As defined by Isaki and Fuller (1982), the antic- 
ipated variance of the SWKDE under the strat- 
ified superpopulation model and the stratified 
random sampling scheme is: 

L 
1 
N E Wk(Wk- 1)[(K:~ • f k ) ( x ) -  (K:a* fk) 2 (x)] 

k--1 

0 The National  Crime Vict imizat ion  
Survey 

To illustrate the use of the SWKDE,  we consider 
data collected from the National Crime Victimiza- 
tion Survey (NCVS) during the 1992-1994 collection 
period. The NCVS is a stratified, multistage clus- 
ter sample yielding nationally representative sam- 
ples. Information contained in the personal weight- 
ing and age variables for women were extracted from 
the 1994 data tapes of the NCVS (ICPSR, 1997), and 
used to estimate the age distribution of women ex- 
periencing: 

> Sexual crimes involving rape, attempted rape, 
and coerced and unwanted sexual activity; 

Non-sexual assault crimes; 

Other personal crimes involving neither sex nor 
assault. 

Altogether, there were 14,966 women surveyed by 
the NCVS during 1994, 237 of whom experienced 
sexual crimes and 1,057 of whom experienced non- 
sexual assault crimes. 

Two density estimates, using the Epanechnikov 
kernel function, (with confidence bands computed 
using jackknife variance estimation, not including 

1 
bias, Lohr 1999) are displayed for bandwidths of 1~ 
and 21 years for female victims of assault and sexual 
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crimes in Figures 1 and 2, respectively. A density es- 
timate for the ages of females encountering neither 
sexual nor assault crimes based on the Tri-Weight 
kernel function using a bandwidth of 3 years is dis- 
played in Figure 3. 

7. C o n c l u s i o n  

Nonparametric kernel density estimation has be- 
come a well established technique for density esti- 
mation under a theorized parametric model. The 
uses of nonparametric density estimation within the 
framework of an established survey design have been 
less widespread. A method which seeks to combine 
both the parametric, superpopulation model and the 
probability model induced by the sampling scheme 
has been introduced for the simple random sampling 
and the stratified random sampling designs. These 
results can be extended further for the case of a more 
general, stratified, multi-stage sample design, such 
as the National Crime Victimization Survey. The 
large-sample properties of the SWKDE will appear in 
a subsequent paper. 
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Figure 1" SWKDE using the Epanechnikov 
kernel function with a 1.5 year bandwidth. 
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Figure 2 "  SWKDE using the Epanechnikov 
kernel function with a 2.5 year bandwidth. 

A 
i k 

(5 j ~,, 

[ \,\ - -  Density Estimate 

i/J A "\ - ~  95% Confidence Band for Estimate 
i ~ '  i using Jackknife Variance Estimation , / \ ,  

i i ,.. 
"~ i / i \  ~ \ i i \ 

i /  P \ / "  - \ ' , 

i l  i :~ " \ / "  \ '~  i i 
!1i k ,,-.,.'~ \ I \ \ i  i 
!1i \ . . . .  " ;... L I  \ ! i /,,, ! 

ill " '-.,.;',.,V \' 
,.,. , , , . .--.\=..% 

. . . .  
20 40 60 80 

A g e  (in y e a r s )  fo r  female victims of s e x u a l  crimes 

Figure 3: SWKDE using the Tri-weight 
kernel function with a 3 year bandwidth. 
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