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1. INTRODUCTION

In this paper, we present the
correlations for inter- and intra-
levels and for intra-cluster, and
show its closed forms of variance
derived by Delta method. In Section
2, we define a population and three
types of correlation. Section 4
introduces sample estimate of these
correlations and its variance. In
Section 4, asymptotic distributions
are discussed. Finally in Section 5,
we present a drug test example.

2. POPULATION
The population U of interest is
decomposed into A clusters

U= (U, «ver Uy vve., U). The
cluster U; consists of B; final units
as Uy = (Uy, ooy Uy ooy Ugpi) e

Within the final unit, U;;, the
generic measurement level will be
denoted by h, with a total of r
levels or cells, and the cells are
mutually exclusive and exhaustive.
Total number of population units is
N = Zi B;.

Let the random variable y,;; be
the realization of the unit Uy,
continuous or discrete, and define a
model for y,; as

Yoiy = Oy + PBny + ey
for h=1, ...,r, i =1, ..., A, and
j = 1, v s ey Bi‘
We assume the random variables
Byi's and e,;'s are uncorrelated and
the existence of the first two
moments of y;;-s. The expectation and

variance are expressed as E(yny) = M
_ 2 2
and var(yw;) = O ¥ Ouppe
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2.1. DEFINITION OF CORRELATION

We assume that the clusters are
independent. But any two units in the
same cluster are correlated by the
common intra cluster correlation
matrix R with P,, on the diagonal for
h = h' and p,.- on the off-diagonal for
h # h':
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The correlation over all cells is
defined:

2
Z, Oehn
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The sum of the trace in nonsingular
matrix is the same as the sum of its
eigenvalues, that is the sum of
diagonal elements. Thus, the sum of
diagtonal elements is used for the
estimation of overall correlation.
This definition provides only
positive correlation, which arises in
most practical situations. Negative
correlation sometimes occurs in
actual data and we might set p = 0
for conservative inferences.

2.2. CATEGORICAL VARIABLE

Let the random variable y,; = 1
if the Uj;—-th unit falls into the h-th
cell, and = 0 otherwise.

Let vo = Z,.0,a%5:0,58, Yhij

be the population counts in the h-th

cell, and the cells are mutually
exclusive and exhaustive and



z

N = be the entire units in

h=1,r Yn
the population. Denote the vector of
population cell frequencies by

Y = (Yire+s Yurees ¥:) and the

corresponding proportions by vector
T

N = (Hy, e, Hyye., M) We impose some
restrictions on these proportions:

m, = y./N, m, >0 for all h, and
z,m=1.

Define pairwise probability for
the members in a same cluster as

P(Ynii=¥ni4-=1)=0y,. Lf i=i' j#3j' h#h',
p(Yh1j=Yh‘i'j'=l)=6hh if i=i' j#3j' h=h',

where &,, is the probability that one
member of pair falls in the cell h
while the other in the cell h'. &, is
the probability that both members
fall into the same cell h.

Note that the sum over all
cells, &, O, = 1. If both members
of pair fall in the same cell or they
are completely dependent, the off-
diagonal elements are zero and the
sum of the diagonal elements is one.

For categorical variables, we
may define the intra-level and inter-
level correlation by

S,

nh(l—nh)

_ =2
hnh

Phn/

Opp/ I

e e

and the overall correlation by

These two definitions involve
only the parameters, m's, &, and
Oy while the definitions of
continuous variables involve O.’°

2
Oenn

and
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3. SAMPLE

We now assume that a probability
sample S is taken from the population
U described above. The estimations
are to be made on the basis of a
sample S={(i,j):i € 8 ;j e 8;}, where
S" is a sample of "a" clusters out of
A clusters, and S; is a sample of b;
units from the B; units in the ith
cluster.

We also assume that the sample
fractions are ignorable under the
model we use. In fact the sampling
design is not important under the
model assumption. We do not specify
the sampling design in both stages
except that it is a probability
measure on the set of all possible
samples.

The sample clusters are indexed
by i; 8 =(Siy+¢+++5is+..:5,), and the
final sample units in the i-th
cluster are indexed by Jj; S; = (u
u;,;) . Note that the
indexes i and j for the population
unit U;; are not the same as those
used for the sample unit u;;. The
cluster sizes are assumed known,
of different size, and the total
number of sample units is n = b, .

Feeey Qijreesy

but

The lower case y; is the realization
of observation on the sample unit uyj.

3.1, ESTIMATION

There are three types of
correlations to estimate. The first
case p,, arises when any two members
in a same cluster fall in the same
category h. The second case Oy
arises when one member falls into one
cell h while remaining member into a
different cell h'. The third case p
is the correlation for intra-cluster
or overall levels.

Landis and Koch (1977) obtained
the estimator of p in terms of ANOVA
mean squares. We express the
correlation P in terms of

Aniy = (Yni ¥y
for the level h to simplify the
notation.

There would be four combinations



of d,;; for units and cells as (h=h'
and j=j'), (h=h' and j#*j'), (h#h’
and j=j'), and (h#h'and j# j') for
each cluster. These four situations
are described below and involved in
the variance estimation shown in
Section 3.3.

Since the clusters are
independent, we find the variance and
covariance of each cluster and sum
them all for total.

(1) The variance of y,;; for h=h’

and j=j' in cluster i is estimated as
2
- zjdhij
Shhi - b

i
The mean ms, of s,; is the sum of all

Sy 'S divided by “a”, and the variance

of the variance s,; is estimated by

-1 5
(a-1) ¢

Vér(s (s,,..—- ms

hhi ) hhi hh)

(2) Similarly the covariance
between y,;; and y;;;. for h h' and
3 # j' is estimated by

z d

J¢j’C§uj hij’

b,(b,-1)

thhi

The mean mt,; of t,; is the sum of all
tui's divided by “a”. The variance of
the covariances of t,;'s is estimated
by

)2

z, (t,, .- mt,

hhi
a-1

var(t

hhi)

(3) The covariance of y;;; and

Ywi; for h# h' and j =j' is estimated
as
_ 25y Gy
shh’i_ _——
b

i

The mean msy,, is the sum of all s,.;'s
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divided by “a”. The variance of the
covariace of s,.'s is estimated by

Zi(s

hh’i) -

- ms

) 2
hh'i hh'

Vér(s
a-1

(4) The covariance of y,;; and
Ywijr Or cross product of d,;; and d,.;y

for §# j' and h#h' is
S e ST VL
hh'i _
bi(bi 1)

The mean mt,,, of t,.; is the sum of
all t,;.;'s divided by “a”. The
variance of the covariance is
estimated by

mt, )2

Z (- hh!

a-1

hh/i) -

Vér(t

The covariance between s,; and
tuni is estimated by

A Z‘(smu_msmﬂ(tmu_mtm)

_ 1
C(shhithhi)“ a-1

Other covariances can be obtained
similarly.

Define design constants for the
i-th first stage unit to be

g = (n - 1)/{(a - 1)bi],
¢; = [g; by = d]/b; and
d =(n*-x%, .b2)/(n(a-1)).

d is the average number of second
stage units within each first stage

unit and n=%._ )
i=1l,a 1

Express an estimator of
correlation of P, by

U,

hh'

vﬂhh L%Oﬂ

Ppn’ =



Uhh'=(l/a)zi:l,a ((gi =1)Spmu + g tuul,

th=(1/a)2i:l’a [(ci¥d~1)sy,; +oy tugl,

Dpn=(1/a) Zi [(citd=1)spmy +C; Lyl

It is easy to see that E(UM)=Oihh and

o 2 2
E(th) - (Ochh+ Oehh)

For the balanced data of
b; = b, above constants are reduced
tod=Db, n=ab, g = (n-1)/(n-b),
and c; = (b-1)/(n-b).

However, the estimator ., is
biased due to the dependency of
numerator and denominator. But the
bias is in the order of a‘? because
the bias is less than or equal to
CV(DM)XSE(ﬁh“, the coefficient of
variation of D, is bounded and the
standard error of P, is in the order
of a’'/?.

It is not difficult to show
directly the bias is in the order
1/a, so the bias becomes small for a
large "a".

The estimator of overall
correlation coefficient P is given

by

for h = h'.

b Zh=l,rC%h

Zh=1,r5%h

The bias of overall correlation also

(13 )

becomes small for a large “a’.

3.2 CATEGORICAL VARIABLE
The correlation of categorical
varables, defined in Section 2.2, can
be estimated as following.
The two parameters 1, and 9, are
unbiasedly estimated by

i=l,a2j:l,bi Yi4n

n

2 _ 2
Z"1':1,51 (yi+h Z“j:l,bi yijh)

s =
hh H

where H = Y., . b;(b;-1).

It can be shown that sample
estimator of p,, for h = h' for the
categorical variables is

8 a2 4 (1, - 8,,)
. bh h n

We can similarly estimate the
inter-class estimator for h # h' for
categorical variables. The overall
correlation is estimated by

-~

2 X (l_zhémﬂ
Z, (B, ~ Hh2)+
- n
T (1-2,8,)
H —
~ 2 h " hh
(1—2hnh)— nZ

The second terms in the numerator and
denominator becomes small for a large
“n”. Although the numerator and
denominator are unbiased, the
correlation is biased estimator due
to the correlation between the
numerator and denominator, but the
bias is in the order of 1/n, and
becomes small for large n.

The asymptotic variance of the
correlations for categorical
variables are shown in another study
(Choi, 1987).

These correlation estimators are
consistent since the estimates of a
parameter function is consistent as
the same function of consistent
estimators of the parameters as seen
in maximum likelihood estimation.

Although two sets of formulas
are developed for different
variables, one for continuous and
another for categorical variables,
both give almost same results when
applied to categorical variables, as
seen from the previous study
(Choi,1987). The first set may be
used when total sum of squares is
available, while the second set is
easier to use when we have
information on 1, and .

3.3. VARIANCE ESTIMATION
we attempt to find the variances



of these correlations by Delta
method. The variance of D, , P,/ ,

and P is presented below:

Variance of D,

Denote the partial derivatives
of bhh with respect to (Spyi, tmi),
evaluated at (Swstuni)=(Smis Tu) by
Agnni = ( 1/th2) {(9:=1)Dpy~(cy+ d-1)Uy] and
denns = (1/Dy’) { 9i Dmn = ©i Unm].

A 1
Var(phh) :Ezi ( (ds2hhi Var(shhi)
+d3mivar(tmu)
+2dymidumicov(%miqmﬂ]

Variance of 0,/
P, involves six variables:

(1) tmir (2) tomssr (3) tunssr (4) Swnis
(5) Sy, and (6) sy,:. Let the
variance of these six variables
expressed by Viu, Vair Ve Vs Vesiy
and Vg, where the subscripted number
corresponds to the variable numbers

(1) to (6), and the covariances
between these six variables by Vi,
VlSiI Vléil V15il Vlﬁil V23il V24il V25il v26il
Vigir Visiy Vieir Visis Ve, and Vg

Also denote the partial
derivative of p, ; with respect to

each of these six variables by dj,

dpi, dsi, dyy, dsi, and dg for
00nn/Otm; == €; U /[2 (Dpw) 1 (Dpni) e 1
OPnn/Otnns == € U/ [2 (th)l/z(Dh'h'i)a/zl

OPun/Otuni = 9 /(Dw Dh'h')l/z

O0un/08ns == (c; +d—l)Uhh'/[2thi3/2(Dh'h')1/2]
0Py /08y i == (Ci+d=1) Upy / [ 2 (Dprnes ) "Dy ”*)
OPnn/O08nmi =(g:i=1)/ (D Dn'n')l/z

1
Var(p, ., ,) = =32,
Phn’ A

1

kai

(5. 45
6
+ Ek#k/ dki dk’i Vi

o]

The Var(P..) reduces to Var( )
when we replace the estimates with
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subscripts hh' and h'h' by those of

hh.

Variance of D
For Var(D), we need the partial

derivatives of overall correlation
with respect to s,;; and t,,;, evalusted
at (Spyni, tui)= (Sphi, Twni) .- Denote them
by diswnis and dyey; for

9P /08mi=(1/D° ) [(g: =1)D-U(es+d - 1)1,
0P /0Ty;=(1/D*) [g; D - U ;).

Var(p) = —%Zi{zh [ drzshhi var(s,,.)
* drzthhi var(t,,;)

*2d, s Ay COVISyy; Ty ]
+Zh¢h’ (A, gpnsDrsnin s COV Spni Shin )
T, ons Drentnt; COV ISy, Eon n)

+dmm%ﬁdmmucov(smmigmﬁ

* drthhidrch’h’i Cov{ thhi th’h’i) ] }

The estimator of above variances
also can be obtained by replacing
each component with its respective
sample estimate based on the “a”
sample clusters.

Unless we need a closed form of
variance to investigate which parts
do major roles in variance, we may
use a resampling method. If randomly
executed, resampling methods produce
similar results as current method
does.

We assumed that partial
derivatives were possible and that
non-linear terms could be negligible
for delta method used in this
section.

4. ASYMPTOTIC DISTRIBUTION
The asymptotic test 2, shown
below is based mainly on the three

components: E(P,, )=0,, *+ Op(a_l),

variance, and null hypothesis



Prn = Pownt
P, ~ P
Zhh:u - N(0,1)
var(p,,)
for a large “a”’. Note that

Jg<bhh_

where V is Var({,,), and D is

phh) -N(0,DTVD) as a-w

the deritive matrix of P, with
respect to ¢hm evaluated at

wThh = (Shh' Thh) . This is the

direct result of the linear expansion
dp
hh -
—— (F-y) + ola™).
oy
Similarly, the test statistic
for H,: P P. is

of Ppp T Ppp Tt

P - P
Z= e—o—— - N(0,1)

Var(p)

where Var(p) is shown previously.

The asymptotic test statistics
for catagorical variables can be
similarly formulated as those of
above.

5. DRUG TEST

Miller and Landis (1991) studied
a clinical data to see if individual
is improved by treatment. 107 persons
are treated by drug, and 102 by
placebo, and classified them as (1)
worse or no change, (2) slight
improvement, or (3) more improvement
or cured. Nine investigators examined
the patients, considered as nine
clusters. Patients treated by an
investor are considered as the units
in cluster.

The Intra-cluster Correlation of
Treatment group is 0.223 with
standard deviation of 0.178 and =z
=1.253, while that of Placebo Group
is 0.109 with standard deviation of
0.130.and 2z 0.838.

Individual correlations are not
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significant at 0.05 under the
null hypothesis of no correlations.

The over-all correlations, 0.223
and 0.109, are useful to estimate the
design effect for correlated members
in cluster. For example, the design
effect for the treatment group is

[1 + 0.223(12-1)) 3.453,
and that of placebo group is

(1 + 0.109(11.3-1)] 2.123.

The number 12 and 11.3 are the
average number of cluster members for
treatment and placebo groups,
respectively.

Although above individual
correlations, 0.223 and 0.109, are
not significant, the design effects,
3.453 and 2.123, arising from the
correlation are quite big, and should
not be ignored.

If normal test or t-test
statistic were calculated as if data
were based on a simple random sample,
it should be adjusted by dividing it
with the square root of design
effect.

For example, the difference
between two proportions for two
levels, level 1 and level 3, in the
treatment group is 44/107 (=24/107 -
68/107). Normal test score is
2 0.0624 under the simple random
sample assumption. Being adjusted by
the design effect for intra-cluster
correlation, corrected score is
z' = 0.0336 = 2z/(3.453)"Y? under the
null hypothesis of equal proportion.
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