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A b s t r a c t  

Given d a t a  f rom a n u m b e r  of s imi la r  areas ,  we use a rank-  

based  m e t h o d  to e s t ima te  the  finite p o p u l a t i o n  m e a n  of one of 

these areas.  As the  areas  are s imilar ,  we use the nes ted  er ror  

regression mode l  which  p e r m i t s  "bor rowing  of s t r e n g t h "  f rom 

o the r  areas.  One  i m p o r t a n t  f ea tu re  of our  m e t h o d  is t h a t  the re  

is no need to assess a s s u m p t i o n  of n o r m a l i t y  which is necessary  

to i m p l e m e n t  mos t  m e t h o d s  for smal l  areas.  We use R-es t ima te s  

of the  m o d e l  p a r a m e t e r s  to cons t ruc t  a p r ed i c to r  of the  popu-  

la t ion  m e a n  of a smal l  area ,  and  cons t ruc t  an  e s t i m a t e  of the  

m e a n  squa red  error  of the  predic tor .  Final ly ,  we i l lus t ra te  the  

m e t h o d o l o g y  using d a t a  ob t a ined  f rom a survey of ag r i cu l tu r a l  

areas.  

1. Introduction 

Small  a r ea  e s t i m a t i o n  is e x t r e m e l y  useful  to gove rnmen t  

agencies  t h a t  address  the  issues of d i s t r ibu t ion ,  equi ty ,  and  dis- 

pari ty.  As the  field suggests ,  it is pa r t i cu l a r l y  a p p r o p r i a t e  in 

a se t t ing  t h a t  involves several  areas  wi th  only a smal l  s ample  

avai lable  f rom each  area.  One p a r a m e t e r  of in te res t  is the  finite 

p o p u l a t i o n  m e a n  of one a rea  and  a p rocedu re  which  borrows 

s t r e n g t h  f rom o the r  ne ighbor ing  areas  is usua l ly  used. Fu r the r ,  

it requires  n o r m a l i t y  of the  responses ,  and  therefore  t ransfor-  

m a t i o n  migh t  be needed  to ob t a in  normal i ty ;  see for example  

Calv in  and  Sedransk  (1991), N a n d r a m  and  Sedransk  (1993) a n d  

N a n d r a m  (1994). Rash id  a n d  N a n d r a m  (1994) deve loped  a rank-  

based  p red ic to r  of the  f inite p o p u l a t i o n  of the  m e a n  of a smal l  

a rea  a s suming  a nes ted  regress ion model .  T h e  ob jec t ive  of th is  

ar t ic le  is to develop the  m e a n - s q u a r e d  er ror  of the  r ank -based  

predic tor .  Ghosh  and  Rao (1994) gave an  excel lent  rev iew of the  

recent  l i t e r a tu r e  on smal l  a rea  e s t ima t ion .  

In recent  years  mode l  based  e s t i m a t i o n  p rocedures  for smal l  

a rea  e s t i m a t i o n  have b e e n  widely  addressed .  T h e  m e t h o d s  usu- 

ally involve e i the r  an  empi r ica l  Bayes (EB)  a p p r o a c h  or a full 

classical  a p p r o a c h  in which  var iance  c o m p o n e n t s  are e s t ima ted .  

Bo th  these  p rocedures  a s sume  ce r t a in  mixed  models  to pe r fo rm 

pred ic t ion .  Ce r t a in  bes t  l inear  unb ia sed  p red ic to r s  ( B L U P )  or 

EB pred ic to r s  are ob t a ined  for the  u n k n o w n  p a r a m e t e r s  of in- 

teres t  a s suming  the  var iance  c o m p o n e n t s  are known.  T h e n  the 

u n k n o w n  var iance  c o m p o n e n t s  are e s t i m a t e d  typ ica l ly  by Hen- 

derson ' s  m e t h o d  of f i t t ing cons t an t s  or R E M L  m e t h o d ,  and  the 

resu l t ing  e s t i m a t e d  B L U P ' s  are used for final p red ic t ion .  Detai ls  

are p re sen ted  by P r a s a d  and  Rao (1990) and  Bat tese ,  Ha r t e r  and  

Ful ler  (1988). A l t h o u g h ,  the  app roaches  are usua l ly  qu i te  sat- 

i s factory  for po in t  p red ic t ion ,  it is very  difficult to e s t ima te  the 

s t a n d a r d  errors. Ghosh  and  Lahi r i  (1989) p roposed  a hierar-  

chical  Bayes (HB) p rocedu re  as an  a l t e rna t i ve  to the  e s t i m a t e d  

B L U P  or the  EB procedure ;  see also D a t t a  and  Ghosh  (1991). 

T h e  s t a n d a r d  errors  of the  e s t ima tes ,  t h o u g h  compl i ca t ed ,  can  

be  o b t a i n e d  via  numer i ca l  i n t eg ra t i on  w i thou t  any  fu r t he r  ap- 

p rox ima t ion .  

In this  ar t ic le  we n e i t h e r  requi re  any  d i s t r i bu t iona l  a s sump-  

t ions nor  e s t i m a t i o n  of var iance  c o m p o n e n t s  in p red ic t ing  the 

m e a n  of the smal l  areas.  However,  e s t ima te  of var iance  com- 

ponen t s  are requ i red  to ob t a in  m e a n - s q u a r e d  er ror  of the  po in t  

p red ic tor ,  cal led R-pred ic to r .  In Sect ion 2 we present  the  model  

a s s u m p t i o n s  and  a p red ic to r  of the  finite p o p u l a t i o n  mean .  In 

Sect ion  3 we use R - e s t i m a t o r s  to cons t ruc t  the  p red i c to r  and  its 

m e a n - s q u a r e d  error.  A numer i ca l  e x a m p l e  is given in Sect ion 4 

and  Sect ion 5 has  conclusions.  

2. Model and Assumptions 

We assume  t h a t  d a t a  are avai lable  f rom c smal l  areas ,  

and  the  i ~h a rea  has M i  ind iv idua ls ,  i -- 1 , 2 , . . . ,  c. Let I~j 

be  the  value of the  j t h  un i t  in the  i ~h a rea  and  let ---Yi -- 

[Yil,  Yi2 . . . . .  I~Mi]  ~ deno te  the  vec tor  of all values of all indi- 

Mi F~j be the  finite v iduals  f rom the  i ~u area.  Let  Yi = Mi -1  ~ / = 1  

p o p u l a t i o n  m e a n  of the  i t h  smal l  area ,  i = 1, 2 , . . . ,  c. 

Suppose  we take  a r a n d o m  sample  of rai ind iv idua l s  from 

the  i t h  smal l  area.  Le t t i ng  f i  = m l / M i  be the  s amp l ing  f rac t ion  
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for the i th small  area,  observe t ha t  

?, f, A.) )?( . . )  -- Yl + (1 -- f i  (2.1) 

,r~ i 

where vi=(s) = ( m l ) _ l  Z Y~j and  

j = l  
Mi 

?i  (n`) = (Mi -- r n i ) - I  - - ~  Y~j. Note t ha t  ~s)" is c o m p u t e d  

j = m i + l  

f rom the  observed d a t a  and  ~'i (n ' )  is to be predic ted .  

Suppose there  are p - 1 covariates X i j l , X i j 2 , . . .  , X i j M  as- 

sociated wi th  each individual .  Following Bat tese ,  Har te r  and  

Fuller (1988) we consider  the  nes ted  error  regression model  

t 
Yij  = a O W Z _ i j J S T v l  + u i j , J  = 1 . . . . .  M i , i =  1 . . . . .  c (2.2) 

where ~ j  = ( Z l j l  . . . . .  x O . n _ l )  ~, /3 = (f~l . . . . .  / 3 n _ l f  is the  
i.i.d. 2), u i j  i . i .d. vector  of regression pa ramete r s ,  vi ,,, N(0,  a~ ,~ 

N(0,  a2) ,  and  the  vl are i ndependen t  of the  u i j .  Note t ha t  /5 

is the same for all areas. In econometr ics  this  model  is known 

as an error  componen t  model  and  is widely used for combin ing  

cross-sectional and  t ime  series data .  For a sample  of size m l  

f rom the  i t h  area  the  mode l  (2.2) holds and  can be wr i t t en  as 

'~ (2.3) y i j  = o t o + x _ i  j + ~ i j , j =  1 , . . . , m i , i =  1 ,2  . . . .  , c  

and  in m a t r i x  n o t a t i on  as -Yi = °l°l-'mi + Xi /3  + ~-i, where 
• , , , ] t  

Y--i = ( Y i l ,  Y i 2 , . .  Y i m i ) '  ~-i = [~i1, el2 ' ' '  eirn.i with  eij = 

vi + u i j  and  Xi  deno t ing  the m i  x ( p -  1) ma t r i x  wi th  rows 

t x_ij, j = 1 . . . . .  m i .  First ,  we ob ta in  the point  p red ic tor  of ? i ,  the  

finite popu la t i on  m e a n  of the  i th area. Let ~'(')1.4 = m~- 1 ~_~ X i j 4  

j = l  
Mi 

a n d ) ~ . ~ s )  = ( M i - - m i )  -1  Z Xi j~  i =  1,2 . . . . .  c a n d k =  

j = m i + l  

1 2 p - -  1 Also let ~ s )  = ($(s) $(s) )' and  )~!ns) _ 
' ' " • " ' • - "  i . 1  ' " " " ' i . p - 1  ~ - 

( )~ .1  " ) j  . . . . .  ()~.~s_) 1 " -  ). Assuming  the mode l  specif icat ion in (2.2) 

I - -  ( T t ~  
E ( ~  ( '~')) = a0 + / 3  X___ i ). (2.4) 

In pa rame t r i c  inference it is assumed tha t  £i ~ N(O,  a 2 V i ) ,  

where a 2 2 2 / a 2  is = t r  v + o  .2 and  IF/ = [ ( 1 - - p ) l m  i W p d m  i ] , p =  trv 

the c o m m o n  in t ra -a rea  correla t ion,  I,.,~ i is the m i  x m i  iden t i ty  

m a t r i x  and  drn. i is the m i  x m i  uni t  ma t r ix .  In m a n y  s i tua t ions  

in small  area es t imat ion ,  the  a s sumpt ion  of mu l t i - no rma l i t y  of 

£i may  not  be valid. In such cases the  survey s ta t i s t ic ians  may  

prefer  an  a l t e rna t ive  non -pa rame t r i c  procedure .  In this  ar t ic le  

we a t t e m p t  a m e t h o d  which needs the following assumpt ions .  

(1) The  £4 (i = 1,2 . . . . .  c) are i ndependen t  and  cont inuous  

r a n d o m  vectors,  and  the e lements  of £i (i = 1,2 . . . . .  c) 

are exchangeable  r a n d o m  variables.  Fur the r ,  all the  

£4'.s (i = 1,2 . . . . .  c) have the  same d i s t r i bu t iona l  form 

F(  . . . . . . . . .  ); 

(2) Le t t ing  v -- - - ~  where ',/ -- f_°°o¢ f ( , , e )  d ~ ( <  oo) and  

f ( . ,  .) is the b ivar ia te  p.d.f,  of any two componen t s  of £i" 

(3) 4 xi j4  < B, where B is finite and  x i j d ' s  do not  depend  on 

c; and  

(4) SuP i=  1 ...... m i  = m < oo. 

The  assumpt ions  (1)-(4) are all reasonable  in small  a rea  es- 

t i m a t i o n  and  they  p e r m i t  a r ank-based  approach .  Our  object ive  

is, unde r  a s sumpt ions  (1) - (4) to ob ta in  R-es t ima te  ~4 of the/34 

(k = 1, 2 . . . .  p -  1) which are used to cons t ruc t  a poin t  p red ic to r  

of the finite popu l a t i on  m e a n  of the i t h  area  and  its e s t ima ted  

mean - squa red  error.  

Let /3 = ( ~ l , / 3 2 , . . . , f ~ n _ l ) '  be the par t ia l  regression coef- 

ficients cor responding  to the  mode l  (2.3). Cor respond ing  to the 

i t h  area  we define a d ispers ion func t ion  as follows: 

O i ( / 3 ) -  Z [  R ( y i j  - E d - 1 / 3 4 x l J d )  _ ~1 _ 
--  m l  -4- 1 . ] [Y l j  /34 ~ij4], 

j--1 k= l  

where R ( y i j  - ~ k - - 1  i~kx i jk  ) is the  in t r a -a rea  rank  of the  resid- 
p -1  

ual  Ylj -- E 4 = 1  l?dx i jd .  The  combined  dispers ion func t ion  for 

all small  areas is 
c 

D(_~) -- Z Di (f3). 

i=1 

Rashid  and  N a n d r a m  (1995) used an analogous  d ispers ion  func- 

t ion to make  inference for one-way repea ted  measures  designs 

wi th  a changing  covariate.  Note t ha t  D(f3) is a loca t ion  free 

measures ,  and  is a l inear  func t ion  of the  res iduals  wi th  coeffi- 

cients d e t e r m i n e d  by the  ranks of the  residuals.  Also D(f3) is 
i 

a nonnega t ive ,  cont inuous  and  convex func t ion  of /3 .  Hence, it  

is expec ted  t ha t  the  R-es t imates  ob ta ined  by min imiz ing  D(/3) 

will be more  robus t  t h a n  least squares e s t ima to rs  since the  the 

influence of the  out l iers  have a l inear,  r a t he r  t h a n  a quadra t i c ,  

effect. Thus ,  this  approach  will be an asset for small  area  prac- 

t i t ioners .  It is convenient  t ha t  our  p red ic to r  does not  require  an 

e s t ima to r  of c~ 0 as inclus ion or exclusion of a0  in the d ispers ion 

func t ion  of mode l  (2.3) does not  a l te r  the ranks  of the  residuals.  

3. R-Predictor of the Finite Population 
Mean 

Firs t ,  we ob ta in  the R-es t imators  of the p a r a m e t e r s  of mode l  

(2.3).  T h e n  we use these R-es t imators  to cons t ruc t  a R-pred ic to r  

of the  finite popu l a t i on  m e a n  and  its e s t ima ted  mean - squa red  

error.  
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3.1 R - E s t i m a t i o n  and  

Let t minimize  the d ispers ion  func t ion  D(f l ) .  See Jaeckel  

(1972) for fu r the r  discussions on R-es t ima t ion .  In order  to de- 

velop the  a s y m p t o t i c  d i s t r i bu t ion  of /~  we need the  gradient  of 

the d ispers ion  func t ion  as well as its l inear  app rox ima t ion .  

:ks doma in  fl of the  space of D( . )  consis ts  of finite n u m b e r  

of convex po lygona l  subsets ,  on each of which D( . )  is a l inear  

func t ion  of fl, the  g rad ien t  vec tor  exists  and  the negat ive  of the  

gradient  vec tor  is 

_s(~_) = [s,(~), &(~) . . . . .  G_,(/~)]', (3.1) 

everywhere ,  and  its k t h  c o m p o n e n t  is given by 

c ~r~ i 

Sk( f l )  - ~ " ~ E  E [ R ( y I i  - E : - - ' I  /~kXidk) 
- -  m i + l  

i=1 j = l  

- 1 ] x l j k .  (3.1) 
2 

Note t h a t  

where 

c 

_s(~_) = ~ w_~(~_) 
i--1 

wi( f3 )  = [w~ i) • ,o(0 1 (3.3) 
- - - -  -- ' ' "  ' p - I  

is con t r ibu t ion  of the  i th  c lus te r  in _S(fl), ___Wi(fl) , (i = 

1 , 2 , . . . ,  c), are i n d e p e n d e n t ,  and  

p -1  
i '~--~ R { y i j  - E k = l  flkxidk) 1 

'~', = J i ~ l A . ,  { - -} m i +  1 2 
j = l  

, l =  1 , 2 , . . . , p - - 1 .  

Under  a s sumpt ion  (1), 

E[RI j ]  = ( m l  + 1)/2  

and  

2 i ' ,  j '  ( m  i - 1) /12 if i =  j = 

Cov [ R i j , R i , j ,  ] = - ( m i  + 1) /12 if i = i ' 

0 if i ~ i' 

Thus ,  E[W. i (0_)1 -- 0_. and 

mi [.T-i 1 . . . .  x i  ]' C°v['W-i(°] - m i  q- 1 , p - 1  Hi[.T.il . . . . .  x i p _ l ]  

= Ai  , (i) = t % ~ ,  ) 

where 

~ ,  = ~ ~ j ~ , ( ~ ' J  ~ - ~ , . ~ ) ( ~ , j ~ ,  - ~ ,  , ~ )  

and  Hi  = [I,~i×,,~ i - ~--J~'i 1',~i 1 ~ ' -  - '~ i ]"  Thus  

(3.4) 

if  k = k'  

if k ~ k' 

E[_S(o)l = o 

l im Gov[--~c_S(_0)]= l i r a - l ~ - ~ A i = A = ( a k k , ) .  
c - - - *  o o  c----* o Q  C 

i--1 

(3.5) 

By using a mu l t i va r i a t e  cen t ra l  l imit  T h e o r e m  (See Rao 

1973, p. 147 and  Rash id  and  N a n d r a m  1995), 

v f~[1S_(O)]V- -~MVN(O,A)  asc  ~ c~ 

where A is given in (3.5). 

It can be shown t h a t  

_r A _ 1 /~ = / ~  + '_s(/~) = op( ) (3.6) 

where ~ of ~- is a consis tent  e s t ima te  of ~ (to be de te rmined) .  

There fore  using (3.6), /3 0 be the t rue  value of fl, 

v / ~ ( f l -  fl0)~--~MVN[_0, A - 1 I  as c - ,  c~. 
7" - - "  B 

(3.7) 

T h a t  is, the R-es t ima to r s  are a s y m p t o t i c a l l y  unbiased ,  con- 

s is tent  and  a s y m p t o t i c a l l y  d i s t r ibu t ion  free. 

Even though  the  rank ing  of the  res iduals  are done wi th in  

each a rea  separa te ly ,  there  is a bor rowing  s t r e n g t h  from o the r  

areas  since the  R-es t ima te s  are ob t a ined  by min imiz ing  the com- 

bined dispers ion funct ion.  

3.2 R - P r e d i c t o r  

To ob ta in  a R-p red ic to r  for ~(n~)  we s u b s t i t u t e  our  rank-  

based  e s t ima to r s  in to  (2.1). It follows t h a t  the  R-pred ic to r  for 

the  finite p o p u l a t i o n  m e a n  of the  i th a rea  is 

-(.) (_~I~.) ) (3.8) 

We call the p red ic to r  in (3.8) a r ank -based  regression survey 

predic tor .  The  e s t i m a t o r  has an i n t e rp re t ab l e  form. It is the 

sample  mean  ad jus t ed  by a f ract ion,  the finite p o p u l a t i o n  cor- 

rect ion,  and  the  difference be tween  ~.(n~) and  ~(~) which is likely 

to be very small .  It is also expec t ed  to be robus t .  One version of 

this e s t ima to r  was cons idered  by Sa rnda l  (1984). Recal l  t h a t  the  

genera l ized  least  squares  e s t i m a t o r  and  cor responding  p red ic to r  

2 and  2 Therefore ,  unde r  the mode l  (2.3) are func t ions  of a,, a v. 

these  var iance componen t s  are unknown and  have to be esti- 

m a t e d ,  and  at  least  in our  case we do not  need to e s t ima te  t h e m  

for the  poin t  predic tor .  
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However, in order  to c o m p u t e  the  s t a n d a r d  error  of - t ~ ) ,  we 

need to assume t h a t  the  covar iance m a t r i x  of _e~ exists.  As our  

model  (2.3) assumes  exchangeab i l i ty  of the  errors  wi th in  each 

cluster ,  

Cov(¢_I) - o"2[(1 - p ) / , n i X , n  i 4- pJ,~ix,,~il (3.9) 

32 
w h e r e p =  3 2 ~ _ 2 .  =,-~u 

We also need  the  covariances  be tween  the  non- sampled  ob- 

servat ions  and /~ ,  which can be ob ta ined  by using a large sample  

a p p r x i m a t i o n  t o / )  defined by ~ = /~0  + _~ A-1S(_.Bo). Also, no te  

t h a t  these covariances  depend  on the  scale p a r a m e t e r  ~'. 

3.3 Mean-Squared  Error (MSE)  of the  R- 
Predictor  

Using the  survey regression es t ima tor ,  the  p red ic t ion  error  

is 

(3.10) 

It follows t h a t  

V a r [ ~  R) - ~ l  = g~ (0., P) + g~(v) + g~(0., v ,p)  

.!.2 
where l e t t ing  7/ = 7 - ( 1  -- f )2  

g~ i ) (0 . , p )  = (1 -- f)20.2(1 - - p ) / m i ,  

(3.11) 

(3.12) 

(3.13) 

and 

g(3')(~r,~',O) 2(~ Sl2Cov '-(~) -- ~("') ~'(x!"') -~!"))l = -- [Yl ' _ ----t --: " 

(3.14) 

Prasad  and  Rao (1990) has a s imilar  r ep re sen ta t ion  for the  

mean - squa red  error  of the  p red ic to r  unde r  nes ted  er ror  regres- 

s i on .mode l ,  see also T a m  (1995). Under  model  (2.3) t ak ing  

j = l  ~ij = 0, 

~},) _ ~ ( n o )  = ,8,L~}, ) ) ~ ( , , ) ]  + 1 t_~, ) (3 .15)  

w ore = E / 2 ,  

Thus ,  

A, _( . ,  _~L}.) 
g ( i ) ( 0 . , ~ . , p )  ~ 2(1 -- f ) C o v [ ~  `) , [3 ( X , )  )]. (3.16) 

It can be shown t h a t  

g(i) (0., P, r )  ~, T/1 {tX_~(. n ' )  - _~ ' ) ] '  A - 1 A i A - 1 X ~ .  " ' )  - ~ ' ) ] } ] ~ .  

(3.16) 

where r)l -- 2(1 -- f)(0.1"/c)[{ l + ( m i - 1 ) p  ml }. Note  t h a t  

g(1)(0.,  P, "r) ---, 0 as c ~ oo. There fo re  for large c it follows 

t h a t  

V a r [ ~  n) - Y',] ~ g~')(0., p ) +  g( ' )  ( r ) .  (3.17) 

It is wor th  no t ing  t h a t  g ~ i ) ( v )  conta ins  a t e rm r 2, whose role is 

s imi lar  to 0.2(1 - p) in no rma l  theory  based  pred ic t ive  inference.  

If ~,(°) = )~(n , ) ,  

w d ~  ") -  ~,l " g~,)(2,.), (3.18) 

which is the  o p t i m a l  var iance.  

As the  m e a n  squa red  error  of the  p red ic to r  is a func t ion  of 

0.2, p and  v, to m a i n t a i n  the  spir i t  of our  a s sumpt ions  s imple 

robus t  e s t ima tes  of 0.2, p and  r are required.  

An e s t i m a t o r  of 0.~ is 

5~ = 1 .483Medi{l~i  - Med i~ i l} .  

We cons t ruc t  an e s t i m a t o r  "2 of 2 0.,, 0.,, as follows: T h e  r ank-based  

f i t ted  value for mode l  (2.2) of Yi j  is 
p -1  

flij  = E ~ = I  ~ k x i j k  + fPi, where vi is t aken  to be 

[ ] vi = med  Yij  - -  ~ k X l j k  : j = 1, 2 . . . . .  m l  

k = l  

(3.19) 

and  ~ is ob t a ined  from (2.3). Then ,  we ob ta in  res iduals  of the  

mode l  (2.2) (using all da t a )  as 

u i j  -- Yi j  -- ~tij. 

This  p rac t i ce  of c o m p u t i n g  the  res iduals  ~tlj is r e c o m m e n d e d  

in M I N I T A B  reference manua l  (1991, p. 10-12) for inferences 

concern ing  block designs based  in t r a - sub jec t  ranks.  A robus t  

e s t ima te  is given by the  m e a n  abso lu te  dev ia t ion  (MAD)  of 61j 

which is 

c m i  

&,, = (rnT - - e )  -1  ~ Z l~2ij -- M e d i j ( 6 i j ) l  

i=1 j = l  

E c ^2 /~2  where  where m T  = i--1 m i .  An es t ima te  of p is ~ = 0.~ , 

b2 = ^2 -2 0.tt -~- 0.~" 

A consis tent  e s t i m a t o r  ~ of r is given as follows. 

For  fixed j and  j t  ( j  ~ j r )  let 

be difference of residuals .  We adop t  the  e s t ima te  of Koul  et 

a1(1987) to get a cons is tent  e s t i m a t e  of  ~/. 
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Thus ,  Soybeans  : y l j  = - 4 1 . 1 3  + 0 .1029Xl j l  q- 0.5036 x l j 2 .  

~ ( i , J ' )  = 
c e 

2c3/2 t( ./,./t ) I d(. j ' j t )  _ d(J,J~)i < t (J,./~ ) ( e , .$O)  "---  i ' - - 1  ' i '  (e ,a , )  /vr3) 

where  0 < a < 1, t (j 'j~) is the  .8th quan t i l e  ( r e c o m m e n d e d  by (o,~) 
Koul  et al 1987) of the  d i s t r i b u t i o n  of Id~ j ' j ' )  - d~ j ' j ' )  [. 

Finally,  the  e s t i m a t e d  m e a n - s q u a r e d  error  of the  R-p red ic to r  

of the  i t h  area  p o p u l a t i o n  m e a n  is 

.(~) -(~)(r2) + ~(~) Var(~ R)) = al ( 2 ,  p) + g2 (~, T, p) (3.20) 

where  ~ i ) ,  ~ i ) ,  and  ~(i) are ob ta ined ,  respect ively ,  f rom 
(~) 

, (1)(T2), and  g3 ( a , v , p )  by s u b s t i t u t i n g  ~, 5 2 and  

respec t ive ly  in (3.20). 

4. Example 

We consider  an  example  desc r ibed  by Ba t t e se ,  H a t t e r  and  

Fuller  (1988) which  concerns  the  e s t i m a t i o n  of areas  u n d e r  corn 

and  soybeans  for each 12 count ies  in N o r t h - C e n t r a l  Iowa us- 

ing f a rm- in t e rv i ew  d a t a  in con junc t i on  wi th  L A N D S A T  sa te l l i te  

da ta .  Each  coun ty  was d iv ided into  a rea  segments ,  and  the areas  

u n d e r  corn  and  soybeans  were a sce r t a ined  for a s ample  of seg- 

m e n t s  by in te rv iewing  f a rm opera to r s .  T h e  n u m b e r  of segment s  

in tlae s a m p l e d  count ies  r anged  f rom 1 to 6. T h e  to ta l  n u m b e r  

of segments  in the  different count ies  r anged  f rom 394 and  965. 

(Thus ,  this  is, i ndeed  an  smal l  a r ea  p rob lem. )  Auxi l i a ry  d a t a  in 

the  form of n u m b e r  of pixels  (a t e r m  used for "p ic tu re  e lements"  

of abou t  0.45 hec ta res )  classified as corn and  soybeans  were also 

ob t a ined  for all the  a rea  segments ,  inc lud ing  the  sample  seg- 

ments ,  in each county  us ing the  L A N D S A T  sa te l l i te  readings .  

Ba t tese ,  H a r t e r  and  Fuller  (1988) employed  a "nes ted  error  

regression" mode l  involving r a n d o m  smal l  a rea  effects and  the  

segment- leve l  d a t a  and  t h e n  ob t a ined  the  e s t ima te s  of coun ty  

areas  u n d e r  corn  and  soybeans  us ing the classical  c o m p o n e n t s  of 

var iance  approach .  T h e y  o b t a i n e d  the  following f i t ted  regression 

equat ions :  

Corn : Ylj = 51 + 0.329Xlj  1 - 0.134 x i j 2  

Soybeans  : Yij  -- - 1 6  -~- 0 .028Xl j l  + 0.494 Xlj 2. 

D a t t a  and  Ghosh  (1991) app l i ed  the HB a p p r o a c h  to these d a t a  

and  o b t a i n e d  s imi la r  resul ts .  

We app ly  the  m e t h o d  deve loped  in th is  ar t ic le  to the  same 

da ta .  We ob ta in  the  R-es t ima te s  of the  pa r t i a l  regress ion coef- 

ficients by m i n i m i z i n g  the  d i spers ion  func t ion  us ing  the  Nelder-  

Mead  a lgo r i thm.  T h e  r a n k - b a s e d  e s t i m a t e d  regress ion equa t ions  

are 

Corn : Yij  -- 47.64 + 0 .3154Xlj l  - 0.1019 z i j  2 

We e s t i m a t e  c~o, the  i n t e r cep t  of mode l  (2.3) by 

d0 = m e d ( 9 1 , i  = 1,2 . . . . .  c). 

The  bes t  and  the  R-pred ic to r s  a long wi th  the i r  e s t i m a t e d  

s t a n d a r d  errors,  square  root  of the  m e a n - s q u a r e d  error ,  (in 

pa ren theses )  are d i sp layed  in  Tab le  1. 

It is also possible  to assess the  i m p o r t a n c e  of the p a r a m e t e r s  

of the  mode l  (2.2). Note t h a t  D(~_) is used as a cr i te r ion  for fit- 

t ing  a nes ted  regression mode l  to the  da t a .  D(_~) represen t s  the  

m i n i m u m  dis tance ,  as m e a s u r e d  by D(f3), f rom the d a t a  vec tor  

to the  subspace  s p a n n e d  by the  nes t ed  regression model .  Sup- 

pose we want  to test  H0 : f~  = 0 versus f3k ~ 0. Let  ~ (k ~ k I) 

be  the  the  R - e s t i m a t e  o f / 3 ~ .  T h e n  u n d e r  f3k = 0 

D* - 2ID(/~ ~ f~H f ~ + l  f3H1)  -- D(/3)] /~ ' ' ' ' '  k - - l '  ' ' ' "  

has an  a s y m p t o t i c  chi - square  d i s t r i bu t i on  wi th  1 degree of free- 

dom.  Using the  above test  we find t h a t  b o t h  covar ia tes  are 

s ignif icant  in exp la in ing  the var ia t ion  for b o t h  corn and  soybean  

indiv idual ly .  

We have p lo t t ed  (plots  are not  shown)  s t u d e n t i z e d  residu- 

als of the  mode l  (2.2) w i th  respec t  to the  co r respond ing  f i t ted 

values. The  po in t s  in the  plots  do not  show any pa t t e rn s .  It 

appea r s  t h a t  for the  corn  d a t a  the  second fa rm in Hard in  coun ty  

is an  out l ier .  Also for the  soybean  d a t a  the  second farm in Poc- 

ahon ta s  coun ty  is an  out l ier .  (The  s t u d e n t i z e d  res iduals  in the  

first case is -6.72, a n d  for the  second case is -5.32). Otherwise ,  

the  f i t ted  models  are cons is ten t  w i th  the da ta .  

5. Concluding Remarks 

We ob ta ined  a r a n k - b a s e d  m e t h o d  to e s t i m a t e  the  finite pop-  

u l a t ion  m e a n  of a smal l  area.  Our  R - e s t i m a t e s  are easy to com- 

pu t e  us ing the Ne lde r -Mead  s implex  a lgor i thm.  We showed t h a t  

the  r a n k - b a s e d  e s t ima te s  of the  regress ion p a r a m e t e r s  have rea- 

sonable  p roper t ies .  Moreover ,  our  m e t h o d  is very s imple  and  

easy to compu te .  A l t h o u g h  we do not  a s sume  normal i ty ,  the  es- 

t i m a t e  of the  f inite p o p u l a t i o n  m e a n  of each area  is close to the 

B L U P  of Ba t t ese ,  Ha r t e r  and  Ful ler  (1988). Whi l e  our  mean-  

squa red  errors  are e x p e c t e d  to be larger  t h a n  those of BHF,  we 

ob t a in  c o m p a r a b l e  es t imates .  We expec t  t h a t  th is  work would 

s t i m u l a t e  research  in n o n p a r a m e t r i c  m e t h o d s  for smal l  a rea  es- 

t ima t ion .  
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Table 1. A Comparison of the R-Predictor  and Best Predictor  

of the Finite Populat ion Mean 

Corn Soybean 

County Best R Best R 

Cerro Gordo 

Hamilton 

Worth  

122.2 122.5 

(9.6) (11.3) 

126.3 126.0 

(9.5) (11.3) 
106.2 93.5 

(9.3) (11.3) 

Humboldt  

Franklin 

Pocahontas 

Winnebago 

Wright 

Webster  

Hancock 

Kossuth 

Hardin 

108.0 106.8 

(8.1) (9.1) 

145.0 149.7 

(6.5) (6.8) 

12.6 114.4 

(6.6) (7.5) 
112.4 109.1 

(6.6) (6.7) 

122.1 123.9 

(6.7) (8.1) 

115.8 118.5 

(5.8) (6.2) 

124.3 123.1 

(5.3) (6.3) 

I06.3 I04.2 

(5.2) (5.4) 

143.6 143.8 

(5.7) (7.9) 

77.8 66.5 

(12.0) (11.7) 

94.8 104.5 

(11.8) (11.7) 
86.9 85.2 

(11.5) (11.6) 

79.7 65.4 

(9.7) (9.5) 

65.2 59.6 

(7.6) (7.1) 
113.8 116.3 

(7.7) (7.9) 

98.5 101.3 

(7.7) (6.9) 

112.8 111.2 

(7.8) (8.5) 

109.6 109.0 

(6.7) (6.4) 

101.0 104.4 

(6.2) (6.6) 

119.9 121.8 

(6.1) (5.6) 

74.9 78.1 

(6.6) (8.3) 

NOTE: Top entry: Mean; Bot tom entry: Standard  Deviation 
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