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Abs t rac t  

Given d a t a  f rom a n u m b e r  of smal l  a reas ,  we use a rank-  

based  m e t h o d  to e s t i m a t e  the  finite p o p u l a t i o n  m e a n  of one of 

these  areas .  As t he  a reas  are s imilar ,  we use a mode l  which  per-  

mi t s  "bo r rowing  of s t r e n g t h "  f rom o t h e r  areas .  In  p a r t i c u l a r ,  

w e  use the  ne s t ed  er ror  regress ion  model ;  o the rwise  known  as 

an  er ror  c o m p o n e n t  m o d e l  u sed  in two-s tage  c lus te r  sampl ing .  

One  i m p o r t a n t  f ea tu re  of our  m e t h o d  is t h a t  t h e r e  is no need  

to assess a s s u m p t i o n s  of n o r m a l i t y  which  is necessa ry  to imple-  

m e n t  mos t  m e t h o d s  for smal l  areas .  We o b t a i n  R - e s t i m a t e s  of 

the  mode l  p a r a m e t e r s  by m i n i m i z i n g  a d i spers ion  func t ion  a n d  

we show t h a t  t he  R - e s t i m a t o r s  have  des i rable  a s y m p t o t i c  prop- 

ert ies.  We p red ic t  the  finite p o p u l a t i o n  m e a n  of a smal l  a r e a  

based  on the  R - e s t i m a t e  a n d  the  model .  Final ly,  we i l l u s t r a t e  

the  m e t h o d o l o g y  by a n u m e r i c a l  example .  

1 In troduc t ion  

t he  u n k n o w n  p a r a m e t e r s  of in te res t  a s s u m i n g  the  va r iance  com- 

p o n e n t s  are known.  T h e n  the  u n k n o w n  var iance  c o m p o n e n t s  are  

e s t i m a t e d  typ ica l ly  by Hende r son ' s  m e t h o d  of f i t t ing  c o n s t a n t s  

or R E M L  m e t h o d ,  a n d  the  r e su l t ing  e s t i m a t e d  B L U P ' s  are used  

for final p red ic t ion .  A l t h o u g h ,  the  above a p p r o a c h  is usua l ly  

qu i t e  sa t i s f ac to ry  for po in t  p red ic t ion ,  it is very difficult to esti-  

m a t e  the  s t a n d a r d  errors .  Ghosh  a n d  Lahi r i  (1989) p roposed  a 

h i e ra rch ica l  Bayes (HB) p r o c e d u r e  as an  a l t e r n a t i v e  to t he  esti-  

m a t e d  B L U P  or t he  EB p rocedure .  T h e  s t a n d a r d  errors  of the  

e s t ima te s ,  t h o u g h  compl i ca t ed ,  can  be  o b t a i n e d  v ia  numer i ca l  

i n t e g r a t i o n  w i t h o u t  any  f u r t h e r  a p p r o x i m a t i o n .  

In  this  ar t ic le  we n e i t h e r  requi re  any  d i s t r i b u t i o n a l  a s sump-  

t ions  nor  e s t i m a t i o n  of va r i ance  c o m p o n e n t s  in p r e d i c t i n g  the  

m e a n  of t he  smal l  areas .  However,  e s t i m a t e o f  va r iance  compo-  

nen t s  are  r e q u i r e d  for t he  p r e d i c t i o n  errors.  In Sec t ion  2 we 

p re sen t  the  mode l  a n d  a s sumpt ions .  In Sec t ion  3 we o b t a i n  R- 

e s t i m a t o r s  t o g e t h e r  w i th  t he i r  a s y m p t o t i c  p roper t i e s .  In Sec t ion  

4 we descr ibe  res idua ls  a n d  mode l  f i t t ing.  A poin t  p r e d i c t o r  of 

t he  f ini te p o p u l a t i o n  m e a n  of a smal l  a r e a  is g iven in Sec t ion  

5. A n u m e r i c a l  example  is g iven in  sec t ion  6, a n d  Sec t ion  7 has  

conclus ions .  

Smal l  a r ea  e s t i m a t i o n  is e x t r e m e l y  useful  to gove rnmen t  agencies  

t h a t  address  the  issues of d i s t r i bu t i on ,  equ i ty  a n d  dispar i ty .  I t  is 

p a r t i c u l a r l y  a p p r o p r i a t e  in a s e t t i ng  t h a t  involves severa l  a reas  

w i th  only a smal l  s ample  avai lable  f rom each  area .  One  p a r a m -  

e te r  of i n t e re s t  is the  f ini te p o p u l a t i o n  m e a n  of one a r ea  a n d  a 

p r o c e d u r e  which  bor rows  s t r e n g t h  f rom o the r  ne ighbor ing  a reas  

is usua l ly  used.  F u r t h e r ,  i t  r equ i res  n o r m a l i t y  of the  responses  

a n d  t r a n s f o r m a t i o n  migh t  be needed  to o b t a i n  normal i ty .  T h e  

ob jec t ive  of th i s  a r t ic le  is to develop a r a n k - b a s e d  m e t h o d  to 

p red ic t  t he  m e a n  of a smal l  area.  

In recen t  years  mode l  based  e s t i m a t i o n  p rocedu re s  for smal l  

a r ea  e s t i m a t i o n  are  widely addressed .  Ghosh  a n d  Rao  (1994) 

gave an  excel lent  review of the  recen t  l i t e r a t u r e  on smal l  a r ea  es- 

t ima t ion .  T h e  m e t h o d s  usua l ly  involve e i t he r  an  empi r ica l  Bayes 

a p p r o a c h  or a full c lassical  a p p r o a c h  in which  var iance  com- 

p o n e n t s  are e s t ima ted .  B o t h  these  p rocedu re s  a s sume  ce r t a in  

mixed  mode l s  for p r e d i c t i o n  purpose .  F i r s t ,  c e r t a i n  bes t  l inear  

u n b i a s e d  p red ic to r s  ( B L U P )  or EB p red ic to r s  a re  o b t a i n e d  for 

2 M o d e l  and A s s u m p t i o n s  

A s s u m e  t h a t  d a t a  are avai lable  f rom c smal l  areas ,  a n d  the  i ~u 

a r e a  has  Mi ind iv idua l s ,  i = 1 , 2 , . . . ,  c. Let  l~j  be  t he  value 

of t h e  j~u u n i t  in  t he  i ~u area .  Let .Yi = [Y~I, Yi2 . . . . .  I'~Mi] ~ 

d e n o t e  the  vec tor  of all values  of all i nd iv idua l s  f rom the  i ~u 

area.  

We a s sume  t h a t  f rom each of the  c smal l  a reas  a r a n d o m  

sample  of m l  i nd iv idua l s  are  d r a w n  a t  r a n d o m  from the  i t h  a rea  

E o ( i ml  = roT).  Let  --Yl = (Yil . . . . .  Y i ~ i ) '  be a vec to r  of ml  

obse rva t ions  f rom the  i th  c lus t e r  on a r e sponse  var iab le  y, a n d  

let  (Xil~, . .  •, :r.i,nlk, k = 1 , . . .  , p - l )  be t h e  a s soc i a t ed  values  of 

p -- 1 covar ia tes  which  have inf luence  on _y. Following Ba t t e se ,  

H a r t e r  a n d  Ful ler  (1988) we cons ider  the  n e s t e d  er ror  regress ion  

mode l  

' (2.1) Yij = a0+._~_z..f~+vl + u i j , j  = 1 , . . . , M i , i =  1 , . . . , c  
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where ~/~ = (z i j  I . . . . .  z O , ~ - l ) ' ,  _~ = (ill  . . . . .  f l ~ - l ) '  is the  

i . l .d,  ff2v ) ~IiJ ,',., vector  of regression pa ramete r s ,  vi ,'-, N(O, , i.i.d. 

2 ), and  v l ' s  are i ndependen t  of u i j  's. In econometr ics  this N(O, a~, 

model  is known as an error componen t  model  and  it is widely 

used for combin ing  cross-section and  t ime series data .  For a sam- 

pie of size rf~i from the i th area  the  mode l  (2.1) can be wr i t t en  

as 

' . . .  ( 2 . 2 )  l~j  = a0  + ~ / ~ _ +  ~i~, j  = 1 . . . . .  m+, i=  1,2, ,c .  

For the ith area  the  model  may  be  wr i t t en  in ma t r i x  no ta t ion  

as y_~ = al_~+ + Xi~_ + 1~, where y.~ = (Yil ,  1f/2 . . . . .  I~,~+) I, 

.Q = [~il, ~12 . . . .  ~i,~i ]t wi th  ~ij = vi + uij ,  and Xi  denot ing  the  

mi  × (p -- 1) m a t r i x  wi th  rows z_~t.j, j = 1 . . . . .  ml .  In pa rame t r i c  

inference we assume tha t  ~ N(0 ,  a2Y~ ), where a 2 2 2 ,,~ -- O- v -~-o" u 

2/a2 is the c ommo n  intra-  and  V+ = [(1 - p)l,~+ + pJ,~+ ], p = a ,  

area  correla t ion,  I,~ i is the ml  x mi  iden t i ty  m a t r i x  and  J,n i is 

the  mi  x mi  uni t  mat r ix .  

In some s i tua t ions  the a s sumpt ion  of mu l t i -no rma l i ty  of £i 

may  not  be valid. In such cases exper imente r s  may  prefer  an  

a l t e rna t ive  n o n - p a r a m e t r i c  procedure .  In this  ar t ic le  we assume 

tha t :  

(1) The  £/ (i = 1,2 . . . . .  c) are i n d e p e n d e n t  and  cont inu-  

ous r a n d o m  vectors,  and  the e lements  of £i (i = 1 , 2 , . . .  ,e)  

are exchangeable  r a n d o m  variables.  Fur ther ,  all the  .Q's (i = 

1, 2 , . . . ,  c) have the same d i s t r ibu t iona l  form F (  . . . . . . . . .  ); 

(2) f_~ I (,,,) de < c~, where f ( . , . )  is the  b ivar ia te  p.d.f,  of 

any two componen t s  of ~ ; 

( a )  ~ z i j  k < B,  where  B is finite and  z i j k ' s  do not  d e p e n d  on c; 

and  

(4) S u p / =  1 . . . . . .  mi  = m < c~. 

Our  objec t ive  is to use an even, locat ion-free measure  of 

d ispers ion tha t  p roduces  R-es t ima te  of (k ---- 1, 2 , . . .  , p  - 1). 

Let 13 = ( i l l ,  f12 . . . . .  fl~,- 1 )' be  the  pa r t i a l  regression coefll- 

c i e n t s  cor respond ing  to the model  (2.2). Let n 0 = 1 i f  j < rnl 

and  0 otherwise.  For the ith area  we define a dispers ion func t ion  

as follows: 

- ,,,.++ + t - l [ t . . + -  Xijk]~ 

j--I k--1 

p--1 
where  R(ylj  -- E k = l  f lkxi jk)  is the in t r a -a rea  r a nk  of the resid- 

ual,  yij  -- E ~  -1  =1 f lkz i jk ,  cor responding  to the j th i nd iv idua l  

( j  -- 1, 2 . . . . .  m i )  in the ith area. The  combined  dispers ion 

funct ion  for all small  areas is 

c 

D(~) = E D,(~).  
i--1 

Similar  d ispers ion funct ion  like D(f l )  was used for r ep ea t e d  mea- 

sures incomple te  block designs (see Rash id  1995) and  one-way 

r epea t ed  measures  wi th  a changing  covariate  (Rash id  and  Nan- 

d r a m  1995). 

This  even, loca t ion  free measure  is a l inear,  r a t h e r  t h a n  

quadra t i c ,  funct ion  of the res iduals  wi th  coefficients d e t e r m in ed  

by the ranks ,  or sizes, of the residuals .  Hence it is expec ted  tha t  

the  R-es t imates  genera ted  by D(-)  will be  more  robus t  t h an  least 

squares  es t imators  since the  the  influence of the  outl iers  enters 

in a l inear  r a t h e r  t h a n  a quad ra t i c  fashion. Fu r th e r  D(fl)  is a 

nonnege t ive ,  cont inuous  and  convex func t ion  of/3.  

3 R - E s t i m a t o r s  

Let ~ min imize  the dispers ion funct ion  D ( ~ ) .  T h e n  ~ is called 

the  R-e s t ima to r  of/3. Let  F = (/3 : D(-)  = m i n i m u m ) .  T h e n  r is 

bounded .  Note t ha t  ~ may  not  be unique.  So in pract ice  there  

may  be a rb i t ra r iness  in its definit ion.  However,  the  d i ame te r  of 

the  set of all possible values of v / ~  tends  to zero as c --, oo. See 

Jaeckel  (1972) for fu r the r  discussions. 

In order  to develop the  a sy mp to t i c  d i s t r ibu t ion  of/3 we need 

the  grad ien t  of the  dispers ion funct ion  as well as its l inear  ap- 

p rox imat ion .  

The  d o m a i n / 3  space of D(-)  consists  of finite n u m b e r  of con- 

vex po lygona l  subsets ,  on each of which D(-)  is a l inear  funct ion 

of/3.  Therefore  the  pa r t i a l  der ivat ives  exist a lmost  everywhere  

and  are given by 

e rr, p--1 

c9~+ nij[ m / + l  2 ] z i J k '  
i=1 j = l  

k = 1 ,2  . . . . .  p - -  1. Let  _S(_~) = [Sl(fl..),S2(/3 ) . . . . .  S p _ l ( ~ ) l '  , 

where  

= ,+,.,t - ++,+,+,+) _ , 
- -  mi -}- 1 - ]2 . z i j+ -  

i--1 j--1 

A s y m p t o t i c  d i s t r ibu t ions  of the  R-es t ima to r s  will be  devel- 

oped unde r  the  error  componen t  model .  Therefore  our resul ts  

can  be  cons idered  as an  ex tens ion  of the  l inear  mode l  wi th  i.i.d. 

errors to nes ted  error  componen t  model .  In this ar t icle  our  as- 

sumpt ions  are weaker t h a n  the  i.i.d, error  mode l  in p a r a m e t r i c  

inference. Even t h o u g h  the rank ing  of the residuals  are done 

wi th in  each area separate ly ,  there  is a bor rowing  s t r eng th  from 

other  areas since the  R-es t ima tes  are ob ta ined  by min imiz ing  the 
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combined  d ispers ion  funct ion .  For  ba l anced  designs,  e s t ima te s  

and  tests ,  achieve F r i e d m a n  efficiency and  as a resul t  p e r f o r m  

b e t t e r  for heavy - t a i l ed  d i s t r ibu t ions .  

We will use the  R - e s t i m a t o r s  to cons t ruc t  a p red i c to r  of the  

finite p o p u l a t i o n  m e a n  of a smal l  area.  We are not  able  to es- 

t i m a t e  a because  inc lus ion  or exclus ion  of a in the  d ispers ion  

func t ion  does not  a l t e r  the  ranks  of the  residuals .  There fore ,  we 
, , , ' ' ' ,  ) l  will only  o b t a i n  the  R - e s t i m a t e s  of (/31 /32 /32 /3n-1 by 

min imiz ing  the  d i spers ion  funct ion .  However,  as m e n t i o n e d  ear- 

lier, the  e s t ima te  of a will be  o b t a i n e d  f rom the res iduals .  Let  

/30 be the  t rue  value of/3.  W i t h o u t  loss of general i ty ,  t h r o u g h o u t  

the  p a p e r  we assume t h a t  /30 = O. 

Under  a s s u m p t i o n  (1), if  nlj ~ O, 

E 0 [ R I j ] -  (ml  + 1) /2 ,  V a r 0 [ R i i ] -  (m 2 - 1)/12; 

and  i f i = i ' ,  

Covo[Ri~,Ri,~, ] = --(ml + 1 ) / 1 2 a n d  Covo[Ri~,  RI , j ]  = 0. 

Thus ,  

E0[S~(0_)]-- 0, k - -  1,2 . . . . .  p -  1, 

Oovo[ s~ (o ) , - -~s~ , (o ) ]  = ~ , ,  
Vc 

where 

e v ~  i 

i=1 j i e i '  =1 

( k ~ t  k'  -- 1 . . . . .  p - - l ) .  

Also 

n l j  n i j t  ~ i j k ~ i j t  k t 

c(ml  + 1) 

Varo[--~s~,(o)] = ahk 

where 

e r r b  

:(-'1i  = ~ ,  k = 1 , 2  . . . . .  p -  1. 

i - 1  j - 1  

Let  ~ be  the  covar iance  m a t r i x  of  .-~ S(O) u n d e r  the  t rue  

va lue /30  ._ 0_. T h e n  E -- (a~k, ) .  Note  t h a t  the  r ank  of ~ would 

be p -- 1. Assuming  t h a t  the  l ime- ,  oo ~,  let  

A = lim ~,  (3.3) 
c o o  

and  assume t h a t  this  l imit  exists.  To es t ab l i sh  the  p rope r t i e s  of 

the  R-e s t ima to r s  we first p resen t  L e m m a  1. Let  the  t rue  value 

~--0 -- 0_. 

The  following l e m m a  gives the  a s y m p t o t i c  d i s t r i bu t i on  of 

S(0_) unde r  the  t rue  value.  

L e m m a  1: Under  a s s u m p t i o n  (1), 

v~[£S_(O)] V--~MVN(O_,A) asc ~ co, 
c 

where A is def ined in (3.3). 

L e m m a  1 follows f rom a mu l t i va r i a t e  cen t ra l  l imit  t h e o r e m  

(See Rao  1973, p. 147). 

Next  we present  our  m a i n  resul ts  a b o u t  the  p rope r t i e s  of 

the  R-es t ima to r s .  

T h e o r e m  1: Suppose  a s s u m p t i o n s  (1) - (4) hold  for the  

mode l  (2). Let  /30 be the  t rue  value of/3.  T h e n ,  
- -  m 

A 

vf~(_~ - ~ _ 0 ) / ~ ' - ~  MVN[O, A] as c --~ oo. 

Proof:  F i r s t  we a p p r o x i m a t e  the  g rad ien t  vec tor  of the  disper-  

sion func t ion  by a l inear  funct ion.  Let  P0 be  the  p robab i l i t y  

c o m p u t e d  unde r  the  t rue  value,  A E R n-1 and  the  t rue  value 

~_A0 _ O. Using a Tay lo r ' s  expans ion  in the  n e i g h b o r h o o d  of 0, it 

can  be  shown t h a t  

where  E0 is the  e x p e c t a t i o n  unde r  the  t rue  value _0, ~- -- 

1 / [v /~  f _ ~  f(e, e) de]. 

Let 0 -- ~__zlj__~. Now 

Var0 [v~{  l [ s ~  (--~c A.~) - sk (O)] } 

vrb 

<_ 12roB E nij Eo[R (Yij  - Oij ) -- R(I'~j )] 2 ~ 0 as c --. oo. 

j = l  

By a p p e a l i n g  to Markov ' s  inequal i ty ,  we have 

eli m P0 [[[V'~ { I _ s  (--~cA__.)- I_S(O)} + ~ l l  >_ ~ ] - - 0  

Since _S(.) is m o n o t o n e ,  by using s imi lar  a r g u m e n t s  given in 

Rash id  and  N a n d r a m  (1995) we have:  

l im eo[SuplIJ'~{/~-  --"1 A_S(O)}II > e,/~ E r] - 0 (3.4) 
c ---, o~  - -  C T - -  

Hence,  using L e m m a  1 and  (3.4), we prove T h e o r e m  1. 

Note  t ha t ,  T h e o r e m  1 shows t h a t  our  R - e s t i m a t o r s  are 

a s y m p t o t i c a l l y  unb iased  and  cons is tent .  F u r t h e r  the i r  a symp-  

to t ic  d i s t r ibu t ions  are d i s t r i b u t i o n  free even if we replace  ~- by a 

cons is ten t  e s t ima te  ~. Let  ~ be a cons i s ten t  e s t i m a t o r  of r .  T h e n  

by S lu t sky ' s  T h e o r e m  

v ~ [ ~ _ - ~ ° I / ¢  ~---,MVN~_, AI ~ ~ ~ ~ .  (3.4) 

Moreover ,  the  above a s y m p t o t i c  d i s t r i b u t i o n  is i n d e p e n d e n t  of 

the  pa ren t  d i s t r i bu t ion  (i.e. d i s t r i bu t ion  free).  
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4 M o d e l  C h e c k i n g  

T h e  r a n k - b a s e d  f i t t ed  va lue  for m o d e l  (2.1) of yi~ is #i j  = 
1~-1 

E ~ = I  ~ z l j ~  + ~i. where  

p - 1  

~)i = med(y i~  -- ~_~  13~zi~  : j = 1 ,2  . . . . .  /D,i ). 

/~--1 

T h e n ,  we o b t a i n  res idua l s  of the  m o d e l  (2.1) as 

fii~ = Yli - / ~ i ~ .  

Th is  p r a c t i c e  of  c o m p u t i n g  t he  res idua l s  ~21j is r e c o m m e n d e d  in 

M / n / t a b  re fe rence  m a n u a l  (1991, p.  10-12) for in ferences  con- 

ce rn ing  b lock  des igns  b a s e d  i n t r a - s u b j e c t  ranks .  In o rde r  to  ob- 

t a i n  s t u d e n t i z e d  r e s idua l s  of t he  m o d e l  (2.1),  we need  an  esti- 

m a t e  of  a~, (The  s t a n d a r d  d e v i a t i o n  of u i  in  m o d e l  (2.2)) .  A 

r obus t  e s t i m a t e  is g iven  by the  m e a n  a b s o l u t e  d e v i a t i o n  ( M A D )  

of ¢~i~ : 

c rr'i 

° '" - ~ Z I~/j - M e d i j ( C ~ i j ) [ } / m T ,  

i=1 j = l  

where  m T  -- i - 1  m i .  We can  p lo t  t he  u l j / d ~ ,  versus  ~)ij to  

check w h e t h e r  t he  f i t t ed  m o d e l  (2.1) is a d e q u a t e .  

A l t h o u g h  we are no t  ab le  to e s t i m a t e  a us ing  the  d i spe r s ion  

func t i on ,  one c an  t ake  

& = m e d ( ~ i ,  i = 1, 2 . . . . .  c). 

Let  ~ ( i j )  d en o t e  the  p r e d i c t e d  va lue  of y i j  w h e n  ( i j )  '~u is 

de l e t e d  f rom the  mode l .  T h e n  the  change  in the  r o b u s t  fit due  

to  the  i ~h case is 

R D F F I T I j  = yl j  -- f t ( i j ) ,  

where  R D F F I T I j  is our  m e a s u r e  of the  inf luence  of  case i j .  

A n a l o g o u s  to l e a s t - sq ua re s  ana lys i s ,  s t u d e n t i z e d  R D F F I T i j  will  

de t ec t  a n  in f luen t i a l  obse rva t ions .  F u r t h e r ,  one can  c o m p u t e  

R D G O O K I j .  Not ice  t h a t  we have  p u t  R in  f ront  of the  above  

m e a s u r e s  to  d e n o t e  r a n k  ana log  of l e a s t - squa re s  d iagnos t i cs .  See 

M c K e a n  et al (1990) for f u r t h e r  d iscuss ions .  

5 P o i n t  P r e d i c t o r  

In th is  sec t ion  we show how to p red i c t  t he  f ini te  p o p u l a t i o n  m e a n  

of each  smal l  a r ea  a n d  how to e s t i m a t e  t he  p r e d i c t i o n  error .  Let  

Y'i -- ~ l/~j be  the  f ini te  p o p u l a t i o n  m e a n  of  t he  i ~u sma l l  a r e a  

j = l  

i = 1, 2 , . . .  ,c.  L e t t i n g  f i  -- m i / M i  be the  f ini te  p o p u l a t i o n  

co r r ec t i on  for t he  i th smal l  a rea ,  observe  t h a t  

?, = f , ~ ? )  + (1 - f , ) g ( " ' )  (5.1) 

rr, i Mi  

where  ~27 ) -- ~ Y i j / r a l  a n d  Y/('~" ) -- ~ Y~ j / (Mi  - m l ) .  

j = l  j--'~r*i -I- 1 

Note  t h a t  ~ ' ) -  is c o m p u t e d  f rom the  obse rved  d a t a  a n d  Yi (~ ' )  

is to  be  p r e d i c t e d .  

F i r s t ,  we o b t a i n  t he  po in t  p r e d i c t o r  of  Yi, t he  f ini te  pop -  

u l a t i o n  m e a n  of the  i th area .  Let  x(')i.~ = ~ - ~ X i j k / m /  a n d  

j = l  
M/ 

j "-" rn i "b l 

?) ~e(') .. e(') ) ' ~ d X } " ' )  1 2 ,  p - -  1. Also  let x -- ) , * . . ,  _ '  x i.1 '" ' i . p - 1  - - "  -- 

~7"('~') . ,  (917("~)).  A s s u m i n g  the  m o d e l  spec i f i ca t ion  in  ( 
- " i . 1  ' " " - i . p - 1  

(2.2),  w i t h  a p p r o p r i a t e  e x p e c t a t i o n s ,  

E(~,<--)) : .  + ~'k~ -') (5.2) 

To o b t a i n  a p r e d i c t o r  for Yi (nS) we s u b s t i t u t e  our  r a n k - b a s e d  

e s t i m a t o r s  in to  (5.2).  It follows t h a t  t he  p r e d i c t o r  for t h e  f ini te  

p o p u l a t i o n  m e a n  of t he  i tu a r e a  is 

: + -_,?)) (5.3) 

T h e  p r e d i c t o r  in (5.3) is a r a n k - b a s e d  regress ion  su rvey  pred ic -  

tor .  It  is e x p e c t e d  to  be  robus t .  One  vers ion  of th i s  e s t i m a t o r  

was cons ide r ed  by  S a r n d a l  (1984).  Not ice  t h a t  t he  gene ra l i z ed  

leas t  squa re s  e s t i m a t o r  a n d  c o r r e s p o n d i n g  p r e d i c t o r  u n d e r  the  

2 a n d  2 However  these  va r i ance  com- m o d e l  (2.1) c o n t a i n  the  a~ a v. 

p o n e n t s  a re  u n k n o w n  a n d  have  to be  e s t i m a t e d ,  a n d  in our  case 

we do no t  n e e d  to  e s t i m a t e  t h e m .  T h e  s t a n d a r d  e r ro r  of r ank-  

b a s e d  su rvey  regress ion  p r e d i c t o r  can  be  o b t a i n e d  as follows. 

T h e  p r e d i c t i o n  e r ror  is ~?u)  Y/. In o rde r  to c o m p u t e  the  s tan-  

d a r d  e r ror  of ~R)," we n e e d  to  a s s u m e  t h a t  t he  covar i ance  m a t r i x  

of  _ej exis ts .  As our  m o d e l  a s s u m e s  exchangeab i l i t y ,  

c°v(-el) -- a2[(  1 -- P)I ,~ i  x ~ i  + PJ,,~i x,~i ]. 

We also n e e d  the  covar iances  b e t w e e n  the  n o n - s a m p l e d  obser-  

va t ions  a n d / 3 ,  which  can  be  o b t a i n e d  by  us ing  the  one - s t ep  R- 

e s t i m a t o r  de f ined  in (3.4).  However ,  these  covar iances  d e p e n d  

on the  scale p a r a m e t e r  r .  As  a t he  m e a n  s q u a r e d  e r ror  of the  

p r e d i c t o r  will  c o n t a i n  a 2, p a n d  ~- r o b u s t  e s t i m a t e s  of cr 2 a n d  p 

can  be  o b t a i n e d  as follows: 

#~ = 1 .483Med i{ i~ i  - M e d l P i l } ,  

a n d  5 2 - 2 = a~ + ~r 2 
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The ~2 is defined in sect ion 4. An e s t i m ~ e  of p is ~ = 
- 2  2 ~ , , / ~ . .  It can be shown t h a t  p s r ame te r  v / ~ / r  is the  densi ty  of 

(ij - e l j , ( j  ://: J ')  at 0 (median)  under  the model (2.1). There-  

fore, an es t imate  of r can  be obta ined from the residu al~ using 

Bloch and G u t w i r t h  (1968) densi ty  es t imate .  See also R m ~ d  

and Nandram (1995) for fu r ther  details.  The  s t anda rd  error of 

the predic tor  of this  ar t ic le  is nonps ramet r i c  analogue of P r u a d  

and  R~o (1990). 

6 Example  

We consider an  exaznple descr ibed by B&ttese, H a ~ e r  and Fuller  

(1988) which concerns the  es t imat ion  of areas under  corn and 

soybeans for each 12 counties  in Nor th-Cent ra l  lows using faxm- 

interview d s t a  in con junc t ion  with LANDSAT satel l i te  d ~ .  

Each county was d iv ided into  are8 segments,  s a d  the areas un- 

der corn and  soybeans  were ascer ta inod for A sample of  segments  

by interviewing farm opera tors .  The  number  of seKments in the  

sampled counties ranged  f rom I to 6. The  to ta l  number  of sege- 

ments in the different counties  ranged from 394 and 968. Thus ,  

this is, indeed an  smal l  a rea  problem. Auxil iary da t a  in the form 

of number  of pixels (A te rm used for "picture  elements" of abou t  

0.45 hectares)  classified as corn and soybeans were also obta /ned  

for all the axe& segments ,  including the sample segments, in each 

county using the  L A N D S A T  satel l i te  readings, p BActese, Hat-  

ter and FuLler (1988) employed & "nested error regression" model  

involving r andom smal l  axeA effects and  the segment-level d a t a  

and then ob ta in  the  es t imates  of county areas under  corn and  

soybeans using the c l a ~ c a l  components  of variance Approsch. 

They  obta£ned the following f i t ted regression equations: 

Corn : I/ij = 51 4- 0.329=1j 1 -- 0.134 =ij2, 

• Soybeans : I/ij = --16 4- 0.028=1jl 4- 0.494 =i$2. 

Da t t a  and Ghosh (1991) Applied the HB &pprmw~ to these d a t a  

and show thag the  two Approaches give similar, l'~ll~ts. 

We apply the  m e t h o d  developed in this article to the same 

data.  We obtA/n the  R-es t imates  of the par t ia l  regression co- 

e~c ien ts  by m i n l r n | ~  the  dispersion function.  We hsve used 

the Nelder-Mesd a lgor i thom to ~ the dispersion function. 

The rank-based e s t ima ted  regression equat ions  are: 

Corn : 1/;$ = 47.64 + 0.3154Zlj 1 -- 0.1019 =;$2, 

Soybeans : I/ij = --41.13 + 0.1029=1j I + 0.5036 z; j2- 

Using the results of Section 4, we have plotted studentized resid- 

uals of the model (2.1) w i th  respect to the corresponding f i t ted 

values. (The plots  axe omi t ted . )  The  points  in the plots do not  

show any  p ~ t e r n s .  I t  appears  tha t  for the corn dat, A the second 

f s rm in ~ county  is sn  outlier.  Also for the soybean dat& 

the  second farm in Pocahontas  county is an outlier. (The stu- 

d z n t i m ~  r ~ i d u a ~  in the first case is -6.72, and for the second 

case is -5.32). Otherwise,  the f i t ted models are consistent with 

the  

We hams f i t ted the  nested error regrmmion model  2 without 

the  o h a m ' ~ t i o n  2 in Kard in  county. The  fi t ted models are: 

Corn : y;# = 68 .89  + 0 .2894=151  - -  0 .1519  : ; $ 2 ,  

SoytMmam : y;# = --36.82 + O.09T3:l:rl + 0.4904 z i j2 .  

In Tab le  1 we present  the r a n k - ~  survey regression predic- 

toss ( with and  wi thout  the  second observation in the Hardin 

coun ty )and  the best  predic tor  for bo th  corn and s o y ~ .  No- 

t ics  t h a t  for bo th  corn and  soybeans these predictors  are very 

s imi lar  to tnmct ionhose  obta ined by Battese,  Ha t t e r  and Fuller 

(1988). However, wi thout  second observation in the Hardin 

count~ the  survey regression predictors  are close to the best pre- 

dic tors  which is expected .  

7 Concluding Remarks 

We ob ta in  a rank-based  me thod  for e s t im~ ing  the finite popu- 

l ~ i o n  mean  of & small  area. Our R-est lmates  are easy to obtain 

using the  Nelder -Mead simplex Llgorithm. We showed tha t  the 

rank-based  es t ims tes  of  the  regression parameters  hsve reason- 

able proper t ies .  Our  me thod  is very simple and easy to com- 

pute .  A l though  we do not  assume normality, the est imate of 

the  finite popu la t ion  mean  of each a res  is close to the BLUP 

of Bat tese ,  H a t t e r  and  Fuller  (1988). We expect" tha t  this work 

would s t imula te  research in nonparametr ic  methods  for small 

are~ es t ims t ion .  

REFE~CES 

B ~ t t ~ ,  G. E.,  Har te r ,  R. M. and  Failer ,  W.A. (1988), An Error 

Componen t s  Modal  for PrediCtion of County Crop Areas Using 

Survey and  m e l l i t e  DAta. 3our. A m ~ .  $~t.. AaJoc., 83, 

28-36. 

Bloe~, D. A. a n d  G u t w i r t h ,  J. S. (1968). On & Simple Est imate  

of the  R ~ i p r o c a l  of the  Density Function.  Anna/z  of Mathe-  

m6tic.4J St~tiatica, 39, No. 3, 1083-1085 

Ghosh,  M. and  Kao, J. N. K.(1994): Small  Area  Est imat ion:  An 

Appra isa l .  St~tist ic~l Sciences, 9, 55 - 93. 

1063 



Ghesh, M. and Lahiri, P. (1987): Robust empirical Bsyes esti- 

m~tion of means of from stratified samples. Jour. Amer.  StaL 

Assoc., 8£, 1153 - 1162. 

Jaeckel, L.(1972): Est imat ing regression coefficients by mlnlmls- 

ink the dispersion of the residuals The Anna~  of M~tl~maticoJ 

Statistics, ~3, 1449- 1458. 

PrMad, N. G. N. and Rao, J. N. K(1990):  On the Est imat ion 

of Mean squaxed Error of Small Predictors Jmtr. Amer.  S ia l  

Auoe., 85. 163-171. 

Minitab Reference Manual(1991),  Release 8, 10 - 12. 

RMhid, M. M. (1995): Analysis of Repeated Measures Incom- 

plete Block Designs Using R-F~tin~tors.  Stat/st/cz and Proba- 

bi~itlt Letters, 22(5). 

Rashid, M. M. and Nandram, B. (1995): A Rank Based Anal- 

ysis of One-Way Repeated Measures Designs Wi th  a Changing 

Covaxiate J o u ~ a l  of StatisticaJ Planning and l~ference,Vol 45. 

Kao, C. R. (1973): Linear Statistical Inference and Its Applica- 

tions John Wiley and Sons, 147. 

Sarndal, C. E. (1984): Design-ConJdstent Versus Model- 

Department Est imation for Small Domains JournoJ of the 

American StatizticoJ Associo;tion 79, 624 - 631. 

Table i .  A Comparison of the Rsnk-Based Survey Regression 

Predictor and Normal theory Predictor  

County 

Cerro Gordo 

Hamil ton 

Worth 

Humboldt  

Pranklin 

Pocahontas 

Winnebago 

Wright 

Webster 

Hancock 

Kossuth 

Hard in  

Segments 
, ,  

Sample Popl 
, ,  

1 566 

1 394 

2 424 

3 564 

3 570 

3 402 

3 567 

4 687 

5 569 

5 965 

6 556 

C o r n  

Best R 

122.2 127.2 

122.5 

126.3 127.3 

126.0 

106.2 92.2 

93.5 

108.0 108.1 

106.8 

145.0 150.1 

149.7 

112.6 114.7 

114.4 

112.4 110.4 

109.1 

122.1 124.5 

123,9 

115.8 118,1 

118.5 

124.3 122.3 

123.1 

106.3 104,4 

104.2 

143.6 131.0 

144.6 

Soybean 

Best 

77.8 67.8 

66.8 

94.8 104.7 

104.9 

86.9 84.8 

85.2 

79.7 65.9 

65.1 

65.2 59.7 

59.6 

113.8 116.3 

116.4 

98.5 101.6 

101.4 

112.8 111.4 

111.1 

109.6 108.9 

108.9 

101.0 104.1 

104.4 

119.9 121.8 

121.7 

74.9 76.9 

79.4 

Note: For the rank-based est imator  the top entry uses all the 

da ta  and in the bot tom entry the outlier is removed. 

Poph Populat ion 

R:Rank 
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