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1 I n t r o d u c t i o n  

As is well known, the design effect, Deft, is the ratio 
of the sampling variance for a given design to that for a 
simple random sample of the same size. A useful model 
for investigating design effects in multistage samples is 

d .f / = 1 + - l ) ,  

where  deft is an e s t i m a t e  of the  des ign effect,  ~t d e n o t e s  
the  ave rage  n u m b e r  of e l e m e n t s  s amp l ed  per  se l ec ted  

PSU (Primary Sampling Unit) and rob  is the so called 
synth, ctic ratio o] homogeneity. 

The usefulness of model (1)l ies in the fact that em- 
pirical results suggest a relative closeness of voh in diffe- 
rent subclasses to that of the whole sample. This holds 
true particularly for crossclasses, that is, for subclasses 
spread throughout the survey clusters. 

This empirical evidence allows one to estimate the 
design effect  for a particular subclass, E, by means of 
the formula 

= + , ) ,  (2) 

where Vn6 is the average number of elements sampled 
per PSU for the subclass. Hence, the process of impu- 
tation of deft to subclasses is as follows (see Kish et 
al., 1976): 

( i) From formula (1), we compute 

d e f f -  I 
T O h  - -  

~-n,--1 

( i i )  Then we substitute this quantity in the right- 
hand side of (2) to obtain de.if6. 

In this paper we aim to throw a light on how the 
distribution of the variables over the population, on the 
one hand, and the features of the sample design, on 
the other, have effects on the value of the synthetic 
measure of homogeneity. Our study will be based also 
on an empirical study carried out on a real population. 

The discussion will be at the "parameter level": we 
will deal with the true design effect, l ) c f f ,  and the true 
synthetic ratio of homogeneity, [?.oh, and not with the 
estimated ones. As a consequence, instead of ~:i~. and 
~,~ in formulas (1) and (2), we will consider the corre- 
sponding expected values. 

2 On the  m e a s u r e  of  h o m o g e n e i t y  

Consider a population of /~I elements grouped into 
N clusters. Let .Y be the survey variable. Denote by 
) , j  (i - 1,2 . . . .  , N ; j  - 1 ,2 , . . . ,A : f i )  and by )',, re- 
spectively, the value of 3" in unit j of cluster i and the 
mean of ) / i n  the same cluster. 

First of all. we want to define, at the population level, 
a measure of homogeneity of elements within clusters. 
For this purpose, consider the correlation ratio 

N )2 
'; ~ i = l  (~:, - ~; Mi (3) 

~1 --- 1~ [ e 2 ' 

where ~> and ~2 are the population mean and variance 
of J'. This index measures the proportion of the va- 
riation in the variable .¥ explained by the association 
of .)2 with the cluster. It takes on values in the interval 
[0,1]. The minimum is reached when ):, - )--', Vi, which 
means extreme heterogeneity within clusters" the maxi- 

r 
mum is reached when }: l  - )"i'2 -- . . .  -- )i^t~ - ~ ,  
'v'i, that is, in the case of complete homogeneity within 
clusters. 

We note that, if cluster sizes are equal, ]~'/i - A//, W~, 
the following relation holds 

/~l 2 /. 
-- ,1 - , ( 4 )  P- ]~l--[ /1i--1 

where I' is the classical intraclass correlalion coefficient. 
FormlJla (4) suggests a possible generalization of p for 
unequal cluster sizes. For this purpose, it is sufficient 
to substitute, in the right-hand side of (4), the average 

tv ,~I,/N clttster size /11 - ])-~;=l 
Obviously, we can define formula (3) also for a par- 

tictIlar domain ,~ of tile population 

N 

(the suffix ~ means that tile quantities refer to domain 
b), and then measdre the domain homogeneity by p6, 
obtained from (4) replacing ~/2 and 11-I by r/~ and ]~:/~. 

Using p and p~ respectively as measures of homoge- 
neity in the whole population and in the domain, we 
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can say that, at the population level, the assumption of 
p~ - p implies that the patterns of variation of ~, and 
}~i across clusters are similar. 

2.1 T h e  case of a, p a r t i t i o n e d  p o p u l a t i o n  

When the N clusters are partitioned into I t  non- 
overlapping subpopulations, in each subpopulation h 
(h = 1,2,..., H)  we can measure the homogeneity by 
formula (3) and obtain r/~ say. The issue is then to h ~ 

find a summary measure of homogeneity as a function 
of r/~. Henceforth, for the sake of brevity, formulas will 
be given only for domain 6, on account that the whole 
population is a particular domain. 

Observe that the following decomposition holds 

where 

~Hh_I l~16hO'2h ' 
(Mth and cr~h being the number of elements and the 
variance in domain ~ of subpopulation h) and 

H )2  ~ , = ~ ( f ~ ,  - ~ M,. 

in which }~h is the domain mean of subpopulation h. 
Now, it is natural to define the quantity £--/~ as the 

m e a n  c o r r e l a t i o n  r a t i o  within the I t  subpopulations, 
and then measure the mean homogeneity by formula 

P ~ -  ~ f ~ - I  ~i~ - ~. 

It is easily seen that /5~ takes on values in the inter- 
val [ - 1 / ( ~  - 1), 1], the minimum being reached when 
P~k --  - - l l ( l ( ; ] , ~ h -  1), Vh, the maximum when P,h -- I. 
vh. 

3 Homogeneity and sample design 

Our aim is to obtain an explicit expression for l?oh, 
which could account for the impact of homogeneity 
within clusters and of the sample design on its value. 

Consider a general multistage sample design where 
the clusters (PSU) are stratified and selected with 
varying probabilities and with replacement. Let Nh and 
nh be, respectively, the number of PSU's in stratum h 
(h = 1, 2,..., t.t) and the number of PSU's selected from 

II the same stratum (~_,h1-Ll Nh -- .IV and ~--~h=l nh -- n, 
n being the first stage sample size); let Phi be the pro- 
bability of selection of PSU i in stratum h,. 

Consider now the ratio estimator of the mean of 3,~ 
in a given domain 6 

& -  S"~' 

where };'~ and ,'~"~ are the unbiased estimators of the 
totals of the variables 

and 

ftijh - -  ~, J" )"h.;j if the element belongs to 
0 otherwise 

X~ _ : 1 if the element belongs to 6 
h;.i I, 0 otherwise 

The large sample variance of /~ can be obtained 
through the Taylor linearization method and it can be 
always written in the following manner 

' * 2  

n A h -  :I_ n/za 

where it6 is the expected average number of elements of 
*2  *2  the domain selected per PSU" cy~l and ~r~2 are quanti- 

ties proportional, respectively, to the first stage variance 
and to that of the subsequent stages assuming negligi- 
ble finite population corrections when they appear. We 

.2 .2 depend on the sample design note that cry1 and rr~2 
features, but not on n and #6. 

Dividing V([?.,~) by the variance of the sample mean 
of a simple random sample of size nits, we get 

, 2  ~;__~ ^:I, - ~ o,~ 
l)e f f ( /¢.~ ) - I~,~ ¢r~ q- J~ia - I rT~ " 

Since the synthetic ratio of homogeneity for domain 
5 is given by 

D ¢ f  / ( f t .~ )  - t l~oh.~ - - -  (5) 
IZ,~-- 1 

sob~titoting io (5)th~ e×p,e~ion or D~(.&), ~,¢te, 
some algebra, we obtain 

l?oh~ - ~ - F  M,~ - - i  cr--~ 

l h ' , s - - / t ,  ( ~ _  - 1 ) ,  (6) 
lz,s- I / l l , s -  I rr~ 

, 2  • . 2  where cr~ - cT~ + c7~2 and the parameter /~ is the 
mean correlation ratio within the strata considered as 
subpopulations (see section 2.1). Note that this relation 
holds also for the whole population. 

Formula (6) is a meaningful representation of lt, oh~. 
expressed as the sum of three terms. It is easily seen 
that the sample design affects the second and third term 
but not the first one; observe that only the third term 
depends on #~. 

It is interesting to establish when 17,oh~ is equal (or 
approximately equal) to ~ .  Consider the following con- 
ditions: 
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(i) ~ = n11~/111~ (i.e. the number of sampled 
PSU's in each stratum is proportional to the stratum 
size); 

( i i )  p~i = ~I '~ i /11 ' I~  (i.e. the selection probabilities 
of the PSU's are proportional to their sizes); 

( i i i )  the sample is self-weighting; 
( iv) samples within PSU's are equivalent to simple 

random samples of elements. 
It can be shown (Montanari, 1990) that, if the pre- 

vious conditions hold, then 

R o h ~  ~ (1  - o ~ ) ~  - + 
- I -~, ,~- 1 A-¢~ - I  

+ - - + 

where P~ - 11I~/111 is the relative size of the domain. 
We note that the last relation holds exactly if 11Iahi oc 
11'fhi. Therefore, when w~ is negligible compared to 1 - 
as normally is for binary variables (Cochran, 1977; 5.11) 
-, if/z~ is not small then 1-1ohs ~ fla. 

Conditions ( i )and ( i i )  yield 

](~-1 ~ 
, ) 

g } ~ - I  

which is normally negligible. The first condition is nor- 
mally approximately satisfied for the total population 
(it is often suggested to build equal size strata when all 
nh.'s are equal to one or two), and in such a case it is 
true also for domains evenly (or nearly so) distributed 
across strata. Condition ( i i )  is rarely satisfied (usually 
only a certain measure of PSU sizes is known); however, 
the ratio estimator is likely to have the same impact on 

• 2 that would be achieved if condition ( i i )  were true (7~1 

(see Hansen et al., 1953; I p. 267). Condition ( i i i )  
,2  is necessary, even though not sufficient, to make r,~ 

approximately equal to ~ .  -l-he effect of departures 
from selfweighting on l?..oh~ is considered in the litera- 
ture and appropriate corrections to take into account 
unequal weights are proposed (Verma et al., 1980). 

The last condition is the most problematic. If it does 
,2  not hold, again, a~ may be considerably different from 

rr~, because of the homogeneity of elements within sam- 
pling units other than primaries (see next section). As 
far as we know, this aspect has not been fully considered 
in the literature on the design effect. 

In practice, if the previous conditions are not far from 
being satisfied, the behaviour of l?,oh,~ mirrors that of 
the parameter /~, regardless of the sample design. In 
this respect, some evidence can be drawn from the ta- 
bles presented in the following section. 

4 An empirical study 

We considered the population of the region of Umbria 
(Italy), as given in the 1981 Census with Townships as 

natural clusters of population elements (persons). We 
examined some binary variables concerning the occu- 
pational status for the whole population and for some 
domains. 

We computed: 
(a) The value of p~ given by formula (4). 
(b) The difference R o h ~ -  p~ for an unstratified 

two-stage self-weighting design where at the first stage 
Townships were selected with probability proportional 
to their sizes and with replacement and at the second 
stage elements were drawn by simple random sampling. 

(c) The same quantity as in (b) for a sampling design 
which differs from the previous one in that at the second 
stage households are selected, instead of elements. 

The analysis was made excluding the larger Town- 
ships (those with a population greater or equal to 
20,000; the so called self-representing Townships in the 
labour force survey carried out by the Italian Statistical 
Office). The results are shown in table 1. 

As we can see from the table, l l.oh6 values obtained 
for the first design (sampling of elements) are always 
larger but close to p6, except where #6 is below 10, say. 
As regards the second design (sampling of households), 
the difference Roh~ - p6 presents a more complex beha- 
viour: it is always positive and larger than that observed 
in the previous case for "agriculture", sometimes assu- 
ming negative values for the other characteristics. This 
can be explained by looking at formula (6). Since the 
second term in the right-hand side is the same in the 
two designs, the difference between columns (6) and (c) 
must be attributed to the degree of homogeneity of ele- 
ments within households which affects the third term. 
Note that such difference decreases in absolute value as 
It,,~ increases. 

Table 2 contains results obtained under a stratified 
design. Townships were stratified according to the 
method used by the Italian Statistical Office in the la- 
bour force survey. From each stratum a Township was 
selected with probability proportional to its population. 
We note that the size of strata presents a l.~rge variabi- 
lity, the ratio of the largest to the smallest being 10 to 
1. Tile two biggest values of w~ were 0.025 and 0.022. 

The structure of table 2 is similar to that of table 
l, but now p~ is reported in column (a). The pattern 
of variation in the ~ two tables are very close. Howe- 
ver we note a greater positive contribution of the term 

. 2  _ 2  (a~l/~,~ - . /~) ,  probably because of the large variability 
of stratum sizes (condition (~')is not fulfilled). 

It is worthwhile to pointing out that the differences 
between columns (c) and (b) are quite similar in tables 
1 and 2. In this regard we must keep in mind that the 
contribution of households as clusters of elements is not 
affected by the stratification of PSU's. 

To sketch the behaviour of synthetic ratios of ho- 
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mogeneity, plots of R.oh~ against P,5 (using data from 
table 2) are shown in figure 1 for element sampling and 
in figure 2 for household sampling. The correlation coef- 
ficients values between Roh~ and /56 are r - 0.96 and 
r - 0.86, respectively. In the latter case the synthe- 
tic measures are less predictable because of the effect 
of homogeneity of elements within households. At last, 
the average percentage increases of 12oh~ with respect 
t o /~  are 38% for elements sampling and 58% for hou- 
sehold sampling. In table 1, such average percentages 
are 7% and 17%, respectively. 

5 The imputat ion of design effect to 
subclasses 

As illustrated in the introduction, the process of im- 
putation of design effects to subclasses requires the as- 
sumption that the synthetic ratio of homogeneity is por- 
table, i.e. Rob = Roh~. One may wonder about the 
error produced by this process. 

To give some insight into the problem, denoting by 
Deff*(R~) the design effect imputed to domain 6, con- 
sider the difference 

Def  f*(R$) - De f  f ( ~ )  - (H.oh - [t, oh~)(IZ,s - 1), 

which is proportional to the difference between the 
synthetic ratios of homogeneity of the whole popula- 
tion and of the domain under study. 

We can also write 

n o b  -  ,oh, - + [ ( R o b  - Z )  - ( Z oh, - 

The second term in the right-hand side is the portion 
of that error which, in essence, can be connected to the 
different features of the design for the domain and for 
the whole population. It is worthwhile noting that, even 
if conditions ( i ) -  (iv) of section 3 were satisfied for the 
whole population, conditions (i) and (ii) are seldom 
fulfilled for the domain, furthermore /z~ is smaller than 
tt and we expect a greater value of the third term in the 
right-hand side of (6). 

As an illustration, for the stratified sample design 
table 3 shows the difference f -  f~ in column (o,), the 
difference ( R h o -  ~ ) -  (12oh, - i f , ) in  column (b) for 
the case where elements are selected, and the same 
difference in column (c) for the case where households 

are selected. The variables and domains are those exa- 
mined so far. Data were computed by subtracting, in 
table 2, the value of each row from the value of the first 
r o w .  

Looking at table 3 we can observe the clear preva- 
lence of negative quantities in column (a), which in- 
dicates that the homogeneity in the domains is often 
greater than in the whole population. But the design 
itself contributes to make l)e.ff*(Rs)- Deff(R.~)ne- 
gative as shown by columns (b) and (c)" this occurs 
particularly when IZ~ is very small. 

Generally speaking, the sample design yields an im- 
portant portion of the "imputation error". However, 
to a certain extent, one can neutralize these disturbing 
factors through appropriate corrective strategies. In this 
context, for example, Verma et al. (1980) propose the 
correcting factor L to take into account the departures 
from self-weighting and Skinner (1986) suggests infla- 
ting the quantity ,t~ in model (2) to control the varia- 
bility of the number of subclass ~lements in the sample. 

For the error due to the difference between # and/5~, 
one possibility is to analyse the behaviour of/56 using 
census data, if available, and then use this information 
in the process. 
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T a b l e  1. - Ratios of homogeneity wi th in  Umbria Townships ( I ta ly)  wi t l l  a populat ion smaller than 20,000 for some 
survey variables and domains. Values × 1,000 of p~ (column a.) and of /~h.~ - p~ for sampling elements (column h) 
and for sampling households (column c) 

Cluster Survey Variable 

sample Employed in Employed in Employed in 
Domain size Agriculture Industry Services Employed in 

/z~ (a)  (b)  (c) (a)  (b) (c) (a)  (b)  (c) (a)  (b)  (c) 

TotalPopulation 121.5 16.8 0.0 3.0 13.0 0.0 0.1 3.8 0.0 1.2 6.4 0.0 -1.7 
Age: 

14-29 25.8 15.2 0.8 5.8 25.4 1.0 7.0 6.8 0.3 3.7 17.2 0.7 5.5 
30-54 39.8 32.5 0.4 7.1 24.9 0.8 0.2 9.2 0.1 4.6 13.2 0.4 -7.0 
55-70 24.0 22.7 1.7 7.5 5.5 0.1 -1.3 3.2 0.2 5.3 9.3 1.1 1.3 

Education: 
8 years 108.8 17.7 0.1 3.4 13.3 0.3 0.1 2.9 0.0 1.0 7.0 0.0 -1.5 
13 years 10.9 11.5 2.0 8.0 20.0 1.6 2.6 10.7 0.6 6.0 7.0 1.0 1.7 

Male 60.3 20.6 0.2 3.1 12.1 0.1 -0.8 6.1 0.1 -0.5 2.5 0.0 -4.7 
M a l e a g e d :  

14-29 13.1 20.7 2.5 11.4 14.3 1.3 7~5 10.1 0.8 3.5 10.0 1.2 7.3 

30-54 20.2 41.1 2.1 7.8 30.9 1.5 1.8 16.7 1.0 2.2 6.0 0.3 0.6 
55-70 11.6 26,8 3.4 7.2 11.2 I . I  0.9 5.4 0.7 1.,I 13.2 2.4 3,5 

M a l e w i t h :  
8 y e a r s e d .  53.4 21.6 0.4 3.4 11.5 0.2 -0.9 5.2 0.1 -0,4 3.0 0.0 -4.7 

1 3 y e a r s e d .  5.8 14.6 5.3 12.3 31.5 6.9 11.9 16.5 4.4 7.0 6.2 1.9 7.7 

Female 61.2 20.1 0.2 1.6 20.1 0.2 -0.4 3.0 0.0 0.1 17.6 0.1 -1.0 

T a b l e  2.  - Ratios of homogeneity wi th in strata of Umbria Townships ( I ta ly)  wi th a populat ion smaller than 20,000 
for some survey variables and domains. Values x 1,000 of h,~ (column a) and of R.oh~ - /~ for sampling elements 
(column h) and for sampling households (column 

Cluster Survey Variable 
. . .  

Sample Employed in Employed in Employed in 
Domain size Agriculture Industry Services 

I'~ (a) (b) (c) (a) (b) (c) (a) (b) 

Total Popula t ion  
Age: 

14-29 
30-54 
55-70 

Educat ion:  
8 years 
13 years 

Employed 
(~) (~) (b) (~) 

121.5 10.0 2.5 5,8 3.0 1.2 1.6 2.0 0,7 1.8 2.1 0.5 -1.1 

25.8 8.1 3.4 9.2 5.7 1.1 7.1 2.4 1.0 4.4 4.8 1.4 6.0 

39.8 20.2 7.1 14.0 8.6 5.0 4.6 4.4 1.5 5.9 4.8 2.0 -5.3 
24.0 13.5 2.3 8.6 2.2 0.4 0.9 2.3 0.8 6.0 4.3 0.6 1.1 

108.8 10.6 2.6 6.1 3.0 1.3 1.5 1.5 0.4 1.4 2.4 0.4 -1.1 

10.9 7.1 5.1 11.3 6.1 1.9 3.2 5.0 2.4 8.0 3.8 3.4 4.0 

Male 
Male aged: 

14-29 
30-54 
55-70 

Male with: 
8 years ed. 
13 years ed. 

60.3 11.9 3.2 6.5 4.0 1.0 0,3 2.8 0.9 0.4 1.0 0.1 -4.5 

13.1 12.2 6.7 16.7 4.7 1.7 7.7 2.6 0.8 3.8 3.3 1.6 7.7 
20.2 24.6 9.2 15.4 12.6 3.4 4.5 7.6 2.6 3.8 3.3 0.7 1.2 
1.1.6 14.7 3.8 8.2 ,1.9 1.3 1.4 3.7 2.2 2 9  5.2 1.6 3.2 

53.4 12.5 3.2 6.7 4.0 I . I  0.2 2.5 0.6 0.2 I . I  0.1 -4.6 
5.8 9.0 11.0 18.3 9.6 4.0 9.6 6.0 6,6 9.5 3.0 3.7 9.6 

Female 61.2 13.3 2.9 4.6 ~.9 2.5 2.2 1.6 0.5 0.6 5.2 1.5 0.5 
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FN e 1. Plot of synthetic against 
population ratios of homogeneity 

(sampling elements) 

Figure 2- Plot of synthetic against 
population ratios of homogeneity 

(sampling households) 
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Table 3. - Comparisons between ratios of homogeneity for the whole population and for some domains within strata 
of Umbria Townships (Italy) with a population smaller than ~.0.000. Values x 1,000 of f - / ~  (column a) and of 
( l?,oh,- ~ ) -  (l'?,oh,,s - ~,~)for samp l i ng  e lements  ( c o l u m n  h) and for samp l i ng  househo lds  ( c o l u m n  c) 

Cluster Survey Variable 

Sample Employed in Employed in Employed in 
D omain size Agriculture Indus try S ervices Employed 

t'~ (a) (b) (c) (a) (b) (~,) (a) (b) (c) (a) (b) 

Total Population 121.5 
Age: 

14-29 25.8 1.9 -0.9 -3.4 
30-54 39.8 -10.3 -4.6 -8.1 
55-70 24.0 -3.6 0.0 -2.7 

Education: 
8 years 108.8 -0.7 -0.1 -0.3 
13 years 10.9 2.9 -2.6 -5.5 

Male 60.3 -1.9 -0.7 -0.7 
Male aged: 

14-29 13.1 -2.3 -4.2 -10.9 
30-54 20.2 -14.6 -6.7 -9.6 
55-70 11.6 -4.8 -1.3 -2.4 

Male with: 
8 years ed. 53.4 -2.5 -0.7 -0.9 
13 years ed. 5.8 1.0 -8.5 -12.5 

Female 61.2 -3.3 -0.4 1.0 

-2.7 0.I -5.6 -0.4 -0.4 -2.6 -2.7 -0.8 
-5.6 -3.7 3.1 -2.4 -0.8 -4.1 -2.7 -1.5 
0.8 0.8 2.5 -0.3 -0.I -4.2 -2.2 -0.1 

-0.0 -0.1 0.1 0.5 0.3 0.4 -0.3 0.1 

-3.1 -0.7 -1.7 -3.1 -1.7 -6.1 -1.7 -2.9 

-1.0 0.3 1.2 -0.9 -0.2 1.5 1.1 0.4 

-1.7 -0.4 -6.1 -0.6 -0.1 -1.9 -1.3 -1.1 
-9.7 -2.2 -2.9 -5.6 -1.9 -2.0 -1.2 -0.2 
-1.9 -0.0 0.2 -1.7 -1.5 -1.1 -3.1 -1.1 

-1.0 0.1 1.3 -0.5 0.1 1.7 0.9 0.5 
-6.6 -2.7 -8.1 -4.0 -5.9 -7.7 -1.0 -3.2 

-2.9 -1.3 -0.7 0.3 0.2 1.3 -3.1 -1.0 

(c) 

-7.1 
4.2 

-2.7 

-0.0 
-5.1 

3.4 

-8.8 
-2.3 
-4.3 

3.5 
-10.7 

-1.6 
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