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I. INTRODUCTION
This paper presents a 1990 Census
total error model. The term "total
error" implies an integrated treatment
of different sources of error in census
or survey statistics. The error sources
in 1990 Census data include, but are not

limited to, errors of noncoverage
(frame), sampling, geocoding, editing,
coding, interviewing, mail response,

nonmail response, and imputation.

Two important applications of total
error models have long been recognized:
1) estimation of the total error of a
statistic; and 2) estimation of the
relative impacts of different kinds of
errors on the total error. Using total
error models, statistical inferences can
be based on the overall accuracy of
statistics, rather than just the
sampling precision. Moreover,
estimation of the relative impacts of
different kinds of errors might lay the
basis for efficient allocation of
resources to different operations, so as
to minimize total error for fixed cost.

The model of this paper falls short
of treating all sources of error in a
single model. Hence, the term "total
error model"™ is not used in a precise
sense. The model seeks to account only

for noncoverage, sampling, editing,
response, enumerator, and imputation
errors.
II. OPERATIONS
The total error model seeks to

account for the processes giving rise to
error in a single census statistic. Let
P denote the population proportion to be
estimated, and i denote the census
questionnaire item that provides the
data for computing the census statistic.
The model applies to characteristics of
households (housing items) as well as to
characteristics of individuals
(population items).

The model assumes that a proportion ¢
of N total units (i.e., either
households or persons, depending on the
item i) are covered by the census and
that a proportion (1 - C) are not
covered. The number of units in the
covered and noncovered subpopulations
are No = C x N and Nyc = (1 - C) x N,
respectively.

The model assumes that P is estimated
using the available data, i.e.,
information for the Ny units in the
covered population. Figure 1 presents a
flow diagram for selected operations
affecting the total error of 1990 Census
statistics. The model assumes that a
proportion R of the No covered units,
i.e., units represented on mail-out
questionnaires, are mail returns and
that a proportion (1-R) are nonmail
returns. The numbers of units
represented on mail returns and on
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nonmail returns are N3 = R x Nc and N, =
(1-R) x Np respectively.

A proportion g1 of the N; mail return
units do not have complete data for item
i, while a proportion (1-81) have
complete data for item i. The number of
mail return units with complete data on
item i1 is N33 = (1-8%) x R x Ng.

Among the mail return units without
complete data for item i, a proportion
7l should fail edit and be sent to

follow-up, and a proportion (1-nl)
should pass edit, according to
questionnaire decision rules and
tolerances. The numbers of units
represented by "true" fail-edit mail
returns and "true" pass-edit mail
returns, among those without complete

data for item i, are Nj; = g1 x =l x Nj
and Njp = g1 x (1-nl) x N; respectively,

Like ¢, the proportions R, g}, and =l
are treated as fixed constants in the
model. R is the mail response rate, g1
is the mail return jitem nonresponse rate
for item i, and 7l is the conditional
fail-edit rate, given missing or
incomplete data on item i.

By implication, the population of Ne
units represented on mail-out
questionnaires is divided into four
strata: 1) Stratum 11, the stratum of
mail return fail edits with missing data
for item i (size = N;; units); 2)
Stratum 12, the stratum of mail return
pass edits with missing data for item i
(size = N7,); 3) Stratum 13, the stratum
of mail return edits with complete data

on item i (size = N;3):; and 4) Stratum
2, the stratum of nonmail returns (size
= N2).

The N total units in the population
are partitioned into five strata, the
four strata of the covered population
together with the noncovered stratum:

N=NC+NNC

= Nij3 * Nijp + Nag + Ny + Nyc

We will develop separate
approximations for the error components
in each stratum, and then combine the
expressions, using weights determined by
C, R, 1, and 7}, in order to derive the
mean square error of an estimated
proportion.

Many of the remaining symbols in
Figure 1 are subscripted by both k and
3. These symbols denote randomn
variables that are defined for each
combination of an "operator" k (i.e., an
enumerator), and a "unit" j (i.e., a
household or person) of operator k’s
assignment. Exceptions occur in the
following places: in Stratum 12, where
no enumerator is defined since all
responses are imputed; at the editing
stage of Stratum 11, where units have
not yet been assigned to enumerators;
and in Stratum 13, where the subscript h
denotes the household and j denotes the



eligible unit in the household to which
item i applies (the household itself, if
i is a housing item, or a household
member, if i 1s a population item).
Each subscripted variable in Figure 1 is
also conditional upon the item i, but
the 1 1s omitted for notational
simplicity. For each k and Jj, 64, Ak
and @k denote random indicator
variables, i.e., random variables that
take on either the value 0 or the value
1. Each indicates whether a census
operation was carried out successfully
(value = 0) or unsuccessfully (value =
1):

§

5 0 if editor correctly sends unit j
of the failed-edit stratum
(Stratum 11) to follow-up;

= 1 if editor does not send unit j
of the failed-edit stratum to
follow-up.

}kj = 0 if enumerator k obtains a
response from unit j in the
failed-edit follow-up.

= 1 if enumerator k does not
obtain a response from unit j
in the failed-edit follow-up.

= 0 if enumerator k obtains a
response from unit j in the
non-response (nonmail return)
follow-up;

akj

= 1 if enumerator k does not
obtain a response from unit j
in the nonresponse follow-up.

In this model, we assume that
follow-up enumerator assignments have
been interpenetrated, i.e., that the
units have been split into random
subsamples of equal size and assigned to

operators. This simplifying assumption
allows us to estimate certain
covariances in the model that would

otherwise be inestimable.

Figure 1 shows that,
the stratum in which a covered unit
falls and upon the successful or
unsuccessful outcomes of census
operations for that unit, the recorded
value of item 1 is subject to one of
three kinds of error: 1) response error,
denoted by eRh ; 2) enumerator error,
denoted by e kji or 3) imputation error,
denoted by eIk or by el For example,
if an editor ¢&orrectly Sends unit j in
Stratum 11 to follow-up (i.e., §+ = 0},
and 1f enumerator k does not o tain a
response to item i for unit j (i.e.
= 1), then an imputation error, denote
€+x4, results. This combination of
stratum and outcomes 1is called "Path 4"
in Fig. 1.

In all, seven operational "paths" are
shown in Figure 1. Paths 2, 4, 5, and 7
result in imputation error; paths 3 and
6 result in enumerator error; and path 1

depending upon
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results in response error. Complete
specification of the model requires: 1)
assumptions about noncoverage; 2)
assumptions about the sampling design;
3) assumptions about the assignment of
operators to covered units; and 4)
assumptions about the joint probability
distributions of the indicator variables
5kj, }kj and %kj and of the nonsampling
errors €%y 5, € , and e
i& EL ASSUMé&IONS
This model treats the census as a

random sample from the population
covered by the census. If item i is a
100% item (i.e., a gquestion on the

census short form distributed to every

U.S. household), then it 1is a 100%
sample, whereas 1f item i is a

less-than-100% item (i.e., a gquestion
found only on the long form distributed
to only a sample of U.S. households),
then the sample is less than 100%.

Let y denote the observed value of a

binary random variable, e.g., whether a
household has complete kitchen
facilities (y = 1) or does not have
complete kitchen facilities (y = 0).

Let x denote the unobserved
of the same unit.

For each of the four covered strata,
y can be written as the sum of x and a

"true" wvalue

nonsampling error. The nonsampling
error added to x can be a response,
enumerator, or imputation error,

depending on the stratum and on the
realized values of the random indicator
variables defined in Section II; hence
the nonsampling errors can be expressed
as weighted sums of nonsampling errors:

Stratum 11, units that fail edit:

y(11F), . = x(11F)

'x k'
v (15 )eByy = 3(11F¥3 Je(11F)

Stratum 11, units that pass edit:
y(ll 5 = ¥ +€I.
3
. I.
3t E
y(l3)hj = x(13)hj + Gth

% (12)

Stratum 12: y(12)j =

Stratum 13:

Stratum 2: iz) = X(Z)k%2+ (1- oak:2 cE Kk
apzel -
kj kj = x k3
In Strata 11 and 2, y(ll)kj and

y(2)y: denote the jth unit in the Xkth
enumerator s assignment. In Stratum 12,
and among the pass-edits of Stratum 11,
responses are always imputed so there is
no enumerator (no subscript k). In
Stratum 13, the mail response stratum, a
single household respondent is assumed
to respond for all units in the hth
household. That is, y(13 denotes the
observed response for the “jth eligible
unit in the hth household.
Note that, if x = 0
nonsampling errors, eI, eh,
equal either o,
response, or 1,
positive response.

each of the
and € can

producing a correct
producing a false

If x = 1, each of



the nonsampling errors can equal either
0, producing a correct response, or -1,
producing a false n gftlve response.
Because e(1l and e are a random
selection of enumerator and imputation

errors, they also take the possible
values 0 or 1 if x = 0, and 0 or -1 if x
= 1.

In order to derive the total mean
square error of a sample proportion
(Section IV), we made the following
assumptions about noncoverage, about the
sample design, about the assignments of
units to operators, and about the joint
distributions of random variables.

A. Noncoverage: We assume that a fixed
proportion Pye of the Nye = (1 - C) x N
units in the noncovered stratum have the
characteristic (i.e., x = 1).

B. Sample Design: We regard the census
as a simple random sample of n units
from the total of N units in the
covered population. The sampling
fraction is f = n/Neo. There are nj;
sample units in Stratum 11, ng, sample
units in Stratum 12, nq4 sample units in
Stratum 13, and n,; sample units in
Stratum 2. It follows that n = n;q +
nyz + n13 + np.

Under simple random sampling, njq,
Nyo, Nij and n, are random variables;
but in the calculations that follow,
they are regarded as constants fixed

before the sample was drawn. By this
simplification, we treat our
poststratified sample as if it were

stratified, i.e., as 1if the correct
stratum to which each unit belonged were
known before the sample was drawn.

C. Operator Assignments: We assume that
the n;, sample units in Stratum 11 were
sent to editors, and of these np passed
edit (were not sent to follow-up) and np
failed edit (were sent to follow-up).
We assume that the nyp units sent to
follow-up were randomly split into Kq,
equal subsamples (assume that np divides
by K evenly). One subsample was
assigned to each of K;j; enumerators

Let m;q denote the size of an
enumerator’s assignment; it follows that
np = Kpm

In St%étum 13, we assume that a
single respondent provided answers for
all eligible units in the household.
Let hp3 denote the number of households
in the sample. For simplicity, we also
assume a constant household size of mjp3
eligible units. It follows that n;3 =
hqamg 3. If item i is a population
characteristic, characteristic, mpa
equals the average number of ellglble
persons in a household. If item i is a
housing characteristic, mj3 = 1.

For Stratum 2, assume the n, sample
units were randomly split into K, equal
subsamples and one subsample was
assigned to each of K; nonresponse
follow-up enumerators. Let m, denote
the size of a nonresponse enumerator
assignment; it follows that n; = Kym,.
D. Joint Distribution of Random
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Variables: We propose a hierarchical

model for the indicators of census
events, §4, )k~, and ax4,_as well as for
the nonsampling errors eR € and e¢I.

This model treats the individual
operators’ error rates as randon
variables, drawn from a probability

distribution of possible error rates.
For the indicators of census events,

assume the following (wp = "with
probability"):
1 wp 6
&4 = independently,
0 wp 1-§ j=1, «/ Ny
1 wp Mg independently,
)kj’)k = j=ll lmllr
0 wp l"‘>\k k=1, ’Kll’
1 wp ag independently,
akjlak = j=1,..., my,
0 wp l-ay k=1, ..., Ky,
where § 1is the average "fail-edit

error rate" among all editors, Xy is the

"fail-edit follow=-up failure rate" for
the kth enumerator, and oy is the
"nonresponse follow-up failure rate" for
the kth enumerator.

The follow-up failure rates are
assumed to be independently and
identically distributed random
variables, drawn from infinite
populations, as follows:

X1/ eeey are iid with mean ) and
varlance %% .

X1, e are iid with mean o and
varlance 3

The sets of random variables above
are assumed to be independent of each
other, and independent of the values of
X.

For the nonsampling errors, we assume
another hierarchical model, with
differing rates of false positives and
false negatives among operators. For
response errors, we have:

{ -1 wp BRh
0 wp 1-6Ry
{ 1 wp ¢Ry
0 wp 1-¢R,
=1, ...,
=1, ...,

my3.

Following the modellfor qualitative
data found in Bailar and Biemer (1984)
and U.S. Bureau of the Census (1985), we
assume that the false negative rate BRh
and the false positive rate ¢Rh for each
household are random variables, drawn
from a bivariate distribution: (eRh,
¢Rh), h =1, ..., hyy, are iid w1th
means (9R, $R) variances (oaRz, TR ),
and covariance oyyg-

The same structure applies to the
enumerator errors:

{ -1 wp §Ey

0 wp 1-0E,

(eRpy|xpy=1,0%p)

(eRp3 | xp3=0, 6Rp)

independently, 3
h

[eBxy I xxy=1,0Fx]) =



e e 1 wp ofy
(e%ky [ %Xky=0,0%k] =

independently, j = 1,
k=1, ... Kll (or K2)

The false negative rate 9Ek and the
false positive rate ¢Ek are drawn from
a bivariate distribution: (0 xr ¢ k)' k
=1, . K1 (or Ky) are iid w1th means
(g, ¢E), variances (ogg<, OHE 2y, and
covariance oy

The mode for imputation errors
however, has a simpler structure.
Because there is only one operator, the
imputation algorithm itself, there is
only a single false positive rate and
false negative rate; there 1is no
between-operator variation in these
rates. Hence the following model is

assumed:
-1 wp 01
0 wp 1'01

1 wp ¢I

0 wp 1-¢F,
., mpq (or my),

(elyxglxgg=1)

elyglxy5=0)
0 wp 1—¢I_
independently for all k and j.
Under these model assumptions, the
conditional expectations and variances

of the three types of nonsampling
errors, given the associated true
values, are as follows:

E[Ethith] = -xthR + (l—th)¢R

E[EEkj|ij] = —ijOE + (l—ij)¢E
E[Eij‘ij] = -ij@I + (l—ij)¢I
vieR hy |xh ] = ?OR(I oR) +
(1- th)¢R(1—¢R
Vie kjlxkj] = Xp3Op(1l-0g) +
(1~%g5) 95 (1-0)

V[E k3 IXk = Xk401(1-61) +
RE MR PRI

It can also be shown that, within a
stratum s, errors from the same operator
are correlated, whereas errors arilsing

from different operators are
independent. Specifically, for response
errors,

Covie h]’eRh élxh],xh, r]

thXthloeR + th(l-xhl ')06¢R
+ Xhljl(l Xhj )09¢R +
(1~ th)(l Xhl'/)0¢R2
for h = h’ and j = j’, and 0 for h = h’.
For enumerator errors,

COerEkj,E Ile%,Xkl I] =
xijk’j’er XKkJ 1- XK’y 09¢E
+ Kprq (L ij)09¢E ;

(1-%3) (1 304
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for k = k/ and j = j’, and 0 for k = k’.

In other words, for mail responses,
errors are correlated within but not
between households. For enumerator
returns, errors are correlated within
but not between enumerator assignments.
For imputations, however, all errors are
uncorrelated:

COV[E X4 ,G k3 lIij,XkI l] =0
for % > k' and/or jJ # I

From the expressions above, it is
possible to derive the conditional means
and variances of e z)k' and e
which are random mixturés of enumeratdr
and imputation errors. (The derivation
is excluded due to space limitations.)

We assume that the true values,

Xxj's, are uncorrelated with the §4,’s,
aklj/'s, and Xysss’s for all k, k7, 3,
and” j’ and uricorrelated with the
nonsampling errors eRk,j,, eIk,j,, and
€®kr4+s for all k = k'’ "and/or J = J’.
Because the data are qualitative,
however, there is a negative correlation

between a sample unit’s true wvalue and
its nonsampling error; this arises
because a unit whose true value is 1 can
only have a nonsampling error of 0 or
-1, while a unit whose true value is 0
can only have an error of 0 or 1 (see
U.S. Bureau of the Census, 1985).
IVv. DECOMPOSITION OF MEAN SQUARE ERROR
Let P = the proportion of the
population having a specified
characteristic and let p = the census
estimate of P. Using the symbols of
Section II (suppressing the superscript
i for convenience), we can write

P = CRﬁﬂ'Pll + CRﬁ(l"ﬂ)Pl2 + CR(l_ﬂ)Pl3 +
C(1-R)P, + (1-C)Pyc

where Plll P11y, Pls' PZ' and Pyc are the
proportions of units 1n the population
having the characteristic (x = 1) in
Strata 11, 12, 13, 2, and the noncovered
stratum, respectively.

Similarly, assuming known values of
R, B, and m, the census estimate p of P
can be written

p = RBmpy1 + RB(1l- ﬂ)plz + R(1-8)p13 +
(1 R)Pz ’ (

where the p’s are the sample
estimates in Strata 11, 12, 13, and 2
respectively.

We now provide expressions for the

mean square error of p,
MSE(p) = E[(p-P)2] ,

where the expectation is taken over
an infinite number of repetitions of
response errors and census operations
(i.e., over the probability
distributions of Section III-D), over
all possible enumerator assignments
(under the interpenetration assumptions
of Section III-C), and over repeated



samples (under the sampling assumptions
of Section III-B).

Assuming all nonsampling covariances
among strata are zero, the mean square
error of p can be written

MSE(p) = BIAS2(p) + VAR(p),
where
BIAS (p) = CRATWBIAS(pq1,) +

CRB (1-m) BIAS (p1,) + CR(1-8)BIAS(pP13)

* CL-R)BIAS(p3) + (1 = ©) (E(®)-Fic)
an

VAR(p) = R28272VAR(py1) +

R242(1-n) 2VAR(P13)

+ R2(1-p) 2VAR(p)3) + (1-R)2VAR(py)

The biases of P11/ P12: P13/ and p,
in are biases relative to P13, P12, P13,
and P, respectively. Note from the last
term that noncoverage contributes a bias
equal to the product of the proportion
of noncoverage and the difference
between the expectation of the census
estimate p and the true proportion
having the characteristic in the
noncovered stratum (cf. Cochran, 1963,
p. 357). The individual stratum biases
can be derived from the conditional
expectations of the errors given their
associated true values (in Section
III-D), by averaging over the
interpenetration and sampling designs.

For Strata 12, 13, and 2, the resulting
expressions are:
BIAS (p13) = —GRP]_:; + ¢R(1—Pl3)
BIAS(pz) = "[(XGI + (l—a)ﬁE]Pz + [Q¢I
+ (1-a)¢gl (1-Py).
The bias for Stratum 11 is more

complicated, because the number of cases
that pass edit np and the number that
fail edit np are random variables. To
simplify matters, we derive the bias
assuming that the sample proportion of
pass edits, np/nqy, 1is eqgual to the
probability of passing edit é§. Under
this assumption, the bias in Stratum 11l
is given by
BIAS (p1q) = §61 + (1=8) (201
1-3)8g) ] Pqq
so1 + (1-8) (o7
+ (1-X)¢g)1(1-P1q) .
Following U.S. Bureau of the Census
(1985), we decompose each of the
variances in (4) into three parts, which
we denote by SV ("sampling variance"),
SRV ("simple response variance"), and CC
("correlated component"). For Stratum
13, the decomposition is

- (896
+ (1-
+

1
VAR(p13) = — (1-f) 8V(pj13)
nNi3
1 (m13-1)
+ — SRV(p13) + CC(p13)
N3 nis )
where f13 = nj33/Nj3 is the sampling

fraction in Stratum 13. The sampling
variance SV(py3) is_defined as

SV(p13) =V E[eRp4|xpy)
where the expectation 1s taken over
response errors, census operations, and
the interpenetration design, and the
variance 1is taken over the sample
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design. Note that when the sampling
fraction equals unity (as for a 100%
questionnaire item), the SV term makes
no contribution to the variance.

The simple response variance
correlated component are defined as

SRV(py3) = E V[eRp:|xp4]
CC(p13)= E COV[E_Rh:J! ,ekkjllj v |th ,Xhlj r]

where the variance and covariance are
taken over response errors and census
operations, and the expectations are
taken over the interpenetration design
and sample design.

The variance in Stratum 2 is decomposed

and

in an analagous fashion,
1
VAR(pp) = — (1-£f5) SV(py)
na
1 (m2-l)
+ — SRV(pZ) + CC(psy
np na
SV(pp) =V E[e(2)y.s]xps]
SRV(py) = E v[e(2 k% xk%]
CC(py)_ .=

COV[e(Z)kj,e(z)kijl lej,Xk/jl]

where the expectations, variances, and
covariances in the expressions above
have the same meaning as in Stratum 13.

In Stratum 12, there is no operator
a551gnment, and all errors are
conditionally uncorrelated given their
true values; hence, the variance is
decomposed as follows:

1
VAR(p1p) = — (1-£f15) SV(pi13)
ni2
1
+ — SRV(plz)
N2
SV(p12) = V Efelys|xpq1
SRV(P1z) = B O vielyy|xgy)
where, in the expression for SV, the

expectation is over response errors and
the variance is over the sample design;
and! in Fhe expression for SRV, the
variance 1s over response errors and the
expectation is over the sample design.
Stratum 11 1is more complicated
because the split of nj; into np and ng
is random. Again, if we assume that the
proportion np/nq; is equal to §, we can

der;ve simpler expressions for the
variance. We decompose the variance as
follows:
1
VAR(pj131) = — (1-f149) SV(pq1q)
nii
1 (mll—l)
+ —— SRV(ppq) + CC(pq171)
n11 ng

The variance components are



sV(p11) =

+ (1%8) v E[e(ll£ xk )

SRV(pyq1) = eI

+ (1-8) E V[e(ll£ xkj

CC(pyq)

COV[e(llF) e(llF)kleIij,Xkljl]
where expectations, variances, and

covariances have the same meaning as
before.

We now give expressions for the
individual SV’s, SRV’s and CC’s These
can be derived through straightforward

but tedious calculation. They are
presented below, in order of increasing
complexity.

SV(p12) = [1 = (81+¢1)12 P1y (1-Py5)
SV(p13) = [1 - (8g+éR) 1% P13 (1-Py3)
SV(py) = [1 - (a(9£+¢ 1)

+ (1-c) (dg+teg) )14 Py (1-Py)

SV(pyy) = [ & (1- <91+¢I))2
+(1-8) [1=-(M (61 +3
+ (1-X) (6gtég)) 14 1 P11 (1-Pq4q)

SRV(plZ) = 01(1-9I) P12
+ ¢1(l=¢1) (1-P13)

SRV(p13) = BR(l-aR) P13
+ ¢r(l-¢gr) (1-Py3)
SRV (pjy)

= [ aGI(l 61) + (1~a2)8g(1-0F)
+ a(l—a)(BI-ag) ] Py

+ [ app(l-¢1) + (1‘“)¢E(1 R)

+ a(l-a) (¢1-¢g)2 ] (1-By)

SRV(pll) = 6§ { 51(1-91) Pll

o1 (l=¢1) (1-Pyq)

(1-8) { [ )GI 1-61) + (1—))8E(l—0E)
AA=X2) (81-6g)c 1 P1q + [ Aop(l-o7)
(1-X)¢g(l-¢g)

M(1-0) (¢1-¢E)2 1 (1-P171))

4o+

CC(P13) > OaR Plg - 2 0g4r% P13 (1-Pq3)

+ G¢R ‘P13)

CC(Pz) =
[o)
ozz + oa
[(1-8)
Sl ] g,

CC(Pll) [ {0 E [(l X)z + 032]
Ok ( I—GE% -2 { Og %E [(l k
; + oy 591'9E%(¢1’¢E) 11(1= P11)

+
( [(153)
Lt i)z ) o2 ) (1-6)2

{ OgE 5(1—&)2 + 042

+~+ +
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