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1. Introduction 

The Current Population Survey and the Survey 
of Income and Program Par t ic ipa t ion  of the U.S. 
Bureau of the Census are jus t  two examples of 
the use of ro ta t ion  plans or repeated sampling. 
In each case, households are interviewed a 
number of times before leaving the sample. One 
reason for using a ro ta t ion  design is to 
decrease cer ta in  costs which ar i se  only the 
f i r s t  time a household appears in the sample. 
These costs may include l i s t i n g  an area, 
locat ing addresses, or explaining de ta i l s  of the 
survey and questions to pa r t i c ipan t s .  

Of greater  in te res t  to us is the smaller 
variance for estimates of change obtained when 
measurements within sample groups are pos i t ive ly  
corre la ted from one time period to the next. 
This improvement depends on the magnitude of the 
corre la t ions  and the amount of overlap in the 
sample design. The CPS enjoys a sample overlap 
of 75% from one month to the next. Estimates of 
month-to-month or year- to-year  change can be 
improved by select ing the proper plan and 
est imator.  Respondent burden, the chief 
drawback of repeated sampling, can be lessened 
by manipulating the sequence of periods when 
respondents are in and out of sample. 

In order to compare the many rota t ion  plans 
and estimators avai lable ,  one might inves t iga te  
the appropriate variances.  Deriving such 
variances is not conceptually d i f f i c u l t ,  but can 
be quite tedious.  Some estimators are 
"composite" in nature. In order to take 
advantage of repeated sampling, they combine 
information from the present with information 
from one or more previous periods. Pa r t i a l  
estimates from the same subgroup in the sample 
obtained at d i f fe ren t  times are combined into a 
f ina l  est imate.  While the variance can be 
decreased by select ing the combination wisely, 
ca lcula t ing  the variance may become more complex 
because of the corre la t ion  pat terns  involved 
among the repeated groups. 

In th is  paper, we present simple formulae for 
the variances of an important and quite general 
class of l inear  estimators called the general 
composite estimator (Breau and Ernst 1983). The 
formulae are given for estimators of level  and 
change in level ,  and apply to single time 
periods (such as months) and combinations (such 
as quarters or years) .  We c lass i fy  ro ta t ion  
plans according to the period of 
re fe rence- -s ing le  or multiple time periods--and 
the method of replacing sample groups. Results 
are obtained for any survey sa t i s fy ing  the 
r e s t r i c t i o n s  of e i ther  of two general classes of 
ro ta t ion  designs. 

In Sections 2 and 3 we c lass i fy  various types 
of ro ta t ion  plans, specifying those which are 
covered by these r e su l t s .  Balanced one-level 
ro ta t ion  plans (BOLRPs) are defined and 
discussed in Section 2, mul t i - level  plans 
(MLRPs) in Section 3. Section 4 contains a 
br ie f  discussion of generalized composite 
est imation.  

Our main resu l t s  are covered in Sections 5 

and 6. For each of the two types of ro ta t ion  
plans under consideration,  we lay out the 
covariance s t ructure  and s ta te  several theorems 
giving variance formulae for generalized 
composite est imators.  The proofs are omitted, 
but are found in Cantwell (1988, 1989). Finally 
in Section 7 we b r i e f ly  mention several topics 
of fur ther  i n t e r e s t ,  from the usefulness of 
composite estimation in cer ta in  surveys, to the 
complexities of ro ta t ion  designs not covered in 
th is  paper. 

2. Balanced One-Level Rotation Plans 

Although the ro ta t iona l  designs of government 
surveys d i f f e r ,  many share cer ta in  features  
which help to c lass i fy  them. In the Current 
Population Survey (CPS), households are 
interviewed for four months, then leave the 
sample for eight months, and f i n a l l y  return for 
four more months. Par t ic ipants  in the Labour 
Force Survey (LFS) of S t a t i s t i c s  Canada respond 
for six consecutive months and do not return 
(Kumar and Lee 1983). In e i ther  survey the 
period of reference for any interview is the 
current month only, whether or not respondents 
were in sample the previous month. ~ol ter  

1979) uses the terms "one-level" and 
two-level" to indicate the number of periods 

for which information is so l i c i t ed  in one 
interview. CPS and LFS are prime examples of 
one-level designs. 

Other surveys operate under d i f fe ren t  
designs. In the Survey of Income and Program 
Par t i c ipa t ion  (SIPP), the sample is sp l i t  into 
four groups. Each group is interviewed every 
fourth month for eight interviews, and 
respondents supply information on the previous 
four months. The National Crime Survey (NCS) 
a l t e rna t e ly  interviews one of six panels in any 
month, each panel reporting crimes which 
occurred in the pr ior  six months. After three 
years in sample, households are r e t i r ed .  

The ro ta t ion  plans used in the SIPP and NCS 
can be labeled four- and s ix - l eve l ,  
respect ive ly .  More generally we ca l l  these 
mul t i - leve l  designs, s ignifying that  responses 
are obtained for more than one period of time in 
a single interview. As will  be seen, the 
covariance s t ructure  for one-level plans d i f f e r s  
from that  for mul t i - level  plans. I t  follows 
that  variance formulae wil l  be derived 
separately for the two s i tua t ions .  

Throughout th is  paper, we wil l  use "month" to 
denote the period of time i)( i)  in which 
interviews are done, and (i about which 
information is obtained. This is the period 
used in CPS, LFS, NCS, and the SIPP. However, 
our theorems and resu l t s  extend to any period of 
time. ~hen data are compiled and/or released to 
the public,  "months" are often combined into 
quarters or years. 

Although ro ta t ion  schemes can assume many 
forms, we r e s t r i c t  th i s  invest igat ion to two 
classes .  For the one-level case, the term 
ro ta t ion  group re fers  to a l l  units  which enter 
the sample in a pa r t i cu la r  "month." We observe 
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that  CPS contains "design gaps," intermediate 
periods which are never referenced. A 
respondent in sample never discloses information 
pertaining to the "idle" eight months between 
the fourth and f i f t h  interviews. To be as 
general as possible ,  we will  allow any ro ta t ion  
plan which s a t i s f i e s  the following: in each 
"month," a new rota t ion  group enters the sample, 
and follows the same pat tern of months in and 
out of sample as every preceding group. This 
design will  be called "balanced" because the 
number of ro ta t ion  groups in sample in any month 
(eight in CPS) is equal to the to t a l  number of 
months any one group is included in the sample. 
The f i r s t  set of designs covered by the resu l t s  
in th i s  paper is the class of balanced one-level 
ro ta t ion  plans (BOLRP). 

The scheme used in the LFS s a t i s f i e s  these 
r e s t r i c t i o n s .  Each month a new group enters ,  
and remains in the sample for f ive more months. 
The CPS as i t  current ly operates follows these 
guidelines in a 4-8-4 scheme. Before July 1953, 
however, CPS used an unbalanced design where 
f ive  ro ta t ion  groups entered, one each in 
consecutive months. In the sixth month, no new 
group entered. Each group exited a f t e r  six 
months in sample, and the process continued in 
the same manner. 

One problem with the pre-1953 CPS design is 
the introduction of month-in-sample bias,  often 
refer red  to as ro ta t ion  group bias.  Of greater  
concern here is the changing pat tern of ro ta t ion  
group appearances. The variance of a composite 
estimate depends on when each pa r t i c ipa t ing  
group appeared  in sample before, and the 
covariance s t ructure  for ident ica l  groups in 
d i f f e ren t  months. If  the pat tern of appearances 
changes during the l i f e  of the survey, the 
variance formula of the estimator also changes. 
Under a balanced design with s ta t ionary  
covariance s t ruc ture ,  general derivat ions are 
possible.  

3. l lul t i -Level  Rotation Plans 

In mul t i - leve l  designs, we ca l l  the en t i re  
set of people who are interviewed in a given 
month a Danel. This terminology is consistent  
with NCS, w~ich employs six panels. 
~nfortunately,  the SIPP uses the label  ro ta t ion  
group here, and ca l l s  the col lec t ion of these 
groups a "panel." To avoid confusion, we 
proceed cal l ing these groups panels when 
re fe r r ing  to mul t i - leve l  designs. 

When considering one-level designs, we allow 
a ro ta t ion  group to assume any sequence of 
inclusions and exclusions from the sample, as 
long as the design is balanced. For a multi- 
level  plan, however, because of r eca l l  bias,  i t  
makes l i t t l e  sense to allow design gaps. 
Consider an NCS panel which is interviewed in 
May and November. In November each respondent 
is asked about events or s i tua t ions  in May, 
June, July,  August, September and October. 
Confusion may ar ise  over which events occurred 
in April ,  and which in May. Yet the previous 
interview in May, referencing November through 
April ,  can help place these events in the proper 
month. NCS goes so far  as to conduct a 
preliminary "bounding interview" for those 
entering the sample. The responses from th is  

f i r s t  meeting are not included in NCS est imates,  
but help to eliminate events which occurred 
before the reference period of the survey. 

Suppose instead that  a panel is interviewed 
every eight months and asked about the previous 
six,  leaving gaps of two months a f t e r  each 
interview. I f  a respondent confuses events 
which occurred six or seven months ago, the 
interviewer has no record to help determine the 
proper month. For th is  reason, and because we 
are  not fami l ia r  with any mul t i - leve l  surveys 
which incorporate design gaps, we wil l  r e s t r i c t  
our e f fo r t s  to mul t i - level  ro ta t ion  plans where 
(i) the sample is made of p panels, ( i i )  each 
panel is interviewed every pth "month," and 
( i i i )  the period of reference is the previous p 
months. 

At th i s  point,  the question of sample 
replacement must be addressed. In any SIPP 
sample, each of the four panels ( i . e . ,  SIPP 
"rota t ion  g r o u p s " ) a r e  interviewed every fourth 
month through eight interviews, a period of 
almost three years.  Ve might ca l l  such a design 
longi tudinal ,  in that  i n i t i a l  respondents remain 
in sample for many interviews, and no attempt is 
made to balance any month's time-in-sample. 

The design used in NCS, on the other hand, 
might be labeled " ro ta t iona l ly  balanced." Each 
of the six panels is interviewed seven times, 
including the bounding interviewed. Vithin any 
panel there are seven ro ta t ion  groups (although 
the group in sample for the f i r s t  time is not 
used in the estimation process!,  making a t o t a l  
of 42 panel - ro ta t ion  groups zn sample at any 
time. After  each interview, the ro ta t ion  group 
which has jus t  been interviewed for the seventh 
time leaves the sample, and a new one enters ,  so 
that  data from any interview is balanced with 
respect  to time-in-sample. The Consumer 
Expenditure quarter ly Survey uses a s imilar  
balanced design--each of three panels consists  
of f ive ro ta t ion  groups (one is in sample only 
for "bounding" purposes). 

Rotat ionally balanced mul t i - level  designs are 
more involved. For any month estimates are 
avai lable  (eventually) from each ro ta t ion  group 
in each panel. Rea l i s t ic  assumptions regarding 
the covariance s t ructure  and the various ways of 
combining these estimates grow more complex. In 
th i s  paper, along with BOLRPs, we consider only 
'!longitudinal" mul t i - level  ro ta t ion plans 
(LMLRP). Effects  of time-in-sample, including 
bias ,  wil l  not be considered. ~e leave for 
fur ther  research ( ro ta t iona l ly )  balanced 
mul t i - leve l  ro ta t ion  plans (BMLRP). This is not 
to imply that  a BMLRP will  not supply 
longi tudinal  information, only that  the models 
we consider here are simpler. 

4. Generalized Composite Estimation 

The interview of a ro ta t ion  group (panel) in 
a BOLRP (L~ILRP) wil l  re fe r  to the co l lec t ive  
gathering of information in the proper month 
from a l l  sample units  in that  ro ta t ion  group 
(panel).  Mere we introduce some notat ion.  
Consider f i r s t  any BOLRP. Suppose that  every 
ro ta t ion  group is in sample for a t o t a l  of m 
months over a period of M months, i . e . ,  i t  is 
out of sample for M-m months a f t e r  f i r s t  
entering and before exi t ing.  The values m and M 
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are the same i f  there  are no design gaps, as in 
the LFS. Because the ro t a t i on  design is 
balanced, m groups are in sample during any 
month. For a p a r t i c u l a r  c h a r a c t e r i s t i c  which is 
to be es t imated,  l e t  z h i denote the es t imate  of 

"monthly" l eve l  from the ro t a t i on  group which is 
in sample for  the i th  time in month h, where 
i = 1, 2, . . . ,  m. 

Under a LMLRP, p is  the number of panels in 
sample, and the length of the re ference  period 
fo r  any interview.  In t h i s  s i t u a t i o n ,  l e t  x h i 
denote the es t imate  of monthly leve l  for  month h 
from the panel which is interviewed in month 
h+i, where i = 1, 2, . . . ,  p. I t  is c lea r  tha t  i 
measures the r e c a l l  time, i . e . ,  the amount of 
time between the interview and the month of 
re fe rence .  In the appendix is  a chart  depic t ing  
the es t imates  Zh, i for  a four-panel  f o u r - l e v e l  

design.  In the diagram sol id  hor izon ta l  l ines  
separa te  es t imates  which are obtained in 
d i f f e r e n t  in terviews.  The SIPP r e f e r s  to these  
boundaries between the reference  periods of 
consecutive interviews as "seams." 

Using t h i s  no ta t ion ,  Zh,1, Zh 2' " ' "  Zh 
, , P  

represen t  p es t imates  for  month h obtained from 
the p panels in d i f f e r e n t  in terviews.  On the 
other  hand, Xh,p' Xh+l,p- l '  " ' "  Zh+p-l,1 denote 
es t imates  for  p d i f f e r e n t  months obtained from 
one panel in a s ingle  interview.  

For the two designs,  we t r e a t  only the 
genera l ized  composite es t imator  (GCE), as 
defined by Breau and Ernst (1983). In the 
fol lowing sums, i ranges from 1 to m when we are 
deal ing with a BOLRP, but from 1 to p under a 
LMLRP. For monthly leve l :  

Yh = ~i a i xh ' i  - k ~i b i X h - l ' i  + kYh-l '  (1) 

where k, the a i s and the b i s may take any 

values subject  to 0 < k < 1, $ a i = 1, and 

~ b i = l .  
The composite and AK composite es t imators  

used in CPS (Huang and Ernst 1981) are spec ia l  
cases of the GCE. Gurney and Daley (1965) 
examined a general  l i nea r  es t imator  in the case 
of a one- leve l  design which combines z n i values 

from the current  and many p r io r  months and 
produces s i g n i f i c a n t  improvement over 
noncomposite es t imators .  However, the GCE has 
been shown (Breau and Ernst 1983) to perform 
almost as well .  I t  has the advantage tha t  data 
from only two months--the current  month and the 
preceding one--need be s tored.  Although Yh 
incorpora tes  e a r l i e r  data ,  i t  is summarized 
through Yh-l" 

At th i s  time, ne i the r  the SIPP nor NCS uses a 
composite es t imat ion .  Each uses a simple 
average of the es t imators  (with appropr ia te  
adjustments) from the severa l  panels for  any 
given period of time. 

5. Covariance Structure  and Theorems Under a 
BSLRP 

The two c lasses  of r o t a t i on  plans are t r e a t e d  
separa te ly  here.  Although the interview design 

and assumptions about the covariance d i f f e r  
between the two, the r e s u l t i n g  theorems appear 
i n t e r e s t i n g l y  s imi la r .  To f ind expressions for  
the  variance of the GCE under a BOLRP, we assume 
a s t a t i ona ry  covariance s t ruc tu re :  

( i )  Var(zh, i ) = 2 for  a l l  h and i; 

( i i )  Cov(z h , i , x h , j )  = 0 for  i ~ j ,  i . e . ,  

d i f f e r e n t  r o t a t i o n  groups in the same 
month are uncorre la ted ;  and 

( i i i )  Cov(x h i , x s  ) = p 2 i f  the two , , i  [h-si ' 
x ' s  are es t imates  obtained from the 

same r o t a t i o n  group I h-si months apar t ;  
or O, otherwise.  Take PO to be 1. (2) 

As an example, the covaviance s t ruc tu re  for  the 
4-8-4 plan is given in Breau and Ernst (1983). 

Before s t a t i ng  our r e s u l t s ,  we introduce 
no ta t ion .  Let us def ine the set  T 0 as fol lows.  

Consider any r o t a t i o n  group. Let T 0 index the 

set  of "months" when t h i s  group is not in 
sample, l abe l ing  as month one the month th i s  
group is f i r s t  interviewed,  and stopping at M. 
Because the r o t a t i o n  plan is balanced, the 
composition of T 0 does not depend on which group 

is se lec ted .  
Next we crea te  the Mxl vector  a. Define the 

i th  component of a to be 0 i f  i e T 0. This step 

f i l l s  M-m pos i t ions  in a. Then the values a l ,  

a 2, . . . ,  a m are inse r ted  in order into the 

remaining m components, s t a r t i n g  . w i t h  the f i r s t  
We ca l l  t h i s  a vector  in "TIS (t ime-in-sample) 
form." For example, in a 4-8-4 r o t a t i o n  plan,  

r 0 - { 5 ,  6, . . . ,  12}, T 

O, O, O, O, O, O, O, O, a5, a6, a7, as) .  The 

Mxl vectors  b and z h are formed analogously in 

TIS form, the l a t t e r  from the es t imates  x h 1' 

Zh,2' " " '  Xh, m from month h. Line (1) can now 

be wr i t t en  in vector  form" 

Yh = aTxh-  kbTxh-1 + kYh-1 ( la)  

Let £ be the M~M matrix with l ' s  on the 
subdiagonal and O's elsewhere. Formally, L i j  = 
1, i f  i - j  = 1, and O, otherwise.  Define the M~M 

matrix Q by: qi4. = k i - J P i - j '  i f  1 _< j < i _< M, 

and O, otherwise.  ( I t  is  ea s i l y  seen tha t  q can 

be expressed equ iva len t ly  as £ knpnl, n.) 
n=l 

F ina l ly ,  l e t  I be the //~M i d e n t i t y  matrix.  ~e 
s t a t e  the fol lowing theorems. Proofs can be 
found in Cantwell (1988). 

T.~.o~v.u 1. I f  the GCE of l eve l  is defined as in 
(1),  and the covariance s t ruc tu re  of (2) holds,  
then 

Var(Yh) = 2 {aTa + k2bT(b_2a) 

+ 2 (a-k2b)T¢(a-b)} / (1 -k  2) (3) 
Notice tha t  when one uses an unweighted average 
of the es t imates  from the m r o t a t i o n  groups of 
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the  cu r ren t  month, k = O, ~ = O, and a i = 1/m 

f o r  i = 1, 2, . . . ,  m. Then Var(Yh) = ~2/m, as 

expected.  

THEORE~ 2. Let yh - yh-1 
of month- to- month change. 

( i )  I f  k = O, then Var(y h -  Yh_l) 

= 2g2aT(l-PlI,)a; 
(ii) if 0 < k < i, then Var(y h -  Yh_l) 

2 + k2b T = ~ (aTa b - 2 k P l a T Z b ) / k  

- (1- k) 2Var (yh) /k  

be the GCE estimator 

(4) 

Often of i n t e r e s t  are the  average over a 
c e r t a i n  per iod  of t ime,  fo r  example, a qua r t e r  
or a year ,  the  d i f f e r e n c e  in these  averages from 

'one per iod  to the  next ,  or even the d i f f e r e n c e  
in "monthly" l eve l  fo r  two months a year  apa r t .  
Denote by S h t the sum of the ¢CE's fo r  the  l a s t  

J 

t months: Sh, t = Yh + Yh-1 + "'" + Yh-t+l '  
t > 1. Commonly used values  of t include t h r e e ,  
four ,  and twelve.  We wi l l  leave i t  to the  user  
to  d iv ide  Sh, t by t i f  he d e s i r e s  an average 

r a t h e r  than a sum. 

TKEOI~.U 3. (a) Let VO, Vl, v2, . . .  be any 

sequence of #*1 nonrandom vec to r s .  Then 
flD 

® T 2 T 
V a r ( S  vi Zh_i) = ~ { ~ v i v. 

i=O i=O 
T ~ 1  

+ 2 E v i pnLnVi+n } (5) 
i=0 n=l 

(b) The express ions  Sh, t ,  Yh - Yh-t '  and Sh, t 

T where: Sh_t, t can be w r i t t e n  as ?/ i  x h _  i , i=O 
( i )  fo r  Sh, t: vi = 

+ ~(k- ki+l)/!l-k)!(a-b), 
. . .  

(b) [ k i - t ( k  - k t + l ) / ( 1 - k ) ] ( a - b ) ,  
i o r  i = t ,  t+ l ,  t+2, . . . ;  

( i i )  fo r  Yh-  Yh-t: Vo = a, 

v t = k t (a-b)  - a, and v i = 

(a) k i (a -b ) ,  fo r  i = 1, 2, . . . ,  t - l ,  
(b)-kZ-t(l - kt)(a-b), i = t+l, t+2, ... 

(iii) for Sh, t - Sh-t ,  t: vi = 

(a) + [(k- 
fo r  i = O, 1, . . . ,  t - l ,  

(b) [(2k i-t+l- k- ki+l)/(l-k)](a-b) - a 

fo r  i = t ,  t+ l ,  . . . ,  2 t - l ,  
(c) - [ki-2t+l  (1- kt)  9 / (1- k)] (a-b) ,  

fo r  i = 2 t ,  2 t+ l ,  . . .  
(6) 

Another concern bes ides  the  var iance  of the 

e s t ima to r s  is  t ime- in-sample  b ias .  Suppose t ha t  
E(Xh, i) = Yh + ~i '  fo r  a l l  h and i ,  where Yh is  

the  ac tua l  value of the  c h a r a c t e r i s t i c  to be 
e s t ima ted .  This model assumes t ha t  the b ias  fli 

depends upon how many times the respondent  has 
been in te rv iewed ,  but not which month or year  i t  
i s .  S t a t i ng  t h a t  the  unweighted monthly average 
of r o t a t i o n  groups is  unbiased amounts to saying 
t h a t  ~ ~i = O. 

TKEOREM 4. Let # be the  gxl vec to r  of 
month-in-sample b ias  terms in TIS f o r m .  Under 
the  model above: 

( i )  E(Yh) = Yh + #T(a -kb ) / (1 -k ) '  and 

( i i )  E(y A - yh_l) = Y h -  rh-l' i .e . ,  the  
GCE fo r  monthly change is  unbiased.  

6. Covariance S t r u c t u r e  and Theorems Under a 
I.~B2 

As in the  case of a one - l eve l  des ign ,  the  
covar iance  s t r u c t u r e  of the monthly panel  
e s t ima tes  in a m u l t i - l e v e l  plan is  assumed to be 
s t a t i o n a r y  in t ime.  But now the e f f e c t  of 
r e c a l l  time on response e n t e r s .  I t  may be 
reasonable  to assume tha t  response v a r i a b i l i t y  
changes,  in f a c t ,  l i k e l y  i nc r ea se s ,  with the  
amount of time between the in te rv iew and the 
poin t  of r e f e r e n c e .  Ve p o s t u l a t e  the fo l lowing  
covar iance  s t r u c t u r e :  

( i )  Var(xh, i) = di2~ 2 fo r  a l l  h and i ,  

where d/ > O; 

( i i )  CoV(Xh, i , z  h ) = 0 fo r  i ~ j ,  i e , ~y  " . 

es t ima tes  fo r  the same month from 
d i f f e r e n t  panels  are unco r r e l a t ed ;  and 

(iii) For r >_ O" CoV(Xh, i ,Xh_r , j )  = 

Pr, id id j¢  2, i f  the two x ' s  are 

e s t ima tes  obta ined from the same panel  
r months apar t ;  or O, o therwise .  Take 
Po,i  to be 1 fo r  a l l  i .  (7) 

I t  may well be t ha t  d 1 <_ d 2 <_ . . .  _< alp, i f  

response v a r i a b i l i t y  inc reases  with r e c a l l  t ime.  
As to the c o r r e l a t i o n  c o e f f i c i e n t  Pr, i '  r counts 

the  number of months between es t ima tes  Zh, i and 

Zh_r, j .  The index i i n d i c a t e s  t ha t  the e s t ima te  

fo r  month h is  recorded from an in te rv iew in 
month h+i. I t  may appear as i f  the subsc r ip t  j 
in Xh_r,j  plays no pa r t  in determining 

CoV(Zh, i ,Xh_r, i ) . .  However, t he re  is  only one 

value j ,  1 _< j <_ p, fo r  which the e s t ima tes  x h i 
and Xh_r, j r e f e r  to the same panel .  (This value 

is  j = modp(i+r-1) + 1, where modp(n) denotes  

the value of the  i n t e ge r  n, modulo p . )  
Otherwise,  the covar iance is  O. 

The c o e f f i c i e n t s  Pr, i wil l  l i k e l y  decrease  in 

r fo r  f ixed  i ,  r e f l e c t i n g  smal ler  c o r r e l a t i o n  as 
the  s epa ra t ion  between po in t s  in time grows. 
The e f f e c t  of varying i fo r  f ixed  r ,  though, is  
harder  to p r e d i c t ,  and may be r e l a t e d  to the  
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survey conducted and the c h a r a c t e r i s t i c  being 
enumerated. In s o m e  cases,  i t  may be 
appropr ia te  to replace Pr, l '  Pr,2'  " " '  Pr,p 
with a commom Pr" Al te rna t ive ly ,  the values of 

the Pr i s fo r  d i f f e r e n t  i ' s  could depend on how 

many times the re levant  panel has been 
interviewed between months h-r and h. Results  
wi l l  be s ta ted  with general  c o e f f i c i e n t s  Pr, i; 
the reader  can make subs t i t u t i ons  according to 
his model or experience.  

Here the d e f i n i t i o n s  of ce r t a in  symbols are 
analogous though s l i g h t l y  d i f f e r e n t  from those 
in Section 5. The symbols are re ta ined  to 
emphasize the s i m i l a r i t i e s  in some r e s u l t s .  

Define the vectors  a and b as (a 1, a2, . . . ,  

ap) T and (bl ,  b2, . . . ,  bp) T r e spec t ive ly  

according to the c o e f f i c i e n t s  in the GCE. I is  
the pxp i d e n t i t y  matrix.  Let D be the p~p 
diagonal  matrix with dl,  d2, . . . ,  dp down the 

diagonal .  S imi lar ly ,  for  any r > O, l e t  I r be 

the p~p diagonal matrix with Pr, l '  P r ,2 '  " ' "  

on the diagonal .  Define the p~p matrix 3 Pr,p 
by: Ji i+1 = 1 for  i = 1, 2, . . . ,  p - l ;  Jpl = 1, 

and J i j  = O, otherwise.  F ina l ly ,  l e t  

¢ _ ~ knR jn. ( 8 )  
n=l n 

This matrix ~ is not the same as tha t  defined in 
Section 5, but plays a s imi la r  ro le  in the 
r e s u l t s .  I t  is not d i f f i c u l t  to show tha t  the 
sum in (S) converges. 

One may not ice  the s i m i l a r i t i e s  between the 
theorems s ta ted  previous ly ,  1, 2, and 3, and the 
fol lowing theorems, 5, 6, and 7. The proofs of 
the l a t t e r  three  mimic those of the f i r s t  th ree .  
They are found in Cantwell (1989). 

TxEO~E~ 5. I f  the GCE of leve l  is defined as in 
(1),  and the covariance s t ruc tu re  of (7) holds,  
then 

2 Var(Yh) = ~ {aTD2a + k2bTF2(b-2a) 

+ 2(a-k2b)DCD(a-b)}/(1-k 2) (9) 
Vhen one uses an unweighted average of the 
es t imates  for  month h from the p panels ,  k = O, 
¢ = O, and a i = 1/p for  i = 1, 2, . . . ,  p. Then 

2 Wr(Yh) = ( 2 / p 2 )  S di " 

Txv.oRv.~ 6. Let Y h -  Yh-1 be the GCE es t imator  

of "monthly" change. 
( i)  I f  k = O, then Var(y h -  Yh_l) 

= 2o.2aTD(I-llJ)Da; 

( i i )  i f  0 < k < 1, then Var(y h - Yh_l) 

= 2 {aTD2 a + k2bTDb_ 2kaTDll3Db}/k 

(1- kl2va (yh)/k (lo) 

Averages and d i f fe rences  of averages are 
again important s t a t i s t i c s ,  e spec ia l ly  in 

mu l t i - l e v e l  designs.  Define S h t as in Section 

5, the sum of the @CE's for  the l a s t  t months. 

TMzO~V.~ 7. (a) Let Vo, Vl, v2, . . .  be any 

sequence of nonrandom pxl vec tors .  Then 
flO 

T 2 Tff2 v V a r ( ~  v Zh i) = ~ ( r. v i i 
i=O i - i=O 

i T n~lDu-nJnD + 2 Z v Vi+n} (11) 
/=0 = 

(b) The expressions Sh, t, Yh - Yh-t '  and Sh, t - 

T 
S h - t , t  can be wr i t t en  as i=OE vi Zh-i '  where the 

appropr ia te  vectors  v i are found in (6). 

For our app l i ca t ions ,  the sums in (5) and 
(11) converge because, in each of the three  

express ions ,  v i is p ropor t iona l  to ki(a-b)  for  

i > 2 t .  

7. Addit ional  Comments  

Several  unre la ted  top ics  are discussed in 
t h i s  sec t ion .  Of primary importance is how 
usefu l  these r e s u l t s  are in ac tual  surveys. The 
CPS and LFS gather  data on labor force 
c h a r a c t e r i s t i c s ,  such as work force and employed 
s t a tu s .  The co r r e l a t i ons  between r o t a t i o n  group 
es t imates  from one month to the next tend to be 
moderately p o s i t i v e ,  and bene f i c i a l  to the 
implementation of composite es t imat ion.  As we 
mentioned e a r l i e r ,  CPS already uses an AK 
composite es t imator .  

The SIPP and NCS are examples of mu l t i - l eve l  
surveys.  Many of the c h a r a c t e r i s t i c s  measured 
in the NCS involving inc idents  of crime may 
exhib i t  neg l ig ib l e  c o r r e l a t i o n  from one month to 
the next.  I f  so, i t  would appear quest ionable  
whether the NCS could p r o f i t  by using composite 
es t imat ion  r a the r  than simple l i n e a r  es t imat ion 
from the months involved. 

On the other  hand, the SIPP seeks information 
on income l eve l ,  sources of income, program 
p a r t i c i p a t i o n ,  and other  items. For many of 
these ,  the c o r r e l a t i o n s  of i n t e r e s t  may be large 
enough to make our r e s u l t s  useful  to the SIPP. 

Secondly, cons ide r  the covariance s t ruc tu re  
given for  mu l t i - l e v e l  designs (see (7)) .  ~e 
mentioned tha t  response v a r i a b i l i t y  may increase  
with r e c a l l  time. This seems reasonable in 
surveys where p a r t i c i p a n t s  respond from memory. 

Nevertheless  i t  has been pointed out to us 
tha t  a somewhat opposi te  e f f e c t  may occur in 
some business surveys. I t  is sometimes the case 
t h a t ,  to a ce r t a in  ex tent ,  response v a r i a b i l i t y  
ac tua l ly  decreases with time. In some 
s i t u a t i o n s  survey data are derived from business 
records which may not be complete or 
s u f f i c i e n t l y  accurate  for  severa l  months. 
Minimum response variance might then be obtained 
by in terviewing severa l  months a f t e r  the t a rge t  
month, r a the r  than immediately. 

Such observa t ions ,  however, do not i nva l ida te  
our r e s u l t s .  No assumptions are made about the 
constants  dl,  d2, . . . ,  dp except tha t  they are 

p o s i t i v e .  
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A f ina l  point to raise  is the d i f f i c u l t y  of 
finding eas i ly  applied general formulae for a 
ro t a t iona l ly  balanced mult i - level  design. Such 
a plan is more symmetric than the longitudinal  
plan considered here in some aspects,  including 
time-in-sample. For any month, estimates are 
eventually obtained from each panel, one panel 
reca l l ing  one month, a second reca l l ing  two 
months, etc.  Each panel comprises a set of 
ro ta t ion  groups representing the ent i re  range of 
times-in-sample. 

This symmetry is offset  computationally by 
the more i n t r i c a t e  pat tern of correa l t ions .  For 
any month h and any i, 1 < i < p, consider the 
panel which is interviewed in month h+i. There 
is an estimate from the rota t ion group which is 
in sample for the f i r s t  time (disregard any 
groups used only for bounding purposes). This 
value is correlated with estimates from the same 
group for the previous p-i months, but with 
nothing else.  I second group is interviewed for 
the second time. I t s  estimate for month h is 
correlated with those for the pr ior  2p-i months. 
This pat tern continues. 

Vhen the contributions and re la t ionships  of 
a l l  the ro ta t ion  groups in th is  panel have been 
sorted, on~ must bring in those from the other 
panels. Because each panel is interviewed in a 
d i f fe ren t  month, the corresponding covariances 
may be d i f fe ren t .  The ent i re  process, although 
balanced and wel l -s t ructured,  is more i n t r i c a t e .  
This fact  is re f lec ted  in the variance formulae 
for the generalized composite estimators of 
level  and change. Ve have obtained some i n i t i a l  
resu l t s  which we plan to document. 
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APPENDIX 

Estimates For 14 Months From 4 Panels • 

PANEL 

MONTH 
1 
1 

10 

11 

12 

13 

14 

1 2 3 4 

Zl,4 

z2,3 

z3,2 

z4,1 

x5,4 

x6,3 

z7,2 

x8,1 

z9,4 

xlO,3 

Xll,2 

x12,1 

z13,4 

x14,3 

z2,4 

z3,3 

z4 ,2  

x5,1 

x6,4 

z7,3 

z8,2 

x9,1 

xlO,41 

Xll,3 

x12,2 

Xl3,1 

z14,4 

z3,4 

x4,3 

x5,2 

x6,1 

x7,4 

z8,3 

x9,2 

xlO,1 

Xll,4 

x12,3 

z13,2 

x14,1 

x4,4 

x5,3 

x6,2 

z7,1 

x8,4 

z9,3 

zlO,2i 

Xll,1 

x12,4 

z13,3 

x14,2 

• • • • • 

• • • • • 

• • • • • 

Note: Zh i denotes the estimate of "monthly" 

level  for month h from the panel which is 
interviewed in month h+i. Solid horizontal  
l ines ("seams") separate estimates which are 
obtained in d i f fe ren t  interviews. 

*This paper reports  the general resu l t s  of 
research undertaken by Census Bureau s taff•  The 
views expressed are a t t r ibu tab le  to the author 
and do not necessar i ly  r e f l ec t  those of the 
Census Bureau• 
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