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Abs t r ac t  

We examined two common es t imators  of var iance  
of  the  Horv i t z -Thompson  es t imator  when the  
sampling design was random-order ,  sys temat ic ,  with 
unequal  probabil i t ies,  and f ixed sample s ize .  T h e  
var iance  es t imator ,  VyG, due to Yates  and Grundy  
(1953) and Sen (1953) has  gained f a v o r  in the  
s ta t i s t i ca l  l i t e r a tu re ,  based on cer ta in  theo re t i ca l  and 
empirical resu l t s ,  ove r  an es t imator ,  VHT, proposed by 
H o r v i t z  and Thompson (1952). Both var iance  
es t imators  requ i re  calculat ing pairwise inclusion 
probabi l i t ies .  An approximate  formula  (Har t ley  and 
Rao, 1962) f r e q u e n t l y  has been used, but  computing 
th is  approximation or the  t r u e  pairwise inclusion 
probabi l i t ies  is of ten  impractical .  

T h e  p roper t i es  of  t he  var iance  es t imators  are  
shown to be associa ted  with the  populat ion 
coef f ic ien t  of  var ia t ion  of  the  ra t ios  y / x ,  where  y 
is the  response var iable  of in te res t ,  and x is an 
aux i l i a ry  var iable  used to se lec t  the  sample. T h e  
s u p e r i o r i t y  of vyG is most pronounced when c v ( y / x )  
is v e r y  small. VHT computed using the  Har t l ey -Rao  
approximation formula  has pa r t i cu l a r ly  poor 
p roper t i e s  in th is  c i rcumstance .  For  larger  c v ( y / x ) ,  
VyG and e r r  have  more similar behavior ,  and VHT is 
sometimes be t t e r .  A new approximation formula  for  
the  pairwise inclusion probabi l i t ies  is given which 
has pract ical  advantages  ove r  the  Har t l ey -Rao  
formula .  Th i s  new approximation improves  the  
p roper t i e s  of VHT especia l ly  when c v ( y / x )  is small. 

The  s t ream s u r v e y  component of  the  National 
Sur face  Wate r  S u r v e y ,  conducted by the  
Environmenta l  Pro tec t ion  Agency, is used as an 
example to i l lus t r a t e  some pract ical  and theo re t i ca l  
concerns  to be addressed when examining the  
var iance  est imation problem. 

1.0 Es t ima to r s  of  Variance of  the  Horv i t z -Thompson  
Es t ima to r  

We consider  a f ini te  populat ion of s ize  N. A 
response  var iable  of  in te res t ,  y ,  and an aux i l i a ry  
var iable ,  xt>0, are defined fo r  each element,  
i = 1 ,  .... N, of the  populat ion.  A sample of f ixed size,  
n, will be se lected wi thou t  replacement  from th is  
populat ion.  Define a sampling rule,  R, to b e  the  
protocol  or scheme for  select ing samples. Then  R 
determines  $, the  se t  of  all possible samples ( the  
sample space) under  R, and PR(S), the  probabi l i ty  t h a t  
a pa r t i cu la r  sample s will be se lected.  T h e  
probabi l i ty  t h a t  uni t  i will be se lected in the  sample, 
the  inclusion probabi l i ty ,  is given by ~ - -  ~ PR(S). 

{s:i ks) 
For  our  purposes ,  samples will be se lec ted  such  

t h a t  ~ is propor t ional  to x~; i.e., in sampling from a 
list,  th is  r e su l t s  in ~t = nx t /T= ,  where  T~ is the  
populat ion to ta l  of  t he  x's .  Th is  design will be 
denoted wpx. We r e s t r i c t  a t t en t ion  to the  case in 
which xi < T = / n .  

If ~ t > 0  V i, the  Horv i t z -Thompson  es t imator ,  

I"~ = ~" Y~ (1.1) 
i__i~'l~i ' 

N 
is unbiased for the population total, Tv = ~ Y. 
and has variance i-1 

N 
f ~ l  2 V(%~) = ~ t~r0 (1--~i)  ~i 

i=1 
(1.2) 

N N 

~Ti ~j 
i - - l j ~ i  

= o,.3  

i - I  j - i+1 

where  ~'i~ = ~ p~(s) 
{s:(i,j),s) 

is the  pairwise inclusion probabi l i ty .  Equat ion (1.2) 
holds in general,  while (1.3) holds only if the  sample 
s ize  is f ixed.  

A 

Two es t imators  of  V(Ty) have  been proposed,  
based on the  formulas  (1.2) and (1.3). Both 
es t imators  are unbiased if ~ u > 0  fo r  all pairs  i and j 
in the  populat ion.  T h e  es t imators  are:  

xr-'ry,12(1 y'y'J   -- --z%)+ ~'i4z.u, ,. (1.4) VHT ~.,,41."~t.J 
i-1 i-1 j ~ i  

(Horv i t z  and Thompson (1952)), and 

71 t 
i -1  , j - i÷ l  

(Yates  and Grundy  (1953), and Sen (1953)). 
VyG f r e q u e n t l y  has been claimed super io r  to VHT 

on the  basis of  fewer  negat ive  es t imates  and smaller 
sampling var iance .  T h e o r e t i c a l  comparison of the  
two var iance  es t imators  h a s  yielded only limited 
insight .  It is known t h a t  when the  ra t io  r~ ---- y~/x~ 
is cons tant  for  all i= l , . . . ,N ,  v ( ' r ~ ) ~  0. In th is  
s i tua t ion ,  VyG ----- 0, but  VHT does not ident ical ly  
equal  0; being unbiased, VHT t h e r e f o r e  must  be 
capable of  negat ive  va lues .  Thus ,  at  leas t  fo r  
populat ions  in which Yl is near ly  propor t ional  to  x ,  
VyG would appear to have  smaller sampling var iance .  
Th i s  is the  important  case in which ~px sampling is 
v e r y  e f f ic ien t .  

Severa l  empirical s tud ies  have  shown advan tages  
fo r  VyG.  Rao and Singh (1973) s tudied 34 na tura l  
populat ions,  select ing samples of  s ize  n==2, using 
Brewer ' s  ~rpx method.  T h e y  found VNT f r e q u e n t l y  
r e su l t ed  in negat ive  es t imates ,  and t h a t  the  sampling 
var iance  of  VHT was much larger  for  many of  t he i r  
populat ions .  Similar r e s u l t s  were obtained by 
Cumberland and Royall  (1981). T h e y  examined 6 
populat ions  using random-order ,  var iab le  probabi l i ty ,  
sys t ema t i c  sampling to se lec t  samples of s ize  n----32. 

Variance est imation fo r  var iable  probabi l i ty  
sampling is complicated by the  d i f f i cu l t y  in 
computing the  xu ' s .  D i f f e r en t  xpx designs can h a v e  
qui te  d i f f e r en t  ~tj 's .  A convenient  and  widely used 
f ixed sample size, ~px design is designated var iab le  
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probabili ty s y s t e m a t i c  (vps), and th is  design will be 
the  focus  of our  a t ten t ion .  Hidiriglou and Gray  
(1980) provided a FORTRAN program for  computing 
the  exact  (or t rue)  ~ro's for  random-order,  v p s  
sampling. Computing times for  these  exact  wu's were 
excess ive ly  high for  our  purposes .  The  approximate 
formula for  the  ~rtj's under  random-order,  vps  
sampling due to Har t l ey  and Rao (1962) has commonly 
been used in th is  c i rcumstance (for example, 
Cumberland and Royall ,  1981). A disadvantage of the  
exact  formula an___dd the  Har t ley-Rao formula is t h a t  x~ 
must be known for  all populat ion elements, not jus t  
the  sample elements. 

2.__00 A__nn Examvle: Th.__ee National Sur face  Wate r  
Surveys  

Estimation and design issues encountered in the  
National Surface  Water  S u r v e y s  (NSWS), and 
pa r t i cu l a r ly  the  National Stream S u r v e y  (Overton,  
1985, 1987, Messer et  al, 1986) i l lus t ra te  some of the  
pract ica l  and theore t ica l  issues concerning var iance  
es t imators  of the  Horv i tz -Thompson  es t imator .  We 
consider a small par t  of the  actual  stream s u r v e y  
design and analysis,  and suppress  some detai ls  of the  
s u r v e y  to simplify discussion.  

The  Phase I Stream S u r v e y  design was a vps  
sample. Sampling uni ts  were selected using a 
p o i n t / a r e a  sampling frame imposed on topographic  
maps of the  t a rge t  area.  Each point in the  square  
dot gr id  was associated with a t a rge t  reach or "no 
reach",  where a reach was a well-defined stream 
segment. This  protocol  resu l ted  in reaches  being 
sampled with probabi l i ty  proport ional  to d i rect  
watershed area.  

The  stream s u r v e y  design is a f i z e d  
c o n f i g u r a t i o n ,  vps  sample, not a random-order,  vps  
sample. However, the  approach used to est imate  
var iances  in the  s tream s u r v e y  was to t r ea t  the  
observed configurat ion as random. The  var iance  
es t imators  employed resu l t  from use of x,~'s 
appropr ia te  to a random-order,  vps  design. This  
approach is based on the  perception that ,  for  many 
na tura l  populations,  the  sys temat ic  pa t t e rns  
generated by the  dot-grid sampling procedure  do not 
preclude t rea t ing  the  sample as though  it were taken 
from a randomized l ist .  A s tudy  of the  
appropr ia teness  of th is  approach in the  stream 
s u r v e y  is c u r r e n t l y  underway.  Prel iminary 
indications are favorable ,  and the  repor t  of those  
s tudies  will appear elsewhere (Stehman and Overton,  
1987). The  present  paper deals only with behavior  
of var iance  es t imators  under random-order,  v p s  
sampling. 

The  stream s u r v e y  had severa l  concerns common 
to s u r v e y s  using th is  sampling design. The  multiple- 
ob jec t ive  na ture  of the  s u r v e y  called for  a good, 
general s t r a t e g y  of est imation.  Requiring d i f fe ren t  
var iance  es t imators  for  d i f fe ren t  response var iables  
was not pract ical .  

It is important  to note t h a t  the  sampling design of 
the  stream s u r v e y  was chosen for  ease of 
implementation and o the r  operat ional  advantages  of 
the  design. Ef f ic iency  of the  7rpx design was a 
secondary  considerat ion.  Fu r the r ,  it  would be 
unreal i s t ic  to expect  the  ~rpx design to be ef f ic ient  
for  all of the  many chemical and physical  a t t r i b u t e s  
of in te res t .  Thus  we are in teres ted  in proper t ies  of 
the  var iance  est imators ,  VHT and VyG , under a broad 
range o f  conditions, not r e s t r i c t ed  sole ly  to 
c i rcumstances  in which the  ~rpx design is known to 

be ef f ic ient .  
Another  pract ical  concern in the  stream s u r v e y  

was t ha t  the  auxi l ia ry  variable,  d i rect  watershed 
area, was measured only on the  sample units .  The  
exact  pairwise inclusion formula and the  Har t ley-Rao 
approximate formula were t h e r e f o r e  not avai lable for  
use. A formula for  the  pairwise inclusion 
probabil i t ies  was needed t ha t  was computa t ional ly  
feasible and did not requi re  knowledge of all xt's in 
the  populat ion.  

3.0 Results 

Notation: 
VHT (or VyG) = Horvitz-Thompson (or Yates-Grundy) 

variance estimator calculated using (exact) wit 
x~'j ----- approximate formula for xij described below 
V~T ~ Horv i tz -Thompson  var iance  es t imator  

calcula ted using ~r~j 
Vy Go = Yates -Grundy  var iance  es t imator  ca lcula ted  

using w~'j 
~r~ r -- approximate formula for  ~r,# der ived in 

Har t l ey  and Rao (1962) 
h r  

VHT ~ Horvi tz -Thompson var iance  es t imator  
calcula ted using ~r~ r 

VvGhr __ Yates -Grundy  var iance  es t imator  calcula ted 
using ~r~ r 

= generic designation for  any of the  above 
var iance  es t imators  

3.__! Pairwise Inclusion Probabi l i ty  Formulas  

The  formula for  approximating the  pairwise 
inclusion probabil i t ies  is der ived in terms of random- 
order,  v p s  sampling from a l ist  frame (Overton, 1985): 

(n--1)w~r# (3.1) 
~'j = ._~(~ ,+~)  

= 2(n--1)wtwj (3.2) 

Note t ha t  in (3.1) and (3.2) the  population total ,  T~, 
does not appear, so t h a t  th is  form is appropr ia te  for  
the  stream su rvey ,  where T~ is unknown. When 
xt-----1 for  all i--1,...,N, then ~r~'# ffi n(n--1) /N(N--1) ,  
the  pairwise inclusion probabi l i ty  appropr ia te  for  a 
simple random sample. T h u s  the  approximation gives 
the  co r rec t  resu l t  in th is  simple case. 

The  Har t l ey ,Rao  formula is much more 
complicated. The  t runca ted  form usua l ly  used to 
der ive  theore t i ca l  r e su l t s  (see equation (5.20) of 
Hartley and Rao (1962), and Cumberland and Royall 
(1981) for examples) is: 

(n-- l )x(x~ (3.3) 
N 2 

In the  simulation s tudies  described in Section 4.0, 
equat ion (5.15) of Har t l ey  and Rao (1962) was used 
instead of the  t runca ted  form (3.3) above.  Note the  
similari t ies between (3.1) and (3.3). 

3.2 Proper t i e s  of the  Variance Es t imators  

The issue of sampling variability is particularly 
cr i t ical  since Vya has been claimed super ior  to VHT on 
th is  c r i te r ion .  Rewriting VyG as follows, 
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I - ",,) 
• - j~i 

(3.4) 

x,j y~ y:  

i - I  j ~ i  x,j J wt x~ ' 

it is seen that VVG and VHT (equation 1.4) have very 
similar forms, the  d i f fe rence  being tha t  VyG uses  

the  term . .  in the  f i r s t  summation in 

place of the  term (1- -x , )  in VHT. 

n ~x~xj w x~j l  is  
T h e  quan t i t y  .---7- - -  - x ~  m j  an unbiased 

es t imator  of (1--~rd, the  expec ta t ion  taken ove r  the  
sample space conditioned on i~s. T h u s  the  essent ia l  
d i f fe rence  between VyG and VHT is t ha t  VyG replaces  
the  term ( l - - x , )  in VHT with a random var iab le  
having expectation (1--~r,). Replacing the  known 
quan t i t y  (1--~r~) with th is  random var iable  induces a 
f avorab le  "cancel la t ion" in VyG,  under  cer ta in  
c i rcumstances ,  as follows. Rewrit ing (3.4), 

° ° f . , . ,  _ .,,} 
i-1 j ~ i  

(3.5) 

° ° I - , - ; :  -,:1 i-1 j~i 

when y / x  (and hence y / r )  is near ly  cons tant  fo r  all 
uni ts  in the  population,  the  terms in the  two 
summations ove r  j will e ssen t ia l ly  cancel each o the r .  
VyG will be near ly  ze ro  with v e r y  l i t t le  sampling 
var iab i l i ty .  T h e  sampling va r iab i l i ty  of  VyG should  
increase  as the  va r i ab i l i ty  in the  ra t ios  y / x  
increases .  

T h e  case of  ze ro  va r i ab i l i ty  in the  ra t ios  
(Yt/Xt----B for  i= l , . . . ,N)  is of special in te res t .  Under 
th is  c i rcumstance  VyG == 0 (for  any rep resen ta t ion  of 
~r,j). But  V~T ~ 0 (proof  omitted), while ~r VHT and VHT 
are not identical ly 0. Thus we expect that  V~T 
would perform similar ly to VyG , and be t t e r  than VHT 

hr  or VHT, in populat ions having small var ia t ion  in the  
y / x  ra t ios .  

4.0 Design o f  Simulation S tudies  

We used two simulation s tud ies  to explore  the  
p roper t i e s  of  the  var iance  es t imators .  For  the  f i r s t  
se t  of  simulations,  designated Group I, we examined 
two s t ream s u r v e y  data  se t s  and two populat ions  
from the  s ta t i s t i ca l  l i t e r a t u r e  (Table 1). One of 
these  populat ions,  Sales, was used by Cumberland and 
Royal l  (1981) to demons t ra te  the  supe r io r i t y  of vyG. 

Table  I .  Group  I Popula t ions  

Populat ion N cv(x) cv(y)  p(x,y) c v ( y / x )  
Sales i 327 1.20 i .19 .99 .14 
Paddy 2 108 0.69 0.78 .79 .39 
Stream1 a 100 0.92 0.72 .86 .71 
Stream2 a 100 0.66 0.52 .81 .41 

1 Cumberland and Royall  (1981), x -----gross sales  of 
corpora t ion  in 1974, y =  sales in 1975 

2 M u r t h y  (1967), x = geographical  area,  y -- area  

under  winter  paddy 
a x -- d i rec t  wate rshed  area,  y == length of  reach  

We under took  the  Group II s imulat ions as a 
sys temat ic  explora t ion of  a s t r u c t u r e d  se t  of  
populat ions .  By s tandardiz ing  some populat ion 
parameters ,  we hoped to associa te  p roper t i es  of  the  
var iance  es t imators  with key  a t t r i b u t e s  of  t he  
populat ions .  Th is  approach also permit ted expanding 
the  scope of populat ions p r ev ious ly  s tudied in the  
s ta t i s t i ca l  l i t e r a tu re .  

For  the  Group II simulations,  a baseline 
populat ion was pu rpose fu l l y  se lec ted from a s t ream 
s u r v e y  data se t  ( x f f d i r e c t  wate rshed  area,  y=ffireach 
length,  N=72) .  A modified aux i l i a ry  var iable ,  x', was 
der ived  from the  original aux i l i a ry  var iable  via  the  
t ransformat ion  x' == ~ ( V ~ / V = ) x ,  where  V= and V~ 
were the  populat ion var iances  of x and y 
r e s p e c t i v e l y .  Th is  modificat ion of the  aux i l i a ry  
var iable  equal ized the  var iances  of x' and y, c rea ted  
a populat ion with major axis of  slope 1, and 
maintained the  same probabi l i ty  s t r u c t u r e  on the  
sample space achieved by the  original x. By adding 
(or subt rac t ing)  increments  of  15 to x' and /or  y, we 
sh i f t ed  the  baseline populat ion t h r o u g h  the  
"populat ion space".  Shif t ing the  populat ion in th i s  
way maintains the  same cor re la t ion  of  x' and y and 
the  slope of the  major axis remains 1. However ,  
t hese  sh i f t s  change c v ( y / x ) ,  and addi t ive  sh i f t s  in x' 
change the  inclusion probabi l i t ies .  

Populat ions  with p(x,y) va lues  of 0.53 and 0.99 
were crea ted  from the  original baseline population,  
and these  populat ions were also sh i f t ed  t h r o u g h  the  
populat ion space.  Based on the  location of the i r  
populat ion centroids,  the  Group II populat ions were 
classif ied as ~B---boundary populat ions  or  J-----interior 
populat ions  (see Figure  I). 

F igure  I. Populat ion Space Cent ro ids  (pfffi~2) 

Reach Length (y) 

12.64 52 51 

7.09 ~BI 5a 54 

1.54 ~2 ~a 
' t ' ' 1  

1.54 7.09 12.64 
Watershed area(x') 

T h e  boundary  populat ions  have  high c v ( y / x ' ) ,  while 
the  in te r ior  populat ions have  low c v ( y / x ' ) .  For  a 
given location in the  populat ion space, c v ( y / x ' )  
decreases  with increasing p(x',y). (Notation 
ident i fy ing populat ions:  subsc r ip t s  denote  the  
pa r t i cu la r  population within ~ or  5, supe r sc r ip t s  
denote  p(x',y): 1o-----.53, m-----.82, h i = . 9 9 . )  

Table  2-- Group 1I Poptflatiomi: c v ( y / x ' )  

Populat ion p --.53 p = .82 p -----.99 
~B1 .88 . . . .  .80 • . 49  
~B2 1.11 .59 .12 
~a .61 .56 .44 
51 .07 .05 .01 
52 .11 .08 .05 
53 .13 .08 .02 
54 .12 .09 .05 
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T h e  sampling design used in the  simulat ions was 
random-order ,  v p s  sampling. Detailed descr ipt ions  of  
th i s  sampling scheme appear in Har t l ey  and Rao 
(1962) and Cumberland and Royall  (1981). All 
populat ions were s u f f i c i e n t l y  large t ha t  exact  ~r,~'s 
were not  computa t ional ly  feasible,  so the  comparisons 

~r o hr Version 1.49 of were among V~T. VHT, VyG, and VyG. 
the GAUSS Mathematical and Statistical System 
(Aptech Systems, Inc., Kent, WA) was used to run the 
simulations on IBM XT or AT machines. 

5.0 Results of t he  Simulation Studies  

T h e  cr i te r ia  fo r  comparing the  var iance  
es t imators  are:  
1) es t imated MSE 
2) confidence in te rva l  coverage  achieved using the  

var iance  e[t~imators, with in t e rva l s  calculated as 
I"~ + 1.9640 

3) r e l a t ive  bias, es t imated by:  
rel bias = [I~.(9) _ ~(~'~)]/V('F~), 

where  I~.(9) was the  simulated expected va lue  of 9, A 

and V('F~) was an unbiased est imate  of V(Tv) 
obtained from the  simulat ions 

4) propor t ion of samples resul t ing  in negat ive  9.  
T h e  r e su l t s  of the  simulat ions are based on 5,000 

repl icat ions  of t he  sampling procedure .  (Note: 
Tables  have  been condensed showing resu l t s  only for  
some sample s izes  and, in the  Group II simulations,  
some corre la t ions .  Please contac t  the  a u t h o r s  for  
copies of  complete tables.)  

5.1 Group  I Simulations 

T h e  r e su l t s  of Sect ion 3.2 predict  t h a t  VyG 
should ou tpe r fo rm VaT when the  var iab i l i ty  of the  
ra t ios  y / x  is small. As the  var iab i l i ty  in the  y / x  
ra t ios  increases,  no apparent  advantage is expected  
fo r  VyG. F u r t h e r ,  when c v ( y / x )  is low, V~T should  
have  much smaller MSE and fewer  negat ive  

hr T h e  predict ions  were est imates ,  compared to VHT- 
confirmed by the  Group I s imulat ions.  The  r e l evan t  
MSE comparisons and confidence in te rva l  coverages  
are  presented  in Table  3. 

TABLE 3. Resul t s  of  Group  I Simulations 

Rat ios  of  Mean Square  E r r o r s  (n--16) 
Populat ion a b c d 
Sales 
Paddy 
S t reaml  
Stream2 

13.28 0.09 0.95 1.29 
1.28 1.01 0.89 1.46 
0.99 1.12 0.74 1.50 
0.97 1.21 0.93 1.26 

a MSE(v~-) / M S E ( v ~ )  

b MSE(v~v) / MSE(v~-) 

c MSE(v,~G) / M S E ( v ~ )  

d MSE(v~T) / MSE(v~G) 

Confidence In te rva l  Coverage  (nominal 95%) 
Populat ion ~r h r  o v o VHT VyG VHT YG 
Sales ' 63 94 95 94 
Paddy 92 93 94 93 
Stream1 87 88 89 88 
Stream2 87 87 89 87 

Ptl. T h e  proper t i es  of  V~G and VyG were v e r y  similar 
in the  Group I populat ions .  Confidence in t e rva l  
coverage  was identical,  bu t  VyG° uni formly  

h r  h r  ou tpe r fo rmed  VyG in terms of MSE. Comparing VVG 
h r  to VHT, only in populat ion Sales, where  c v ( y / x )  is 

h r  v e r y  small, is VyG c lea r ly  super io r .  T h e  two s t ream 
populat ions  provide  examples of populat ions  in which 

h r  h r  VHT and VyG have  v e r y  similar p roper t i es .  
h r  V~T had much b e t t e r  p roper t i e s  than  VHV in 

populat ion Sales.  MSE and confidence in t e rva l  
coverage  of  V~T were dramat ica l ly  be t t e r  than those  
of hr VHT, and the  propor t ion  of  negat ive  es t imates  

h r  dropped from .32 (n=16)  for  VHT to 0 for  V~T. In 
h r  the  o the r  t h r e e  populat ions,  VHT had s l igh t ly  smaller  

MSE while V~T had s l igh t ly  b e t t e r  coverage .  Final ly,  
comparing V~T and o o VyG, VyG had uni formly  b e t t e r  
MSE but  s l igh t ly  poorer  coverage  than V~T. 

Genera l iza t ions  from the  Group I s imulat ions are:  
a) T h e  Horv i t z -Thompson  var iance  formula  is much 

b e t t e r  behaved,  r e l a t ive  to the  Ya t e s -Grundy  
formula,  in populat ions S t reaml  and Stream2 than 
in populat ions  Sales and Paddy; populat ion Sales 

h r  demons t ra tes  the  wors t  in VHT. 
o b) T h e  best  es t imator  in terms of MSE is vy G. 

c) T h e  best  es t imator  in terms of confidence 
in te rva l  coverage  is V~T. 

5._22 Group I_I Simulat ions 

Di f fe rences  in behav ior  of the  var iance  
es t imators  were ident i f iable  with t h e  two populat ion 

~ r  classes,  ~ and #. Considering MSE, VyG was far  
h r  super io r  to v ~  in the  in te r io r  populations,  but  VHT 

was s l igh t ly  be t t e r  in the  boundary  populat ions .  
o VyG had smaller MSE than V~T in all populat ions  

except  ~ ' ,  but  only in populat ion ~2 was the  
d i f fe rence  v e r y  dramatic .  Comparing the  same 
var iance  es t imator  with d i f f e r en t  ~u  formulas,  MSE 

h r  of V~T was much smaller than the  MSE of VHT in 
the  in te r ior  populat ions,  while VHThr was s l igh t ly  
be t t e r  than V~T in the  boundary  populat ions.  V~G 

h r  and VyG were v i r t u a l l y  identical  in the  in te r ior  
o populat ions,  but  VyG had s l igh t ly  smaller MSE than 

h r  VyG in the  boundary  region, pa r t i cu l a r ly  in 
populat ions  ~B] ° and $~,  and ~2 ° and ~ .  

TABLE 4. Resu l t s  o f  Group  II Simulat ions 

Rat ios  of  Mean Square  E r r o r s  (n=16 ,  p - - .82  only) 

Populat ion a b c d 

~Bz 
~e 
Jl 
Jz 
J3 
54 

0.96 0.97 0.75 1.57 
0.86 1.38 0.83 1.43 
0.99 1.23 0.99 0.97 

85.55 0.02 1.02 1.79 
38.58 0.17 1.08 5.99 
31.10 0.05 1.01 1.65 

6.92 0.17 0.98 1.01 
columns a,b,c,d as in Table 3 

Pa t t e rn s  in MSE were also associa ted with 
P t r  sample s ize .  MSE of VHT re l a t ive  to the  o t h e r  

var iance  es t imators  became increasingly worse with 
increasing sample s ize  in the  in ter ior  populat ions .  

o h r  Similarly,  the  MSE of V~T, r e l a t ive  to VyG and VyG, 
genera l ly  increased with sample size, t hough  th is  
pa t t e rn  was not ev ident  in ~ o ,  ~ o ,  or ~o. No 
associat ion was evident  between sample s ize  and the  

o and hr ra t io  of MSE's of VyG VyG in the  in te r ior  
region, but  fo r  populat ions  ~B1 and ~2, the  MSE 

o ~ r  advantage  of VyG over  VyG increased with sample 
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s ize .  
Confidence in te rva l  coverage  was dependent  on 

the  choice of ~u  approximation,  but  the  r e su l t s  
followed a pa t t e rn  similar to t h a t  observed  fo r  
MSE. T h e  major d i f fe rence  in coverage  was 

h r  observed  in the  in te r ior  populat ions,  where  VHT had 
subs tan t i a l ly  poorer  coverage  than any of the  o the r  
t h r e e  var iance  es t imators .  For  the  boundary  
populat ions,  all 4 var iance  es t imators  provided 
similar coverage .  

Table  5. Resu l t s  of  Group  II Simulat ions m 

Confidence In t e rva l  Coverage  (%) (n-16) 

Resul t s  using ~t~ r 

p=.53 p=.82 p=.99 
Popn nr hr nr hr nr nr VHT VyG VHT VyG VHT VyG 
~1 ' 87 85 87 85 90 89 
~2 90 90 92 93 59 93 
~3 93 93 93 93 93 93 
Jx 76 93 62 94 49 93 
J2 84 94 75 94 63 93 
53 86 93 69 93 52 93 
J4 88 93 82 93 70 93 

Resul t s  using ~ ' j  

p=.53 p=.82 p=.99 

Popn V~T o o o V~ T o VyG VHT VyG VyG 
~ i  88 84 89 84 92 89 
~2 91 89 93 92 92 93 
~3 93 93 92 93 93 93 
J, 95 93 95 94 93 93 
J2 96 93 97 94 98 93 
J3 95 93 95 93 92 93 
J4 93 93 91 93 88 93 

None of the  s imulat ions resu l t ed  in a sample for  
h r  which V~G or VyG was negat ive .  T h e  propor t ion  of  

nega t ive  nr VHT was g rea t e r  fo r  the  in te r io r  
populat ions than fo r  the  boundary  populat ions .  
F u r t h e r ,  the  propor t ion  of negat ive  es t imates  
increased with p(x,y). T h e  propor t ion  of negat ive  

o 
VHT was less than .005 for  all populat ions and 
sample s izes .  

Table  6. Proportion o_[ Samples with Negative vtt Thr 
(p=.82) 

Populat ion 4 8 16 24 
• x .00 .00 .00 .00 
~z .01 .00 .00 .00 
'~e .00 .00 .00 .00 
J, .26 .30 .34 .39 
J2 .15 .16 "22 .30 
J3 .15 .17 .24 .31 
J4 .07 .07 .10 .15 

6.0 Conclusions 

Our r e su l t s  show t h a t  the  s u p e r i o r i t y  of VyG 
over  VHT p rev ious ly  r epor t ed  in the  s ta t i s t i ca l  
l i t e r a t u r e  is a t t r i bu t ab l e  pa r t l y  to the  res%ricted 
range of populat ions s tudied,  and pa r t l y  to the  poor 
behav ior  of the  Har t l ey-Rao  approximation in the  

Horv i t z -Thompson  var iance  es t imator .  Cumberland 
and Royal l  (1981) ident i f ied the  s u p e r i o r i t y  of  v hr ¥G 

nr in populat ions appropr ia te ly  modelled by o v e r  VHT 
regress ion t h rough  the  origin. Our r e su l t s  c l a r i fy  
the  p ic tu re  by general izing the  populat ion space, 
and by ident i fying an associat ion between c v ( y / x )  

h r  and s u p e r i o r i t y  of  VyG. When c v ( y / x )  is small, a 
condition in which ~px sampling is most ef f ic ient ,  

h r  VyG is super ior .  When c v ( y / x )  is larger,  the  
h r  behav ior  of VHT is comparable to, and in some cases  

h r  b e t t e r  than VyG. 
In t roduct ion  of the  new approximation,  ~' j ,  

p rov ides  a d i f f e r en t  assessment .  The  p roper t i e s  of  
o h r  VHT were much be t t e r  than the  p roper t i es  of  VHT 

when c v ( y / x )  was small, and vyG° had smaller MSE 
than VyGnr when c v ( y / x )  was large.  T h u s  ~ ' j  
improved both var iance  es t imators  in those  
c i rcumstances  in which the  es t imator  per formed 
r e l a t i v e l y  poor ly  using ~ r .  Bias of the  var iance  
es t imators  was usua l ly  larger  using ~ ' j  than using 

h r  ~ u ,  but  we consider  confidence in te rva l  coverage  
and MSE more meaningful c r i t e r ia  fo r  assessing 
these  var iance  es t imators .  In no c i rcumstance  did 

o ~u  lead to subs tan t i a l ly  poorer  MSE or confidence 
in t e rva l  coverage  for  e i t he r  var iance  es t imator .  

In the  National Stream S u r v e y ,  V~T provided a 
convenient  and computa t ional ly  e f f ic ien t  var iance  
es t imator .  Variance formulas  using e i the r  ~ r  or  the  
exac t  ~u ' s  were not possible in th is  s u r v e y .  
Establ ishing t h a t  V~T had MSE and confidence 
in te rva l  coverage  comparable to, or be t t e r  than the  
o the r  var iance  es t imators  s tudied,  in populat ions  of  
t he  na tu re  of  the  s t ream populat ions,  provided 
additional jus t i f i ca t ion  fo r  the  use of V~T in the  
s t ream s u r v e y .  

Acknowledgments 

Th i s  paper is a cont r ibut ion  of the  Aquat ic  E f f e c t s  
Research  Program, funded by the  U. S. 
Environmenta l  P ro tec t ion  Agency, t h r o u g h  the  
National Acid Prec ip i ta t ion  Assessment  Program. 
Th i s  paper has not been sub jec ted  to EPA's peer  
and policy review, and t h e r e f o r e  does not 
necessar i ly  r e f l ec t  the  views of the  Agency.  T h e  
a u t h o r s  thank Char les  E. McCulloch, Cornell  
Unive r s i ty ,  fo r  he lpfu l  comments on th is  
manuscr ipt .  

References 

Brewer,  K. R. W., and Hanif, M. (1983). Sampling 
with Unequal Probabilities, New York:  Springer-  
Verlag. 

Cochran,  W. G. (1977). Sampling Methods (3rd 
Edition), New York:  John Wiley .  

Cumberland, W. G., and Royall ,  R. M. (1981). 
Predic t ion models and unequal  probabi l i ty  sampling. 
J. Roy. Statist. Soc. Ser. B 43, 353-367. 

Har t ley ,  H. 0.,  and Rao, J. N. K. (1962). Sampling 
with unequal  probabi l i ty  and w i t h o u t  replacement .  
Ann. Math. S ta t is t .  33, 350-374. 

Hidiriglou, M. A., and Gray ,  G. B. (1980). 
Cons t ruc t ion  of joint  probabi l i ty  of se lect ion fo r  
sys t ema t i c  p.p.s, sampling. ,Applied S ta t i s t ics  29, 
107-112, 

747 



Horvitz, D. G., and Thompson, M. E. (1952). A 
generalization of sampling without replacement from 
a finite universe. J .  Atrmr. Stat is t .  Assoc .  47, 663- 
685. 

Maimer, J.J., C.W. Ariss, J.R. Baker, S.K. Drous~, 
K.N. Eshleman, P.N. Kaufmann, R.A. Linthurst, J.M. 
Omernik, W.S. Overton, M.J. Sale, R.D. Shonbrod, 
S.M. Stanbaugh, and J.R. Tutshall, Jr. (1986). 
N a t i o n a l  S u r f a c e  Water  S u r v e y :  N a t i o n a l  
S t r e a m  S u r v e y ,  Phase  I m Pilot S u r v e y .  
EPA--600/4--86--026, U.S. Environmental Protection 
Agency, Washington, D.C. 

Murthy, M. N. (1967). Sampling Theory and 
Methods, Calcutta: Statistical Publishing Society. 

Overton, W . S .  (1985). A Sampling Plan for 
Streams In the National Stream Survey. Technical 
Report 114, Department of Statistics, Oregon State 
University, Corvallis, Oregon, 97331. 

Overton, W. S. (1987). Phase  II A n a l y s i s  Plan,  
N a t i o n a l  Lake  S u r v e y  ~ Work ing  D r a f t ,  Apri l  
15, 1987. Technical Report 115,  Department of 
Statistics, Oregon State University, Corvallis, 
Oregon, 97331. 

Rao, J. N. K., and Singh, M. P. (1973). On the 
choice of estimator in survey sampling. Austral.  J .  
Stat is t .  15, 95-104. 

Sen, A. R. (1953). On the estimate of the variance 
in sampling with varying probabilities. J .  indian 
Soc. Agrlc. Statist. 7, 119-127. 

Stehman, S. V., and Overton, W. S. (1987). R e s u l t s  
o f  s i m u l a t i o n  s t u d i e s  o f  the e s t i m a t i o n  
me thodo logy  p r e s c r i b e d  f o r  the N a t i o n a l  
S t r e a m  S u r v e y .  Technical Report 118, Department 
of Statistics, Oregon State University, Corvallis, 
Oregon, 97331. 

Wolter, K. M. (1985). Introduction to Variance 
Estimation, New York: Springer-Verlag. 

Yates, F., and Grundy, P. M. (1953). Selection 
without replacement from within strata with 
probability proportional to size. J .  Roy. Stat is t .  
Soc.  Ser .  B 15, 235-261. 

748 


