Optimal Two Phase Sampling for Estimating
the Exploitable Biomass of a Fishery
accounting for Nonsampling Errors

PHILIP J. SMITH
INTERNATIONAL PACIFIC HALIBUT COMMISSION
P.0. BoX 95009,

SEATTLE, WASHINGTON 98145-2009.

1. INTRODUCTION

The exploitable biomass of a fishery is the total weight
in pounds of the portion of the population that is available
to a fishery. In fishery research this part of the population
is commonly referred to as the portion that is recruited into
the fishery.

gear catches fish from the harvestable population selectivly by

In large commercial fisheries, regulated fishing

age: young fish are too small to be caught with the gear but
mature fish are more likely to be landed once “hooked.” The
proportion of the population that is susceptible to the legal
gear at age j is known as the selectivity coefficient at age j.
This parameter will be denoted by S;.

Letting W, denole the average weight at age j for an in-
dividual fish and N;; the abundance of age j fish in year t, the
exploitable biomass in year t is

D
By = ZSJ'WJ'NtJ' (1
J=1
where D is the number of age classes in the population. Letting
M denote the instantaneous natural mortality rate and Cy; the
number of fish caught (i.e., the catch) at age j in year t, Pope’s
(1972} cohort approximation for Nyyq ;41 is

&)

According to (2), the abundance of fish at age j--1 in year t+1

NH 1,5+1 = <N¢j€_1u/2 - Ctj> eQM/Z.

is equal to the survivors in the same cohort from the prevous
year that were not caught in the previous year. One referee
noted that assuming all exploitation takes place in the middle
of the year, (2) may be alternately derived from the catch
equations.

Letting C; denote the total number of fish caught in year
t, and I1;; the proportion of age j among the C; fish caught in
year t, Pope’s (1972) recursion (2) yields

D—j5-1
Ny = Nitp—jpelP=IM + kz Crpalleyigynel¥T3M,
=0
Clip/x,
3)

for 7=1,...,D—1,and and j = D, , respectively, where &
is the instantaneous fishing mortality rate determined indepen-

dently from the survey.
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It shonkd be noted that the abundance Ny; of the cohort
corresponding to j=D is expected to be very small since the
species under consideration is assumed to live no more than D
years: in the following year this cohort is extinct (Ny+1.p4+1 =
0) as a result of natural mortality and harvesting. Although
(3) may be considered to be a crude approximation for the
case when j=D, because abundance at age D is very small the
cohort at this age contribules a negligible amount to the total
exploitable biomass (1). Hence, the approximation is expected
to be adequate.

Substitution of (3) into (1) yields an analytic expression
for exploitable biomass in year t:

D-~1

ﬂt = Z SJ‘VJ' [Nt-{-D—j,DelD_j)M
=1
D—j—1
+ D Corrllppn jre*t4M
k=0
+SDWDC¢ntD/K,. (4)

The purpose of this paper is to present statistical meth-
ods for determining optimal probability sampling plans that
account for important biological considerations in obtaining
estiates of exploitable biomass (1). In particular, Pope’s ap-
proximation (2) is used as the fundamental biological law that
governs the dynamics of the fish population. Although this ap-
proximation lacks many important biological nuances it cap-
tures the spirit of these more complex biological considerations.
In contrast, previous researchers (e.g., Quinn, et. al. (1983),
Schweigert and Sibert (1983), Chester and Waters (1985), and
Waters and Chester (1987)) have not accounted for biological
considerations in developing an optimal sampling plan.

Also, nonsampling errors that are expected in catch at
age data are explicitly taken into account in developing an
optimal sampling design. These errors result from incorrect
age determinations of the sampled fish and have an untoward
effect upon the bias of the resulting estimate of exploitable

biomass.

Section 2 sets forth additional assumptions about the dy-
narnics of the population. Further, a general expression is given
for the estimate of exploitable biomass when nonsampling er-
rors have been corrected statistically. Section 3 outlines the
two phase sampling design which is recommended by current
and authoritative literature in fisheries research ( e.g., Ricker
1975; Seber 1982). Section 4 presents methods for optimizing
the sampling design for the purposes of minimizing the variance
of the estimate of exploitable biomass. Also, a computational
method is given for determining the optimal allocation of sam-
pling effort between the first and second phase of the two phase
design for a fixed survey budget. Section 5 gives an example
taken from the Pacific halibut fishery is given to illustrate the
methods.



2. THE SAMPLING VARIANCE OF EXPLOITABLE BIOMASS

Inspection of equation (4) shows that estimation of ex-
ploitable biomass requires estimates of S;, W;, Neyp—j.p, Ck,
and Il qk jik-

Both S; and W; are estimated from an independent. priox
survey and will not effect the optinnzation of the current survey.
, D — 1, are the

abundance of each living cohort at their last year prior to ex-

The parameters {Nytp-jp}, J = 1,

tinction. The magnitude of these parameters are expected to
be very small and, as discussed in Section 1, to effect the to-
tal exploitable biomass negligibly. Therefore, it is traditional
in fisheries cohort analysis to assign small numbers for their
values.

The proportions {Il; 1 ;+x} are to be estimated from the
sample survey for the purposes of estimating §;, exploitable
biomass.

With respect to estimates of these proportions the vari-
ance of the estimate of exploitable biomass may be seen to
be

p [p
V(n](ﬂt L Z zt]kv(nf +h—1.5)
D
+2 L zejk2ete Cov(Megn— 1,5, ey n—12) | (5)
i>l=k
where
2k =0when j <k=2,...,D;
Zij = Sj~lc+1Wj—k+1Ct+k—1€(k_é)M when 1 =k <5 <

D-1;

2k = 1/k when k = 1,7 = D; and

2tjk =0when j =D, k=2,...,D.

For given estimates of the selectivity coefficients {S;} and
weights at age {W;}, (5) depends upon the total catch sizes
{Ct¢+x—1} and the variance of {ﬁt+k—1.j}, that are determined
in the future. In order to obtain an objective function for the
purpose of optimizing the current year’s survey it is assumed
that a) the total catch sizes will remain at the current legally
regulated maximum quota, C¢, and b) the fish population is
stable in the sense that the proportions of fish in the catch at
each age remain constant over time. Consequently,

ct+k—1 =C4
and
Wirp—1,=P;
for k = 1,...,D. We require the {P;} to be estimated so as

to minimize

D D D
V{f,,}(ﬂg) = Z ZZZ,,—,CV(PJ‘) +2 Z ZgJ'kZ,'[kCOU(P]',P[)
k=1 {j=k I>i=k
D A ~
=D b V(P +2 D biCov(Py,Py)  (6)
j=1 1Lk<j<D
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with respect to the sampling design for a fixed survey budget,

where
k

bjr = E 2451 Ztiel -

I==1

In the case of Pacific halibut an ear bone, known as the
The otolilths
are subsequently taken to the laboratory where they are ex-

saggita otolith, is cut from each sampled fish.

amined. The age of a fish is determined by counting the
annual rings on its otolith. The number of sampled otoliths
at each age are used to estimate the catch’s age composition,
P=(Py,...,Pp)T.

However, nonsampling errors are likely to be incurred as
otoliths are examined: otoliths are opaque and irregular fea-
tures on the bone can mislead the biologist examiniug tt. Con-
sequently, some otoliths are likely to be classified incorrectly by
age. The distribution that mnay be estimated (rom the result-
ing data is the classification distribution. This distribution
is different from the age composition since the data used to
construct it is marred by “reading” errors.

However, the classification distribution may be adjusted
statistically to‘yield the age composition distribution: Let Q.
denote the probability of classifying an otolith as age j and let
Q=(Q1,...,Qp)"
probability of misclassifying a k year old fish as age j, and
¥ = {¢x}, then

. Then letting ;% denote the conditional

P=v"1Q.
Given an unbiased estimate of the proportion of otoliths clas-
sified as age j, QAAJ', an unbiased estimate of the proportion of
otoliths at age j is

D
P;= Z Wy Q. (7)
v=1
where ™1 = {w;, }. Also,
D D .
V(PJ) = Z w?va(Q ll) +2 Z wjnwju.cov(q-va-u) (8)
v=1 v<u

and

D
Cov(P,,Pr) = }: Wjo WhoV (Q-0)

=1

D
+2 Z w]':lwkltcov(é-u > Q-u)-

v<u
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Equations (8) and (9) may be combined with (6) to yield an
expression for the sampling variance of exploitable biomass
when there are reading errors.

Alternatively, laboratory procedures may be devised so as
to eliminate reading errors. For example, nonsampling errors
may be eliminated by reading otoliths twice, independently
on each occasion. We assume that a) ages for otoliths for
which there is no discrepancy between the independent read-
ings correspond to the true age, and b) the true age of otoliths



for which there are discrepant independent readings are deter-
mined by subsequent reconciliation.

In actuality, the true age may not be determined for each
and every otolith read using this alternative. However, this
procedure is in widspread use in fisheries biology and a defini-
tion of what the “true” age is would be required in any analysis.
Our definition is a useful expedient.

For this alternative lab procedure ¥ = I and the per unit
cost of making age determinations is twice that of making sin-
gle readings and using (7) to adjust the classification distri-
bution statistically. Section 4 compares the merits of these
competing lab strategies for Pacific halibut data by evaluating
the sampling variances of exploitable biomass for both cases.

3. V() UNDER TWO PHASE SAMPLING

Let N denote the total number of fish in the catch and let
N;j denote the unknown number of fish in the catch catego-
rized as belonging to otolith weight stratum i and age class j.
Then P; = N, /N denotes the proportion of fish in the catch
belonging to stratum i and Q;; = N,;/N;. denotes the propor-
tion of fish in stratum i categorized as belonging to age class
Li=4L...,Dji=1,... L.

In the first phase of the two phase design a simple random
sample of n’ fish are selected from the catch. Otoliths from the
sampled fish are weighed and stratified according to weight.
The number of fish in the sample belonging to stratum i, n; is
noted, t =1,...,L.

In the second phase, a random subsample of n; otoliths

(ni < nl) is selected from the n} otoliths belonging to otolith
weight stratum i, ¢ = 1,..., L. Each subsampled otolith is
examined and the number of subsampled fish in stratum i cat-
egorized into age class j, n;;, is noted, 7 =1,..., D.

Letting @Q;; denote the proportion of otoliths categorized
into age class j in weight stratum i, an unbiased estimator of

Q.j is

L
Q-j = ZQ:’]‘H: (9)
i=1
7=1,...,D where QA,-]- = n,;/n; and P = n}/n'. Letting N/
denote the number of fish in the catch belonging to weight
stratum i, the associated variance of (9) is

V(@)= Bioy [Viauna @] +Ving [Big,in, @)

=2 [—f;,P,-(l - P)+ P?] LQu(1- Qi)
t=1 t
, L

I‘Q

+ w P-'(Qij - Q-J’)2 (10)

=1

where ¢' = (N—n')/(N-1) =1,and g; = (N!—n;)/(N!~1) =
1 assuming N > n’ and N} > n;.
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Also,

COU(Q.j,Q.k) = E{f’.} [COU(Q”H“:,‘_)(QA.j,Qk)J

+Covypy [Big, 110, @) Big o (@)

L '
— ~ L p_p 2| 9. 0.
- "‘:1 |:7l,1)l(1 Pt)+1)t] nin]Q:k
¢ <
+ 2D Py - Q)@Qu - Q) (1)
=1

Combining (6), (8), (9), (10), and (11) yields the variance
of the estimate of exploitable biomass, V (| %), when nonsam-
pling errors have been corrected statistically. The expression
for V(B,|¥), is referred to as equation (12) and is found in
Appendix A.

4. SURVEY DESIGN OPTIMIZATION

This section outlines the manner in which sample sizes
and sampling strategies may be specified so as to yield the
most precise estimate of exploitable biomass for a given survey
budget. This specification depends upon the per unit sampling
costs.

In the Annual Market Survey (AMS) conducted by the In-
ternational Pacific Halibut Commission (IPHC) there are four
distinct per unit sampling costs: (1) the cost of cutting otoliths
from halibut in the field, (2) the cost of measuring the lengths
of otoliths, (3) the cost of examining an otolith once to deter-
mine its age, and (4) the cost of weighing otoliths.

We denote the per unit cost of each of these four expenses
by ci, ¢ = 1,...,4. At the IPHC these costs have been esti-
mated to be ¢; = US$0.50, cp = US$0.22, c; = US$0.32, and
¢y = US$0.09. Although otolith length is not used in estimat-
ing age distribution in the IPHC application it is collected each
year to maintain the time series. This measurement is required
from every otolith that has been aged.

In the two phase sampling design all otoliths must be
weighed for the purposes of stratification. The per unit sam-
pling costs for fish in the first phase of the design but not
subsampled in the second phase is ¢; = ¢; + ¢4 = US$0.59.
When otoliths are read only once to determine age the per
unit sampling cost of fish in the first phase and the second
phase of the design is ¢, = Zle ¢; = US$1.13. However,
when otoliths are read twice to eliminate errors this per unit
cost is ¢, = US$1.45.

4.2 OFTIMIZATION OF THE TWO PHASE SAMPLE DESIGN

For the two phase design the optimal allocation of B be-
tween the first and second phase sample minimizes the variance
of the estimate of exploitable biomass. To determine the op-
timal allocation let n; denote the number of sampled units
that are sainpled in only the first phase of the design, and not
in the second. Also, let n, denote the total number of sam-



pled units that are subsampled in the second phase. Therefore,
n' = n; + n, and these values must satisfy B > c;n; + c,n,.
For a given value of ny, n, = (B —cyn;)/c,. With respect
to ny and n,, the expression for the variance of the estimate
of exploitable biomass, (12), may be written more simply as

_y1[ eR(-PR)
_Z"s ["J(C —¢)+B

=1

Vins, {n}) +P e

ce§)

ny(e. —cs)+ B (13)

For a given value of n; the optimal second phase subsam-
ple sizes {n;} minimize

L
F)
— P2 14
; -["f(cs_cf)+B (149
subject to the constraints
1< n; < E(n}) (15)
and
L
Zn,- = (B —csns)/c, (16)
=1
where B
E(n) = +ng(c, — CJ)P.-.
Cq

The expression F(n]) is used in (15) because n! is undeter-
mined prior to selection of the samnple. A modification of the
algorithm given by Rao and Ghangurde (1972) that accounts
(15) may be used for computing the optimal subsample sizes.
Letting n, opt(n,) denote these optimal subsample sizes, the
optimal value of n; minimizes

L e (1= P)
2w [”/(Cs —¢)+B

=1 ,0pting)

Ving, {nioptin,) }) =

" c,81
ny(ca—cr)+ B
subject to the constraint

17

OSnf<( — Cq )/Cf (18)
Because (13) becomes infinite when any subsample size n; = 0,
>1,¢=1,.--,L. Therefore, (18

from the fact that the maximum survey expense that can be

we require that n; ) follows
incurred by first phase sampling is B — ¢, L.

For a given budget B available for sampling expenses, the
optimal two phase sampling plan chooses n; and {ni,opt(n,f)}
so as to minimize (17) and to satisfy the constraints (15),
(16), and (18). The minimum value of (17) will be denoted
by V,,e(B; ¥ = I) for the lab procedure requiring two inde-
pendent readings per subsampled otolith, and by V,,.(B;¥)
for the lab procedure requiring only one reading.

5. THE AMS

In the cross-tabulation of age by fish weight stratum al-
though age generally increases with weight, the variability with
regard to age within strata is great.

+ P21 ©;
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After reviewing more than 80,000 initial and reconciled
readings by an IPHC biologist, initial readings were correct
70% of the time. However, 25% of the readings differed by one
year from the true age and 5% by more than one year.

Figure 1 gives a plot of the minimum standard deviations

V2(B; W)

y Vopt

Vi (Bw =1

over a broad range of possible survey budgets, B. Because the
standard deviation is proportional to the width of a confidence
interval, Figure 1 illustrates that an interval is fairly broad for
small survey budgets but narrows rapidly as larger budgets are
considered. As budgets greater than U S$5000 are considered,
diminishing returns are obtained in terms of narrowing the
width of the interval.

For a given survey budget B, the optimal laboratory pro-
cedure p, and optimized sampling design d, is associated with
V2B W = 1),

V2 = min {v V., s B;¥) ).
d,p pt

apt

From Figure 1 it can be seen that except for small survey bud-
gets the minimum standard deviation is obtained by using the
two phase sampling design with the lab practice of reading sub-
sampled otoliths twice. However, the simple random sampling
design used with the same lab procedure yields an estimate of
exploitable biomass with nearly identical precision.

For the Pacific halibut application the relative increase
in standard deviation for the simple random sampling design
V, ,/, is never
more than 2.4%. The failure of the two phase design to yield

and the “double reading” lab procedure over

an estimate with much greater precision can be attributed to
unfulfilled conditions in the IPHC application that normally
would enable the sampling strategy to perform with greater
eflicacy: if a) the predictive realtionship is strong between the
stratification variable and the primary variable of interest, and
b) the per unit sampling cost of obtaining measurements from
the stratification variable, then the two phase design will gen-
erally yield better estimates for a given survey budget than
However, in the IPHC

application otolith weight is not a powerful predictor of hal-

the simple random sampling design.

ibut age. For example, for mid-weight strata (where most of
the population’s exploitable biomass lies) the range of the age
distribution is very broad. Consequently, the value in allocat-
ing survey budget to determine ololith weight is marginal.

Also, the relative per unit sampling cost of making age
determinations is not great enough to justify allocating survey
budget for obtaining information on the relatively less expen-
sive variable, otolith weight.

APPENDIX A: V(§|¥)

The expression for the variance of the estimate of ex-



ploitable biomass is

R Lo
‘/tp.!(ﬁl]‘l’) - L;" [

i=1

RU-R) P?]

n' t

D

D
Zb]J [Z w?:rQiu(l - in)

=1 v=1

D
-2 Z wjuwquinQiu:l

v<u

.

1<k<j<D

D
+ 2 bjlc [Z Wyy wkuQiu(l - Qiu)

v=1
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-2 Z wjnwkuinQiu:I }
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1 L D D
+ ;17 ZR Z b.f.i l:z wjz'v (Qiﬂ . Q‘j)2
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D
+ 2 Z wjuwju,(Qill - Q'll)(Qiu - Qu)}
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D
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+ 2 Z wjvwku(Qiu - Q-v)(Qiu - Q“)] }

v<u
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