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1. Introduction

Replicated variance estimation techniques have become
standard procedures for use in analyzing sample survey data,
particularly since their general usefulness was demonstrated
by Kish and Frankel (1974). The techniques provide variance
estimates for non-linear estimators, accounting for the
complexities of the sample design.

Two forms of replicated variance estimator are used
commonly: the jackknife and Balanced Repeated Replication
(BRR). Both form estimates of the population parameter of
interest, each based on a different subsample (replicate) of the
full sample, and use the variability among these estimates to
derive a variance estimate for the full sample estimator. In
the standard forms of these variance estimators, described in
Wolter (1985) for example, the number of replicate estimates
of the parameter generated depends upon the sample design,
and in particular on the number of primary sampling units
(PSUs) selected (the number of sampling units in a single stage
design). The number of replicate estimates is generally close
to the number of PSUs. For large scale sample surveys the
number of such sampling units is typically in the hundreds for
multistage surveys and the thousands for single stage surveys.
Thus use of the standard forms of the jackknife and BRR
variance estimators requires the formation of many replicate
estimates for each parameter of interest. Although computers
can perform the calculations needed for replicated variance
estimation relatively routinely, in the practice of such large
scale surveys economies are needed as a result of the scale and
complexity of survey estimation. There are several features of
this problem.

First, almost always in such surveys, information is
collected on a large number of variables, and the results
presented contain estimates for many population parameters
(tens or hundreds). Thus in situations where replicated
variance estimation is typically applied, the derivation of
variance estimates for even a subset of the survey variables
will involve the calculation of a very large number of replicate
estimates.

Second, often survey estimators involve the use of post-
stratification and non-response adjustment. These techniques
require that a weight, dependent upon the sample data, be
attached to each unit, and used in estimation. Such weights
should ideally be recomputed for each replicate estimate, using
only data from the replicate subsample. Although it is possible
to use the single set of whole sample weights for each replicate
estimate, Lemeshow (1979) has shown that substantial bias in
variance estimation may result from such an approach. The
use of separate weighting for each replicate increases the
complexity of using replicated methods.

Third, increasingly survey data are being used to examine
relationships among the survey variables in the population
surveyed. These analyses are generally multivariate in
nature, and often involve the use of complex parameter
estimators. These estimators may be iterative, such as the
estimator of the coefficients in a logistic regression analysis.
The use of replicated variance estimation techniques is
attractive in such cases, because of the difficulty in obtaining
an explicit variance estimator for the parameter estimate.
Even when such explicit variance estimators are available,
theyv require specialized computer programs, specific to each
estimator. However, as the iterative procedure must be
repeated for each subsample replicate, the amount of
computation required for replicated variance estimation is very
great if there are many replicates.
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These features of the circumstances in which replicated
variance estimation techniques are used indicate that their
usefulness and convenience are enhanced if the number of
replicates required for a single variance estimate can be
limited, while maintaining adequate precision of variance
estimation. The aim of this paper is to show that this is
possible in many applications. In Section 2, the requirements
for a variance estimator for use in survey inference are
considered. The necessary survey design and estimation
notation are given in Section 3. Section 4 discusses strategies
for using the jackknife with reduced replication. These
alternatives are compared analytically in Section 5, and
Section 6 illustrates an efficient procedure using a hypothetical
population. BRR is considered in Section 7. Aspects of the
practical application of these replicated methods are noted in
Section 8.

2. The Precision of a Variance Estimator

Sampling variances for survey estimates are required for
use in making inference about population parameters. Their
major use is in constructing confidence intervals. If an

estimator e with small bias is used to estimate 8, and v( 0)

provides an approximately unbiased estimator of V(o), the
sampling variance of ¢, then two-sided confidence intervals for

A A
@ are constructed in the form 8 =+ ty v(8), where t is chosen
to be as small as possible while giving the required level of
confidence. The appropriate choice of t thus depends primarily
on the confidence coefficient (1—ga), and on the precision of the

A
variance estimator v(@). The precision of the variance
estimator can be expressed as degrees of freedom, r, where

A A
r= 2V(6)2 + V(v(8)). For large samples the use of the
(1—a/2)th quantile of the Student t distribution with r degrees
of freedom as the value for t in forming confidence intervals
will give coverage close to (1—a). For given a, this value
decreases with increasing r, and thus with increasing precision

of v(;).

the quantiles of the t distribution vary little with the number of
degrees of freedom, being close to those of the normal
distribution. Thus it is common practice to use as 95%

+ 1.96 yv(6) or

9 +2 ;/V(G) provided that r is at least 25 or 30. Hence for
the purposes of making inference about a parameter @, the
precision of variance estimation is not of great importance
provided that at least 25 to 30 degrees of freedom are
attained.

For stratified designs with many sampled PSUs, 25 to 30
degrees of freedom can often be attained with replicated
variance estimators using few more than 30 replicates.
However, to attain the required precision with a relatively
small number of replicates, care is often required in the way
replicates are formed, and methods for doing this are discussed
below.

3. Notation
Consider a sample design with H strata, with n

However, beyond about 25 or 30 degrees of freedom

conﬁdence mtervals, intervals of the form 0

hZZ

PSUs selected independently within each stratum, giving a
H
totalof n = I n, PSUs selected. The sample can be single
h=1
stage, or subsampling of second and later stage units can take
place within selected PSUs, giving a multistage design.



A H A
Consider an unbiased linear estimator 8 = I Wheh of a
h=1
H
parameter § = I Wheh, so that the estimator is a sum of
h=1

stratum estimators with known weights. The unbiased

A
estimator of Bh, eh, is given by

n
= (.fp Xy )y
i=1

where Xhi is the unbiased estimate of eh derived from the

units subsampled within PSU i of stratum h, incorporating
appropriate weighting factors. If the sample is single stage,
Xhi is a measurement on unit i in stratum h, weighted

inversely to its probability of selection. Let 0121 = E(Xhi -

2 4 4 (4), 4 .
Bh] , u;) = E[Xhi - eh) and B = uy )/oh, the kurtosis
of the PSU estimates for stratum h, Thus
N H
V(g) = hE Wh ah/nh

The precision of a number of replicated variance estimators
will be considered below for such unbiased linear estimators.
The results generalize approximately for non-linear estimators

with small bias by considering the stratum specific terms Gh,

(/] W ofl and ﬂh as relating to the appropriate linear substitute

for the estimator in question, derived from a Taylor series
expansion.
4. The Jackknife Variance Estimator

A A
For an estimator 4 of 6, let 8 denote the estimate of ¢

(ih)
derived from the subsample consisting of the full sample with
all units from PSU i, stratum h omitted. For linear unbiased

9, the term ¢, is estimated by Z Xh./(n

L5 h

iFi
standard (full) jackknife variance estimator of V( 6) is

A H (n ) A A
2
v (8) = I P 6. - 8)2.
FJ h=1 n, i=1 (ih)

Thus n replicate estimates 8

- 1). The

in 66y h

(h) e required to derive

A A
A J( 6) from a particular sample. For unbiased linear ¢, YRy

is unbiased, and its variance is

( “ ) H W a (Bh 3) 2
V(v (8) = [ + 2 ]
FJ h=1 n}Z1 (n],l 1)

A more general jackknife variance estimator requiring
fewer than n replicates can be obtained by omitting more than
one PSU from each replicate, and/or omitting only some PSUs
from any of the replicates. A general formulation is given
below, and specific cases are studied in more detail.

Let the H strata be partitioned into G combined strata,
with combined stratum g consisting of Hg = 1 strata. Groups

R

of units to be omitted for the formation of replicates are
determined in the following way. A single such dropout group
consists of Sy, 1= Sh < nh) PSUs from stratum h, for each of
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the H strata in combined stratum g. The Sy values are such

that f = g /n,, the fraction of PSUs from stratum h which

h'"'h’
are omitted, is constant within each combined stratum, so that

f =f . Let F =f_1. The's, PSUs are selected so as to
h g g 8 h

constitute a simple random sample without replacement of the
0y PSUs in stratum h. A replicate is formed by taking the

entire sample and omitting the units in the dropout group. A
total of lg dropout groups (and thus Ig replicates) are formed

from each combined stratum by repeating this process Jg

G

Z 1
g=1
replicates are formed by omitting each dropout group in turn.

times (not necessarily independently). A total of L =

Let 8 (ig) denote the unbiased estimator of § based on the

replicate formed by omitting the ith dropout group from
combined stratum g (i = 1, 2, ..., Ig). A jackknife variance

estimarvor of V(8) using these L replicates is
vi(6)= I £ (e )
g=1 ’eg i=1

g~ °

If 6 is an unbiased linear estimator of 8, then vJ(e) is an

A
unbiased estimator of V(4).
If in addition each PSU appears in at most one dropout
group, and hence is included i m either (L. — 1) or L replicates,

(v (9 )) for unbiased linear 0 is given by
V(vJ<e)) =

G
3 2
W F -2)"+¢ (2F -
gﬁl{( EW, oy (8, 3)iny ) (F(F-2)” + 4, (2F -3)

ng m V2(F D2+ 1) b R T2
(hg pop/ny) 2 (F D7 +0D) ey T® D

This is shown in Rust (1984, Appendix A). The standard
jackknife variance estimator, VR is a particular case of vy

w1thG=H,Hg= 1forallg,sh= lforallh,Fh=4h=nh

for all h, and L = n, with each unit appearing in a single
dropout group. Among the class of jackknife variance
estimators, for which each PSU is included in at most one
dropout group, VR has the smallest variance, but requires the

most replicates. Only jackknife variance estimators with each
PSU included in at most one dropout group (giving disjoint
dropout groups) will be considered below.

Given a fixed number of replicates, L (2 < L < n), there
are a number of ways in which dropout groups can be formed
for use with v I Strata can be combined, so that G < H, and

some dropout groups will contain PSUs from more than one
stratum. PSUs can be grouped within strata and dropped out

together, sp that sh>1 for some h. Only some of the units
need be included in any dropout group, so that jgsh < n, for

some or all heg, g. Three particular cases are considered
below.



A. The Grouped Jackknife Variance Estimator(vG J)

For this special case, no strata are combined, so that
H = G. For each stratum jh dropout groups are formed, and
each contains sy = [nhuh] units (where [ ] denotes the
integer part). For example if n, = 13 and £, = 4, Sy = 3

and 12 of the 13 PSUs in stratum h appear in exactly one
dropout group, with the thirteenth never being excluded. Thus

Fh = n, /[nh / jh] (=18/3 in the example above). The

H
L= Z
h=

number of replicates formed is where

4
1h

2= jh =n,, and the variance estimator is

A H (F _1) 4. A A

voy = £ 22— P (6 -6)°
h=1 2« i=1

If (nh / lh) is an integer, F; = 4. If this holds for all h

A H (ae ‘1) 1 A A
v (8)= T —o f‘(e. —9)2
a3 h=1 ¢ =1 0P
h
and
4 4
N H Wi | {8,.—3)
P h”h h 2
V(v (8)) = L + — . (D
GJ h=1 ni [ ny uh 1)]

In general V(VGJ(G)] is not a continuous function of

difficult.
respect to £. As well as giving the value of V(VG 7 (6)) when

L = [11, ees 'eH) , and thus minimization with respect to £ is

However, (1) is tractable for minimization with

(nh/,eh) is an integer for all h, (1) approximates V[VGJ (0)]

otherwise. Rust (1984, Ch.3) shows that, for the purposes of
choosing the best value of £, the choice which minimizes (1)

will be satisfactory in most applications. Expression (1) is

minimized by putting

(L—H) Wio.
=1+ (2)
h H 9 9
nh[kilwkak /nk]
with the constraints that 2 < L, S Rounding these values

to an adjacent integer will approximately minimize

V(VGJ(o)], and thus maximize the number of degrees of

freedom r(vGJ(g)] for fixed L.

If ﬂh = 3 (the value for a normal distribution) for all h,
then substituting the values of 4 given by (2) gives degrees of

freedom r(VGJ,OPT(e)] =L — H, provided that these
optimum 4 values are such that 2 < i < ny for every
stratum, where v GJ,OPT denotes the form of VG 3 obtained by

using (2) to assign dropout groups to strata. As Kish (1965,
Section 8.6D) argues, for designs with many second stage
units selected per PSU, ﬁh will be close to three in most cases.

Thus in order to estimate variances with 30 degrees of
freedom, for example, approximately (30 + H) replicates will
be required for such designs, and somewhat more if Ih = 2or

£, =10y for some h. Note that at least 2H replicates must be

formed, since *’h = 2 for all h.
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B. The Combined Strata Grouped Jackknife
Variance Estimator(vCJ]

This is an extension of the grouped jackknife, in which
strata are combined for the purpose of forming groups. In this
case G < H, and replicates are formed by dropping units from
more than one stratum at a time. The formation of combined
strata, and the assignment  of  dropout  groups

lg (2 = Ig < Hleugx nh) must be done in such a way as to give

ig a value no greater than the largest common factor of the n

h
for heg. Thus if two strata with 7 and 14 PSUs selected
respectively are combined, 4 =< 7. However, two strata with

7 and 13 PSUs selected respectively cannot be combined, and
if two strata with 8 and 14 PSUs respectively are combined,
the only possible number of dropout groups is # = 2. Each

dropout group consists of [nh/ig] units from stratum h, Thus
if strata with 7 and 14 PSUs are combined, and 4 = 3
g

dropout groups are formed, each will contain 2 PSUs from the
first stratum and 4 PSUs from the second. In this case,
G
Fg = 3.5. The total number of replicates is L = Z jg, and
g=1

the variance estimator is
~ G (F - 1) £ A
v~i(8) = Z (e,

C

J g=1 ¢ =1 U®
If (nhug) is an integer $or all heg, g=1, ..., G, then

A G (e ~1 £ 4

_9)2

A2
v.(8)= L (6,..,~ @)
¢J g=1 4 i=1 (ig)
and for unbiased linear 6
H
o 4 4 3
V(veste)) = hilwhoh (8, —38)/ny
G H
2
v2 z (2wl -1). ®
h“h "h g
g=1 heg

As for the grouped jackknife, (3) will be used to approximate
V[vC J(’e\)) in general, with the error of approximation having
little consequence for practical application in forming dropout
groups efficiently. V(vC J(g)) is minimized approximately by

using

H 2 2
£, =1+ @G & Woop/n)(
g heg k
for g = 1,2,...,G,
rounding ¢ to an appropriate integer within the range

2= jg =< gleué n . With Bh = 3 for all h, and provided that

2 < ,eg < fpin ny for all g, r(vCJ(e)) =L -G
The best choice of lg is thus to assign one dropout group to

each combined stratum, and then assign the remainder in
proportion to the sampling variance contributed by each
combined stratum. If this is possible, approximately r + G)
replicates are required to give r degrees of freedom. Thus
fewest replicates are required for a given level of precision
when as many strata as possible are combined. However, it
must be remembered that there are restrictions as to which
strata can be combined, and excessive combining will give

lg = Hleué n, being optimal for one or more combined strata g.

If this occurs, (r + G) replicates will give fewer than (r + G)
degrees of freedom, and in fact it may not be possible to form
(r + G) replicates if G is small. In Section 6 it will be seen



that a lesser degree of combining can be more precise, because
the allocation of dropout groups to combined strata can be
undertaken more efficiently.

C. The Sample Jackknife Variance Estimator[vs J)

For this method, no strata are combined, so G = H. As
for the full jackknife, each dropout group contains only one unit

(s, =1 for all h), and thus Fy =n,. The number of
H

replicates used is L = Z lh, with 1 < 4 <n,. Thus L
h=1 h h

PSUs are omitted from exactly one replicate, and (n ~ L) are
included in every replicate. The variance estimator is
R H (nh -1
ve(8)= Z
SJ —
h=1 R ‘(h
For unbiased linear ¢
R H Wﬁoﬁ
V(vg(8)) = L o
SJ h=1 n2 ( _1)2 P
T % P h

(8] (ny2)?

4
— [Znh-3] ] + Z[nh(nh-Z) + ‘eh]
n
h
This is minimized using Ih values given by
lh =1 if n = 2
*
(L—-—H )ah
zh = —_— if oy > 2
H
Z a
k=1 k
where H' is the number of strata with n = 2, and
2 2
o 1/2
a = vin, —2) {8, — 3, ~— 2+ 20 )7,
n (o ~ 1) h h h h
h"'h
with the additional condition that 1 < ‘(h = n.

Note that for the sample jackknife variance estimator the
optimal allocation of dropout units is a function of the stratum
kurtoses. This makes the practical application of this method
more difficult than is the case for the grouped jackknife
methods described above, since in practice 3h values will often

be imprecisely known.
If {jh = 3 for all h, and if (n/ H) is large, r replicates will

give almost r degrees of freedom in most cases, for r = H.
5. Comparisons Among Jackknife Procedures

In the preceding section, three alternative jackknife
procedures are described which permit the user to determine to
a great extent the number of replicates to be used. In
comparing these the precisions for linear estimators for a given
number of replicates L will be considered. The approximate
bias of the variance estimators for non-linear estimators will
also be considered.

The grouped jackknife is a special case of the combined
strata grouped jackknife. Thus in comparing these two, the
issue is to what extent the combining of strata is de51rable As
seen in Section 4, if optimization of the choice of ’(g values is

possible, V(VCJ(G)] = A+ B/(L - G) where A and B are
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functions of the design and population, but not the variance
estimator, L. is the number of replicates used and G is the
number of combined strata used. As B > 0, the most precise
variance estimation will result from the use of the fewest
combined strata (smallest G) consistent with the assignment of
.€g values in accordance with (4), rather than having ¢ = 2 or

= pin oy
every combined stratum used, so the use of a smaller number
of combined strata is desirable.

Furthermore, the efficiency of combining strata will be
more extensive for domains (subclasses whose members are
contained within a subset of the survey strata). For a fixed
number of replicates L, 4 _ values will be larger for smaller G.

Essentially, one degree of freedom is “lost” for

This means that each domain will be assigned to a greater
number of dropout groups when much combining occurs,
leading to greater precision of variance estimation for domain
estimates.

Rust (1984 Appendix A) shows that, ignoring terms of

order n and higher, for 9 an appropriately differentiable
function of linear estimators,

A G -1
Bias(vy(8)) = Z zd
g=1 heg
where dh is a function of the estimator and sample design in

(F, ~ 1)

stratum h. To this order of approximation the absolute bias
will be less for large values of Fg if dh is of constant sign for

all h, which is likely to occur in practice. Large values of F

arise if few units from any one stratum are included in a single
dropout group, ([nhllg] small) and thus in general for fixed

number of replicates L less absolute bias in variance
estimation is likely if strata are combined to a greater degree
(large 'eg and small G).

The relative precision of the sample jackknife in
comparison to the grouped jackknife depends upon the stratum
kurtoses ﬁh' As discussed in Rust (1984, Ch. 4), for Bh values

close to three the precisions of the two approaches are similar.
However, the grouped jackknife provides some protection
against the presence of larger ﬁh values, in that its precision

declines much less rapidly with increasing Bh than does the

precision of the sample jackknife. For example consider the

case where Wioﬁ, n, and ﬂh are constant across strata.

Table 1 shows the number of degrees of freedom for the
grouped jackknife and sample jackknife, both for the case
where the common Bh 3, and for 3h = 10.

TABLE 1
Degrees of Freedom for Jackknife Variance Estimators
n=200 H=10 L=40 nh—20 Wh h Conqtant

Grouped Jackknife  Sample Jackknife

Common g, (vas) (VSJ)
3 30 40
10 20 9.5




In the case where ﬁh = 3, both variance estimators

provide adequate precision for use in making inference about 4,
and give rise to similar width confidence intervals. When

ﬁh = 10, the sample jackknife gives relatively poor precision

and will give 95% confidence intervals 8% wider than those
given by the grouped jackknife. Using 95% confidence

intervals of the form 6 + 2 ;/VSJ(O), based on the sample

jackknife, will give an overstated level of confidence if

Bh = 10. For more extreme values of B, the performance of

the sample jackknife deteriorates rapidly. Thus the range of
By values for which the sample jackknife gives adequate

precision for given L is much smaller than for the grouped
jackknife. In stratified single stage samples for measuring
quantitative variables, kurtoses (Bh values) substantially in

excess of 3 are quite likely to arise. Thus in practice the
grouped jackknife appears to be a more robust method than
the sample jackknife, less sensitive to outliers, which are
reflected by the presence of large stratum kurtosis values Bh'

In summary, the desirable properties for a jackknife
variance estimator with fixed number of replicates are:

1) A high proportion of the PSUs should be included in
some dropout group

2) Within a single dropout group there should be few
units from any single stratum

3) Dropout groups should be assigned more heavily to
strata (or combined strata) which contribute large
proportions of the total sampling variance.

Among the alternatives considered in this section the
combined strata grouped jackknife, with optimal allocation of
dropout groups, most successfully combines these attributes
across the range of types of sample design for which
replication methods are likely to be used.

6. Example of the Application of the Combined Strata

Grouped J ackknife[vcJ )

Consider the stratified population and sample shown in
Table 2. For all strata ﬁh = 3. If the full jackknife variance

estimator Vg Were used for variance estimation, 200 replicate
estimates would be required, and about 103 degrees of freedom
would be attained.

TABLE 2
Hypothetical Stratified Population and Sample

Wﬁ aﬁ ny Wﬁaﬁ/nh
Stratum (h)
1,2 1 20 .05
3.4 2 20 1
5,6 5 20 .25
7,8 10 20 5
9,10 20 20 1
Total - 200 3.80
By using the combined stratum grouped jackknife,

adequate precision of variance estimation can be attained using
much fewer than 200 replicates. One possible approach is to
combine all strata, and form 20 dropout groups consisting of
one PSU from each stratum. This will give 20 replicates and
19 degrees of freedom. The use of this variance estimator will
give 95% confidence intervals which are 5.2% wider than those
obtained using the full jackknife with 200 replicates.
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Greater precision can be obtained if less combining of
strata is used (because only 20 replicates can be formed in the
case of a single combined stratum). For example, suppose that
we wish to attain about 25 degrees of freedom, and that strata
1 to 4 comprise a domain of special interest (this domain has
been heavily sampled). We thus would like strata 1 to 4 to be
represented in as many combined strata as possible. Table 3
shows one possible way of forming combined strata, and the
appropriate rounded allocation of dropout groups to combined
strata. In order to attain 25 degrees of freedom with 4
combined strata, 29 dropout groups have been assigned.

For dropout groups in Combined Stratum 1, ten units are
omitted each time, five from each of strata 1 and 7. In
Combined Stratum 4, six units are omitted each time, two
from each of strata 4, 6 and 10. Such an arrangement gives
24.8 degrees of freedom for the whole sample estimate. and

TABLE 3
Formation of Combined Strata and Dropout
Groups for Hypothetical Population

Optimum Rounded

Combined Contrib. I Weolim, 4 AN
Stratum  Strata heg

1 1,7 0.55 4.62 45

2 28 0.55 4.62 5 4

3 3,5.9 1.35 9.88 10 2

4 4,6,10 1.35 9.88 10 2

Total - 3.80 29 29 -

24.5 degrees of freedom for the domain consisting of strata 1
to 4. Note that almost 25 degrees of freedom are attained in
each case, despite substantial rounding in the assignment of lg

values.
7. Balanced Repeated Replication (BRR)

The method of BRR was introduced by McCarthy (1966,
1969) and has been described recently in detail by Wolter
(1985). The full method with H strata requires the formation
of T half-sample replicate estimates, where T is a multiple of 4
satisfying H = T = H + 3. Depending upon the precise form
of variance estimator used, T complementary half-sample

replicate estimates may be required also. If 8 ;3 is the estimate
of 6 derived from the t th half-sample, one popular form of
A

BRR variance estimator for estimating V(8) is

T
A _ 1 A' _ A9 A" _ A9
"Bra-s®) = 71 | [o,- 8+ oy - ) }-
The discussion below relates to BRR variance estimators of
this form. This variance estimator requires 2T replicate

N
estimates. For unbiased linear 6, VBRR—S is unbiased, and
using the same notation as in the previous sections but with

n = 2 for all h,
. H Wiol(gy, +1)
)= I
‘pre-s (O T T 5

Two methods have been proposed for adapting the BRR
method for use with fewer than the 2T replicate estimates
required for full balance. The method of Partially Balanced
Repeated Replication (PBRR), introduced by McCarthy (1966)
and developed by Lee (1972, 1973) requires the formation of
groups of strata and uses a set of half-sample replicates which
are fully balanced within each group, but not across groups.
Fewer replicates are required to achieve this partial balancing.

v(



In Lee’s development, all groups contain the same number of
strata. If H strata are divided into P groups of H/P strata
each, instead of requiring about H half-samples and their
complements, as for full balance, only about H/P half-samples
and their complements are required. Lee discusses strategies
for forming such groups so as to maintain good precision of
variance estimation for a given number of groups P.

An alternative method of reducing the number of half-
samples required for BRR is to form combined strata and
balance across combined strata but not within. If G combined
strata are formed, this approach results in the formation of
about G half-sample replicates and their complements. The
number of strata within each combined stratum g, Hg’ need

not be constant across g.

1t can be easily seen (see Rust, 1984, Ch.2) that the
methods of PBRR and combined strata BRR are equivalent.
However, the combined strata method provides a more
convenient approach to handling the case where the number of
strata per combined stratum varies (or equivalently for PBRR,
the number of strata per balance group varies).

When G combined strata are formed, the gth of which
contains Hg strata, the combined strata BRR variance
uses T estimators  and their

estimator half-sample

complements, where G < T' < G + 3. Denoting the variance
estimator as VR it can be shown that

H G

A 1 4 4 22
Viveg(®) =5 z W, 0, (8,-8)/4 + z (2 Wyop
h=1 g=1 heg

)2

If the values of Wﬁaﬁ are known approximately, then

V(VCB (9)) can be minimized for fixed G by equalizing the

values of X Wﬁaﬁ. Thus ideally the G combined strata
heg

should each contribute equally to the sampling variance of 4.
The strategies proposed by Lee (1972, 1973) for obtaining
precise variance estimation using PBRR are effectively aimed

at achieving this equalization. If Z Wi 0}21 is constant, then
heg

2
+ 5 )
4 G h

4 4
R H W o (8 - 3)
1 h"h'"h 1
V(VCB(O)) =3 i_____._

[ =]

Wy
h=1 1

and if ‘Bh = 3 for all H, VeB (8) has G degrees of freedom for

variance estimation.
Thus, with knowledge of the approximate values of Bh’ and

the relative values of W}zlai, the number of replicates required

to achieve a prescribed number of degrees of freedom can be
calculated. When ﬂh = 3 for all h, a total of approximately r

half-sample replicates and their complements, obtained from r
combined strata, will suffice to give about r degrees of freedom.
The combined strata jackknife also requires 2r replicates in
this case. The most efficient formation of combined strata is
the same for these two replicated approaches. For linear
estimators the jackknife and BRR variance estimators are
equivalent for 2 PSU per stratum designs if the same set of
combined strata is used for each.
8. Practical Application of the Methods

For both the BRR variance estimator, and those jackknife
variance estimators (including the grouped jackknife and the
combined stratum grouped jackknife) for which [nh/.(g} = sy
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for all h,g, so that no “sampling” occurs in the allocation of
PSUs to dropout groups, an alternative form of variance
estimator is available. In the analyses above, the full
complement of replicates formed have been used for variance
estimation. For each variance estimator, an alternative form
of variance estimator is available, equivalent for linear
estimators to the full form, described in Sections 4 and 7. For
this alternative form, G of the replicates are ignored,
corresponding to one dropout group from each (combined)
stratum. The variance estimation formula is adjusted
appropriately, so as to give unbiased variance estimation for
unbiased linear estimators. In the case of BRR, this variance
estimator, based only on the half-sample estimates and
ignoring the complementary half-sample replicates, is denoted
by Kish and Frankel(1974) and others as v

such “adjusted” replicated variance estimators, G fewer
replicate estimates are required, but there is little loss in
precision of variance estimation. Thus these forms of
replicated variance estimator are attractive in practice when
limitation of the number of replicate estimates derived is
desirable. The results given above hold for these adjusted
variance estimators, equally as for those for which estimates
from all replicates formed are used. For the jackknife variance
estimators each combined stratum provides (lg — 1) dropout

BRR-H' By using

groups, and approximately r such replicate estimates are
required to give r degrees of freedom. Similarly for BRR,
approximately r degrees of freedom can be obtained by using r
combined strata, efficiently formed, and deriving a single half-
sample estimate for each replicate, requiring about r replicate
estimates in total.

The development in this paper has assumed independent
selection of PSUs within strata, with at least two PSUs
selected per stratum. In most designs the former assumption
is violated, and in many multistage designs only one PSU is
selected per stratum, so that strata must be collapsed for
replicated variance estimation. Thus the use of replicated
procedures leads frequently to biased variance estimation in
practice. For linear estimators the magnitude of this bias is
not affected by the form of replicated procedure used, and for
all types of estimators is generally both small and positive. It
is thus not of major concern for the methods considered in this
paper.

For both jackknife and BRR procedures, exact optimization
requires knowledge of the relative values of Wzaﬁ/ n, the

contribution of sampling variance from each stratum. This
will not generally be available, but exact optimization is not
generally required. Provided that there is some indication

available as to the relative values of Wiaﬁl and ﬁh’ adequate

precision of variance estimation can be obtained using a
moderate number of replicates. The optimum will differ for
different survey variables, but approximate optimization for
one major survey variable, or a compromise for a few main
variables, is likely to be good for most. For non-linear
estimators, if the component linear estimators have optima
which are similar, their non-linear composite is likely to have
an optimum close to these in many cases.

Frequently, variation in Wﬁoﬁ will be dominated by

variation in Wﬁ, and thus the size of the strata can be used as
a proxy for Whah. This approach should be used with care for
designs where some strata have more stages of selection than
others, as "}21 values are likely to be greater for the strata with
more stages. Note that for designs with constant % and
n = 2, the recommended approach to combining strata for
use with BRR does not involve the formation of combined



strata of equal size ( Z Wh) as might be expected intuitively.
heg

Many small strata can be combined safely, but large strata
should be kept distinet.
9. Summary

The aim of this paper is to demonstrate an approach to
replicated variance estimation in which the formation of a
modest number of replicates will give adequate precision of
variance estimation in a wide range of applications. There are
a number of features of this approach important for its
application in practice. 1) It can be applied to a wide range of
sample designs, regardiess of the allocation of sample to
strata, or other features of the complex design. 2) As long as
the researcher has a general idea of the relative contribution of
the different survey strata to the total sampling variance, and
an awareness of the likelihood of occurrence and severity of

long-tailed sampling distributions within strata, it is possible to
control adequately the precision of variance estimation, and
simultaneously to limit the amount of replication. 3) The
procedure is robust, in that it is only necessary to form
replicates in a manner somewhat near optimum in order to
achieve close to optimum precision. 4) Although different sets
of replicates can be formed for different estimators if
necessary, in many cases a single set of replicates will be
adequate for a wide range of estimators from a single survey.
If particular domains (subsets of the survey strata) of interest
are identified in advance, a single set of replicates can be
formed in a manner which ensures adequate precision of
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variance estimation for such domains, as well as the whole

population.
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