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I .  ~ I O N  
T h i s  p a p e r  d e a l s  w i t h  a p r o b l e m  o f  making  

e s t i m a t e s  f o r  a p o p u l a t i o n  b a s e d  on a s a m p l e ,  
when t h e r e  i s  e x o g e n o u s  i n f o r m a t i o n  a b o u t  how 
many u n i t s  o f  c e r t a i n  k i n d s  a r e  p r e s e n t  i n  t h e  
p o p u l a t i o n .  The p r o b l e m  i s  how to  a s s i g n  a 
" s u r v e y  w e i g h t "  to  e a c h  s amp le  h o u s e h o l d  ( o r  
o t h e r  g r o u p  o f  p e r s o n s ,  s u c h  a s  a " consumer  
u n i t " )  when t h e  number  o f  p e r s o n s  i n  t h e  
p o p u l a t i o n  i n  e a c h  o f  s e v e r a l  a g e / r a c e / s e x  c e l l s  
i s known. 

Let N be the number of households in the 
population. A sample o£ K households is selected 
from the population. In one particular survey of 
interest, the Consumer Expenditure Survey (CE), 
t h e  s a m p l e  i s  a t w o - s t a g e  s ample  o f  a d d r e s s e s ,  
w i t h  s t r a t i f i c a t i o n  a t  t h e  f i r s t  s t a g e  and  
s y s t e m a t i c  s e l e c t i o n  a t  t h e  s e c o n d ;  i n  o t h e r  
a p p l i c a t i o n s  a c l u s t e r  o f  a d d r e s s e s  may be  
s e l e c t e d  a t  t h e  s e c o n d  s t a g e .  

Some h o u s e h o l d s  may be  u n i n t e n t i o n a l l y  l e f t  
o u t  o f  t h e  s a m p l i n g  f r a m e ,  f o r  a v a r i e t y  o f  
r e a s o n s .  Assume t h a t  t h e  f r ame  i s  a f i x e d  s e t  o£ 
a l l  t h e  Nf h o u s e h o l d s  w h i c h  p o t e n t i a l l y  c a n  come 

i n t o  t h e  s a m p l e ,  where  Nf _< N. A l s o  p e r s o n s  i n  

s ample  h o u s e h o l d s  c a n  be  m i s s e d .  
Assume t h a t  a me thod  e x i s t s  f o r  a s s i g n i n g  a 

v e c t o r  o f  " u n b i a s e d "  s u r v e y  w e i g h t s  S = ( S 1 , .  ,SK) 

to  t h e  s a m p l e  h o u s e h o l d s .  
D e f i n i t i o n :  The w e i g h t s  S w i l l  be  s a i d  to  

m 

be " u n b i a s e d "  i f  and  o n l y  i f  f o r  any  s e t  B of  
h o u s e h o l d s  i n  t h e  f r a m e ,  

E C ~ s k) =#CB). 
keB 

where  t h e  summat ion  i s  o v e r  t h e  s ample  h o u s e h o l d s  
i n  B and  " # ( B ) "  d e n o t e s  t h e  number  o f  h o u s e h o l d s  
( i n  t h e  f r a m e )  i n  t h e  s e t  B. 

" E x p e c t a t i o n "  i s  u s e d  i n  t h e  s e n s e  of  t h e  
mean o v e r  a l l  p o s s i b l e  s a m p l e s ,  e a c h  w e i g h t e d  by  
t h e  p r o b a b i l i t y  o f  o b t a i n i n g  t h a t  s a m p l e .  Note  
t h a t  t h e  " u n b i a s e d "  w e i g h t s  a r e  u n b i a s e d  o n l y  
w i t h  r e s p e c t  to  t h e  f r a m e ;  t h e y  may s t i l l  l e a d  to  
b i a s e d  e s t i m a t e s  f o r  t h e  p o p u l a t i o n  b e c a u s e  o£ 
u n d e r c o v e r a g e  by t h e  f r a m e .  

L e t  t h e  p e r s o n s  i n  t h e  f u l l  p o p u l a t i o n  be  

d i v i d e d  i n t o  J a g e / r a c e / s e x  c e l l s  and  as sume  t h a t  
t h e  number  o£ p e r s o n s  P .  i n  e a c h  c e l l  i s  known. 

J 
As an  e x a m p l e ,  f o r  CE t h e r e  a r e  48 
" p o s t - s t r a t i f i c a t i o n "  c e l l s :  12 age  g r o u p s ,  t h e  
two s e x e s ,  and  2 r a c e  g r o u p s .  U s u a l l y  o n l y  
p e r s o n s  e l i g i b l e  f o r  t h e  s u r v e y  a r e  u s e d  i n  t h e  
w e i g h t i n g .  For  CE o n l y  p e r s o n s  a g e  14 o r  o l d e r  
a r e  i n c l u d e d .  

I n  some a p p l i c a t i o n s ,  t h e r e  a r e  h o u s e h o l d  
c e l l s  f o r  wh ich  t h e  number  o f  h o u s e h o l d s  H i n  

c 
e a c h  c e l l  i s  known. For  example  t h e s e  c e l l s  
m i g h t  c o r r e s p o n d  to  h o u s e h o l d  s i z e  ( 1 , 2 , 3 , 4 + )  
c r o s s e d  by  form o f  t e n u r e  ( r e n t e r / o w n e r ) .  

The p r o b l e m  i s  how t h e  u n b i a s e d  s u r v e y  
w e i g h t s  may be  a l t e r e d  to  t a k e  i n t o  a c c o u n t  t h e  
known " c o n t r o l  t o t a l s "  P and  H, g i v i n g  a new 

v e c t o r  o f  w e i g h t s  W, so a s  to  r e d u c e  t h e  b i a s  and  

v a r i a n c e  o f  s u r v e y  e s t i m a t e s  c a l c u l a t e d  u s i n g  t h e  
new w e i g h t s .  

T h i s  p a p e r  w i l l  c o n c e n t r a t e  on a c l a s s  o f  
" c o n s t r a i n e d  minimum d i s t a n c e  m e t h o d s "  i n  wh i c h  W 

i s  c h o s e n  to  be  a s  c l o s e  a s  p o s s i b l e ,  i n  some 
s e n s e ,  t o  t h e  o r i g i n a l  w e i g h t s  S, s u b j e c t  to  t h e  

c o n s t r a i n t  t h a t  t h e  new w e i g h t s  g i v e  e s t i m a t e s  
wh ich  a r e  e x a c t l y  c o n s i s t e n t  w i t h  t h e  c o n t r o l  
t o t a l s .  The f o c u s  o f  t h e  p a p e r  i s  how v a r i o u s  
c o n s t r a i n e d  minimum d i s t a n c e  me thods  compare  
u n d e r  d i f f e r e n t  a s s u m p t i o n s  a b o u t  t h e  c o v e r a g e  o£ 
t h e  p o p u l a t i o n  by  t h e  f r a m e .  To f a c i l i t a t e  t h e  
c o m p a r i s o n s ,  a me thod  o£ g e n e r a t i n g  a r a n g e  o f  
mode l s  c o n s i s t e n t  w i t h  p o t e n t i a l l y  a v a i l a b l e  d a t a  
on c o v e r a g e  i s  d e v e l o p e d .  The method  i s  
i l l u s t r a t e d  w i t h  h y p o t h e t i c a l  v a l u e s  f o r  t h e  
" p o t e n t i a l l y  a v a i l a b l e "  d a t a .  

T h i s  p a p e r  w i l l  d e a l  o n l y  w i t h  t h e  c a s e  o f  
known ( P j ) ,  w i t h o u t  a n y  h o u s e h o l d  c o n t r o l s  ( H c ) .  

T h i s  p r o b l e m  h a s  i m m e d i a t e  i n t e r e s t  f o r  CE 
w e i g h t i n g .  H o u s e h o l d  c o n t r o l  c o u n t s  b a s e d  on t h e  
1980 c e n s u s  h a v e  n o t  b e e n  u s e d  to  d a t e  f o r  CE, 
b u t  a r e  b e i n g  i n v e s t i g a t e d .  ([}as Gup ta ,  e t  a l  
( 1 9 8 6 ) ) .  

I I .  O 0 ~ S T R A ~ M I H ~ D I S T ~ W E I ( ~ r r I I ~  

L e t  t h e r e  be  K s a m p l e  u n i t s  ( h o u s e h o l d s  o r  
consumer  u n i t s }  w i t h  u n b i a s e d  w e i g h t s  S 1 . . . .  S K- 

Suppose  t h a t  t h e r e  a r e  J a g e / r a c e / s e x  c e l l s  w i t h  
known c e l l  p o p u l a t i o n s  P1 . . . . .  PJ" 

L e t  A = ( a k j  } _ _  be  a m a t r i x  w i t h  a k j  e q u a l  to  

t h e  number  o f  p e r s o n s  i n  t h e  k t h  s amp le  h o u s e h o l d  
. t h  

who a r e  i n  t h e  3 p o s t - s t r a t i f i c a t i o n  c e l l .  
(Assume ak+ > I). 

Constrained minimum distance methods find 
weights W 1 ..... W K such that D(W,S) is minimized 

subject to 

for j = 1 .... J, 

where  D(W,S) i s  some m e a s u r e  o f  t h e  d i f f e r e n c e  
b e t w e e n  W = (W 1 . . . . .  WK) and  S = (S 1 . . . . .  SK). 

The known i n i t i a l  w e i g h t s  S a r e  t r e a t e d  a s  f i x e d  
c o n s t a n t s  i n  c o m p u t i n g  W. 

S i x  c r i t e r i o n  f u n c t i o n s  w i l l  be  c o n s i d e r e d .  
T h r e e  a r e  b a s e d  on a summat ion  o v e r  p e r s o n s  and  
t h r e e  o v e r  h o u s e h o l d s .  I n  b o t h  c a s e s  t h e  me thods  
involve a generalized least squares (GLS) 
o b j e c t i v e  f u n c t i o n ,  a minimum d i s c r i m i n a n t  
i n f o r m a t i o n  (MDI) f u n c t i o n ,  and  a "maximum 
l i k e l i h o o d  e s t i m a t i o n " ,  (bILE) c r i t e r i o n .  

The c r i t e r i o n  f u n c t i o n s  a r e "  

D 1 (W_,S) = E (W k - Sk )2  / S k 
k 

D 2 (_W,S) = 7. ak+ (W k - Sk)2 /S k 
k 

S 3 (W_,S) = S+ - W+ + E W k In (W k /S k) 
k 
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D 4 (_W,S_) = ~ ak+ S I c -  ~ ak+ W k 
k k 

+ %+ w k {Wk/S k) 
k 

D 5 (W,S) = W+ - S+ - Y. S k In (Wk/Sk) 
k 

% c_w,s) = %+ w k - %+ s k 
k k 

- k~k+ S k In (Wk/Sk) 

D 1 (HH-leve l  GSL) has  been  s t u d i e d  in  Luery  

(19SO) and Z i e s c h a n g  (19S6) .  Roman (1982) 
d i s c u s s e s  e x t e n s i o n s  to  p e r s o n  and househo ld  
c o n t r o l s  and men t ions  D 2 ( p e r s o n - l e v e l  GLS). D 4 

{person  l e v e l  ~fDI) was p roposed  and t e s t e d  
e x t e n s i v e l y  in  Scheuren ,  e t  a l  (19B1) f o r  b o t h  
p e r s o n  and HH c o n t r o l s .  This  g e n e r a l  app roach  
goes  back  f u r t h e r  to  S tephan  (19d2) and Oh and 
Scheuren  (197S) .  D 3 (HH-leve l  MDI), D 5 (HH-level  

MLE), and D 6 { p e r s o n - l e v e l  MLE) a r e  s u g g e s t e d  

h e r e  as  obv ious  p o s s i b l e  a l t e r n a t i v e s .  F i e n b e r g  
(1986} n o t e s  t h a t  a l l  of  t h e s e  methods a r e  
s p e c i a l  c a s e s  o£ a p a r a m e t r i c  f a m i l y  of  c r i t e r i o n  
f u n c t i o n s  d e s c r i b e d  in  C r e s s i e  and Read (1984) .  

Remarks" 
I. "Person--level" vs "~Iousehold-level". Note 
that each "household-level" criterion is the 
summation over all sample households of a term 
involving the household weights S k and W k- 

Similarly, each person-level criterion could also 
be r e w r i t t e n  as  the  summation over  a l l  sample 

p e r s o n s ,  w i t h  each  sample p e r s o n  b e i n g  a s s i g n e d  
h i s / h e r  h o u s e h o l d ' s  we igh t .  For example,  in  the  
e x p r e s s i o n  f o r  D 2, each  of  the  ak+ p e r s o n s  in  the  

k t h  h o u s e h o l d  c o n t r i b u t e s  a term (W k - Sk)2 /S  k. 

Summing over  a l l  sample p e r s o n s  g i v e s  D2(W,S). 

2.  A Propert=v o f  the  C r i t e r i o n  F u n c t i o n .  In  
each case  Di(W,S) i s  n o n - n e g a t i v e  and i s  equa l  

to  z e r o  i f  and o n l y  i f  W = S. Th is  i s  e a s i l y  

e s t a b l i s h e d  by examining  the  f i r s t  and second 
p a r t i a l  d e r i v a t i v e s  of  Di(W,S} w i th  r e s p e c t  to 

w k 
3. Equt~ra lent  F ~ r e s s i o n s .  The MDI c r i t e r i o n  
used  in  e a r l i e r  work has  been a l t e r e d  s l i g h t l y  in  
the  p r e s e n t  pape r  to  o b t a i n  the  p r o p e r t y  in  
Remark 2, w i t h o u t  a l t e r i n g  the  r e s u l t i n g  w e i g h t s  
W k. In  p a r t i c u l a r ,  under  the  c o n s t r a i n t  ( 2 . 1 ) ,  

min imiz ing  D 4 (W,S} i s  e q u i v a l e n t  to  min imiz ing  

k 

Indeed  assuming  ( 2 . 1 )  the  e x t r a  terms a r e  
the  e x p r e s s i o n  

%+ s 
k k k 

cons tan t. 
Similarly, minimizing DSC_W,S ) subject to 

( 2 . 1 )  i s  e q u i v a l e n t  to  min imiz ing  

D : C _ W , S  ) = W+ - F. S k I n  ( W k / S k ) .  
k 

E q u i v a l e n t  e x p r e s s i o n s  fo r  D 3 and D 6 a r e  

D3{_W,S_) = - W+ + F. W k in(Wk/Sk) 
k 

% cw._s) =- ~: ak+ S k In(Wk/S k) 
k 

4.  P r e s e n t  Method. The househo ld  w e i g h t i n g  
method p r e s e n t l y  used  f o r  many Census Bureau 
h o u s e h o l d  s u r v e y s  i s  some form of the  " p r i n c i p a l  
p e r s o n "  method. In  the  b a s i c  p r i n c i p a l  p e r s o n  

method the  f i n a l  we igh t  a s s i g n e d  to  the  k th  
sample h o u s e h o l d  i s  

Wk = Sk (Pj(k) / ~ aij(k) Si)' where some index 
i 

j ( k )  i s  chosen  so t h a t  a k j ( k  ) > O. The 

e x p r e s s i o n  in  p a r e n t h e s e s  i s  the  
" p o s t - s t r a t i f i c a t i o n "  or  " r a t i o - a d j u s t m e n t "  
f a c t o r  f o r  the  j ( k )  p e r s o n  c e l l .  Thus the  
i n i t i a l  we igh t  S k i s  m u l t i p l i e d  by the  

p o s t - s t r a t i f i c a t i o n  f a c t o r  f o r  one of the  p e r s o n s  
in  the  k t h  h o u s eh o l d .  A r u l e  i s  needed fo r  
d e t e r m i n i n g  which of the  c e l l s  i n c l u d e d  in  the  
househo ld  to  choose  as  j ( k ) .  In  t h i s  paper  a 
mod i f i ed  p r i n c i p a l  p e r s o n  method i s  used ,  in  
which j(k) will be chosen to be the 
"best-covered" cell in the household, i.e., j(k) 
will be that value of j such that akj >0 and the 

ratio 

P . /  Z a . .  S. i s  minimized over  a l l  j w i t h  K~-j>O" 
J i 1J 1 

In  p r a c t i c e ,  the  c h o i c e  of the  " b e s t - c o v e r e d "  
c e l l  would be made based  on h i s t o r i c a l  e v i d e n c e  
from p a s t  s u r v e y s ,  r a t h e r  than  on the  p r e s e n t  
sample itself. 

The principal person method as actually 
used for Census Bureau surveys is more difficult 
to simulate, because the choice of principal 
person depends in part on who the interviewer 
first encounters at the household. However, the 
general idea is to select a principal person in a 
group which is well covered by the frame. To 
this extent, the modified principal person method 
used in this paper is similar to the actual 
principal person method used for some surveys. 
(For o t h e r  s u r v e y s ,  such as  CE, t h e r e  a r e  
a d d i t i o n a l  v a r i a t i o n s  on t h i s  b a s i c  method. 
A d d i t i o n a l l y ,  some s u rv ey s  use  e s t i m a t e s  from the 
C u r r e n t  P o p u l a t i o n  Survey (CPS) as  t h e i r  
househo ld  c o n t r o l  v e c t o r  H.) 

I I I .  ( X ) ~ A T I O N O F T B E W E I ~ .  
The l e a s t  s q u a r e s  methods D 1 and D 2 have 

c l o s e d - f o r m  e x p r e s s i o n s  fo r  W, p r o v i d i n g  the  
m 

c o n s t r a i n t s  a r e  f e a s i b l e .  The o t h e r  methods 
r e q u i r e  i t e r a t i v e  s o l u t i o n s .  Assuming the  
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c o n s t r a i n t s  a r e  f e a s i b l e ,  t h e  c o n v e r g e n c e  o f  t h e  
s o l u t i o n  to  method  D 4 c a n  be  p r o v e d  u s i n g  t h e  

r e s u l t s  o f  D a r r o c h  and  R a t c l i f f  ( 1 9 7 2 ) ,  a s  i s  
shown i n  L u e r y  ( 1 9 8 0 ) .  

The o t h e r  t h r e e  me thods  h a v e  u n i q u e  
s o l u t i o n s  whose form c a n  be  found  u s i n g  L a g r a n g e  
m u l t i p l i e r s ,  a s s u m i n g  t h e  c o n s t r a i n t s  a r e  
f e a s i b l e .  The a l g o r i t h m s  g i v e n  b e l o w  f o r  D 3, D 5,  

and  D 6 a r e  new. They h a v e  c o n v e r g e d  to  s o l u t i o n s  

of  t h e  a p p r o p r i a t e  form i n  a l l  e x a m p l e s  
c o n s i d e r e d  so f a r ,  b u t  we do n o t  h a v e  a g e n e r a l  
p r o o f  o f  c o n v e r g e n c e .  No te  t h a t  a s  l ong  a s  
e x p r e s s i o n s  f o r  W c a n  be  f o u n d ,  h a v i n g  t h e  p r o p e r  
form and  s a t i s f y i n g  t h e  c o n s t r a i n t s  ( 2 . 1 ) ,  t h e s e  
W v a l u e s  n e c e s s a r i l y  m i n i m i z e  t h e  c r i t e r i o n  
f - u n c t i o n  s u b j e c t  t o  t h e  c o n s t r a i n t s .  The me thods  
f o r  D 3 and  D 5 a r e  s u g g e s t e d  by  t h e  c y c l i c  

c o o r d i n a t e  d e s c e n t  me thod  f o r  f i n d i n g  t h e  r o o t  of  
an  e q u a t i o n ,  and  t h e  method  f o r  D 6 i s  b a s e d  on an  

a n a l o g y  w i t h  t h e  s o l u t i o n  f o r  D d.  An a l t e r n a t i v e  

a l g o r i t h m  r e l a t e d  to  D 5 i s  g i v e n  i n  Haber  and  

Brown (1986)  f o r  a d i f f e r e n t  p r o b l e m ,  f o r  wh ich  
t h e  method  i s  p r o v e d  to  c o n v e r g e  when t h e  
c o n s t r a i n t s  a r e  f e a s i b l e .  O t h e r  r e l a t e d  work i s  
F a g a n a n d  G r e e n b e r g  ( 1 9 8 5 ) .  

Examples  to  i l l u s t r a t e  t h e  c a l c u l a t i o n s  a r e  
g i v e n  i n  S e c t i o n  VI.  

Method for D I- The solution vector 

w = (w k) i~ 

-I 
_W = S + DA(A'DA) (P - A'_S) 

where S = (Sk), P = (Pj), A = (aij), and D is the 

K x K diagonal matrix with the elements of S on 

the main diagonal. The weights from D 1 and D 2 

may be negative. Ways of handling this are 
discussed in Zieschang (1986) and Huang and 
Fuller (1978) 

Method for D2~ The solution has the same 

form as for D 1, except that D is the K x K 

diagonal matrix with (Sk/ak+) on the main 

diagonal. 
#ethod for D3~ The solution is of the form 

akj 
Wk = Sk ~ , .  

• 3 
J 

s u b j e c t  to ( 2 . 1 ) .  
An i t e r a t i v e  a l g o r i t h m  f o r  g e n e r a t i n g  s u c h  

a v e c t o r  W i s  a s  f o l l o w s .  

Initialize Wk(O ) = S k and ~j(O) = 1. 

Then at the i th iteration let 

"Yj(i) =-vj( i-1)[ 1 - (Pj(i-1) - Pj) 

, ] 
/ ~ %j Wk(~-~) . 

k 

A 

where Pj(i-l) = 7. akj Wk(i-1). 
k 

akj 
Wk(i-1 ) = S k ~'. (")'j(i-1)) . 

J 

Method for D4~ As shown by Luery (1980) 

based on Darroch and Ratcliff (1972), a 
convergent algorithm which minimizes D 4 subject 

to (2.1) is 

Wk(O) = S k (P+ / ~ %+ Sk) 
k 

wkci) = WkCi-1 ) .#- (P / 7. akj Wk(i-1)) akj/ak+ 
j J k 

This has a simple interpretation. Note 
that Wk(i-I ) is multiplied by the geometric mean 

of the "post-stratification" factors for the 
persons in the kth household. (In the examples 
we considered, the algorithm converges if the 
arithmetic or harmonic mean is used, but is not 
clear whether the resulting limits correspond to 
a n y  d i s t a n c e  f u n c t i o n . )  

Method f o r  D s i  The s o l u t i o n  i s  o f  t h e  form 

Wk = Sk/  (1 + ~.)~j akj ) .  
J 

s u b j e c t  to  ( 2 . 1 ) .  
An iterative s o l u t i o n  i s  

Wk(O ) = S k and )~j(O) = 0 

A 

)~j(i) = )~j(i-1) + (Pj(i-1) - Pj) 

/ (~ (akj Wk(~-I))2/S k) 
k 

Wk(i ) = S k / (1 + ~. ),,j(i) akj) 
J 

Method for D~- The solution is of the form 
u 

Wk = Sk / (~ Xkj ~kj / ~k+) 
J 

subject t o  (2.1). 
An iterative solution is 

Wk(O) = s k and )~j(O) = 1 

A 

Xj(i) = ),j(i-1) Pj(i-1) / Pj 

w k(~) =s k /  ( ~- XjC~)~kj / ~k+)  
J 

IV. ~ FROPFJ~IES OF TilE 
The constrained minimum distance methods 

give the same increase to the weights of all 
households of the same "type", defined by the 
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number o f  p e r s o n s  i n  t h e  h o u s e h o l d  i n  each  
p o s t - s t r a t i f i c a t i o n  c e l  1. 

D e f i n i t i o n :  A h o u s e h o l d  t y p e  i s  t h e  s e t  o£ 
a l l  h o u s e h o l d s  i n  t h e  p o p u l a t i o n  w i t h  a g i v e n  

v e c t o r  ( a k l  . . . . .  a k j  ) . 

For  e x a m p l e ,  t h e  h o u s e h o l d s  w i t h  t y p e  
( 2 , 0 , 0  . . . . .  O) would  be  t h o s e  composed o£ e x a c t l y  
two p e r s o n s  i n  t h e  f i r s t  c e l l .  I f  t h e r e  a r e  T 
d i f f e r e n t  t y p e s  r e p r e s e n t e d  i n  t h e  p o p u l a t i o n ,  
t he  t y p e s  w i l l  be  i n d e x e d  t = l  . . . . .  T and t h e  t y p e  
w i l l  be  i d e n t i f i e d  w i t h  i t s  i n d e x  t .  L e t  a j ( t )  

d e n o t e  t h e  number o f  p e r s o n s  i n  c e l l  j i n  a t y p e  
t h o u s e h o l d .  Note  t h a t  i f t h e r e  i s 
w i t h i n - h o u s e h o l d  u n d e r c o v e r a g e ,  a h o u s e h o l d ' s  
a p p a r e n t  t y p e  may d i f f e r  f rom i t s  a c t u a l  t y p e .  

Lemma: Suppose two sample households k and 1 
have the same type, i . e . ,  

( 4 . 1 )  a k j  = a l j  f o r  j = l  . . . . .  J. 

Then f o r  any  of  t h e  me thods  D 1 . . . . .  D 6,  

(4.~.) w k / s k = w I / s t 

Proof" (For D 1 ) Suppose that W 1 ..... W k 

minimize D 1 (W,S) subject to (2.1), but that for 

two households k and 1 of the same type, 

Wk/S k ~ w / s  1 

D e f i n e  a new s e t  o f  w e i g h t s  

V. = W. f o r  i ~ k ,  1 
1 1 

v k = Ski (w k + w 1)/(s k + s 1 ) ] 

v I = s 1[ (w k + w 1)/(s k + s 1) ] 

S i n c e  V k + V 1 = W k + W l, (4.1) i m p l i e s  that 

the weights V also satisfy (2.1). 
Simple calculus shows that the expression 

_ _ ) 2 / S ,  ( X - S k ) 9 / s  k + ( c  x s I 1 

c o n s i d e r e d  a s  a f u n c t i o n  o£ X, i s  u n i q u e l y  
m i n i m i z e d  by  

x = c  s k / ( s  k + s l ) .  

I t  f o l l o w s  t h a t  ( l e t t i n g  C = W k + Wl) 

(Vk-Sk)2  / S k + (V 1 - S1)2  / S 1 < (Wk-Sk)2 /  S k 

+ (WI-S 1 )2/S 1 

T h e r e f o r e  D I(V_,S_} < D I(w_,S_), which  

c o n t r a d i c t s  t h e  a s s u m p t i o n  t h a t  W m i n i m i z e s  
DI(W_,S ) ,  p r o v i n g  t h e  Lemma by c o n t r a d i c t i o n .  The 

p r o o f s  f o r  D 2 . . . . .  D 6 a r e  s i m i l a r .  

Theorem" L e t  W minimize Di(_W,_S ) s u b j e c t  to  

( 2 . 1 ) .  L e t  t h e  sample  be  p a r t i t i o n e d  i n t o  T 

h o u s e h o l d  t y p e s ,  and  l e t  S 1 . . . . .  S T be  t h e  t o t a l  

w e i g h t  o f  t h e  u n i t s  o£ e a c h  of  t he  T t y p e s .  L e t  

W ~ minimize D i (_W ~, S ~) subject to (2. I). 

Then for each household type t, 

(4.3) w t = y w k 
kEt 

Proof: (For DI) For any vector of T 

w e i g h t s  W ~,  s a t i s f y i n g  ( 2 . 1 ) ,  t h e r e  e x i s t s  a 

u n i q u e  v e c t o r  o f  K w e i g h t s  _W which  s a t i s f y  ( 4 . 2 )  

and ( 4 . 3 ) .  These  w e i g h t s  a r e  

(4 .4}  W k = S k W t / S t f o r  K e t .  

I t  i s  e a s y  to  s e e  t h a t  t h e s e  w e i g h t s  W s a t i s f y  

( 2 . 1 )  and t h a t  D 1 (W,S_) = D 1 (W~, /S~) .  

I n d e e d ,  

K 

~. ~ .  w k :  ~. ~. ~kjWk 
k= l  j k  t kE t  

t kEt  

= ~. a (t) (W: / St) Y- S 
t J kEt  

and 

= Y. a ( t )  ~ t J W t = P "  J 

2 
DI(_W,_S ) = ~ (W k - Sk) / S k 

k 

= Y. Y. (SkWt/S t - Sk)2 / S k 
t k6t 

c< 
t k E t  

= ~E (W~ - St)2/ S t = D 1 (W~,S ~) 
t 

Conversely, for any weights _W which satisfy 

(4.2), the weights W ~ defined by (4.3) are 

related to W by (4.4). Thus, there is a 
0 

one-to-one correspondence between weights W which 

satisfy (4.2) and weights W ~, such that 

D I(_W,S)=D I(_W ,S_ ). By the Lemma, the minimum 

over all W is the same as the minimum over all W 
which  s a t i s f y  ( 4 . 2 ) .  I t  £ o l l o w s  t h a t  t h e  w e i g h t s  
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W which minimize D I(_W._S) correspond to the 

w e i g h t s  W_* w h i c h  minimize D I(W_? S_*). 

The proofs for D 2 ..... D6 are similar. 

This result can be used to simplify the 
computations, since the number of terms is now 
equal to the number of household types rather 
than the number of sample households. 

The expression D5( ~, S~) has a specific 

interpretation in terms of maximum likelihood. 
Suppose there are T household types in the 
population. A simple random sample of size n is 
selected with replacement. Let Pt be the 

probability that a given unit is of type t, and 
let x t be the observed number of type t units in 

the sample. 
Then t h e  l o g - l i k e l i h o o d  f u n c t i o n  

L ( P l  . . . . .  PT / Xl . . . . .  XT) i s  (up  to  a c o n s t a n t )  

T 

~. x t In  ( P t / X t )  
t = l  

(N/n) x t and W t NPt Let S t = = , where Pt is the 

maximum likelihood estimator. Then maximizing 
( 4 . 5 ) ,  " s u b j e c t  t o  7. P t  = 1 and  ( 2 . 1 ) ,  i s  

e q u i v a l e n t  t o  m i n i m i z i n g  

T 
-7. St In ( 
t=l 

N 
subject to W+ = S+ and (2.1). Under these 

c o n s t r a i n t s  (4.6) is t h e  same a s  Ds(W", S"). 

Thus, the D 5 weights correspond to maximum 

likelihood estimation under simple multinomial 
sampling. Under this model, D 1 and D 3 are 

asymptotically equivalent to D 5. This model 

a s s u m e s  no s y s t e m a t i c  u n d e r c o v e r a g e  o f  
h o u s e h o l d s .  S i n c e  t h e s e  e s t i m a t o r s  a r e  o p t i m a l  
( a s  f a r  a s  m a x i m i z i n g  t h e  l i k e l i h o o d  f u n c t i o n )  
u n d e r  t h i s  mode l ,  i t  may be  e x p e c t e d  t h a t  t h e y  
w i l l  n o t  do a s  w e l l  when s y s t e m a t i c  u n d e r c o v e r a g e  
i s  p r e s e n t .  S i n c e  D 1 and  D 3 a r e  s i m i l a r  to  D 5,  

t h i s  comment may a l s o  a p p l y  to  them. 
Method D 6 s i m i l a r l y  c o r r e s p o n d s  to  maximum 

l i k e l i h o o d ,  f o r  m u l t i n o m i a l  s a m p l i n g  o f  p e r s o n s .  
L e t  P i t  be  t h e  p r o b a b i l i t y  t h a t  a g i v e n  s a m p l e d  

p e r s o n  i s  i n  c e l l  j and  i n  a h o u s e h o l d  o f  t y p e  t .  
I t  c a n  be  shown t h a t  D 6 c o r r e s p o n d s  to  t h e  

maximum l i k e l i h o o d  e s t i m a t e s  c o n s t r a i n e d  by  ( 2 . 1 )  
and  by  t h e  a s s u m p t i o n  t h a t  P l t  . . . . .  P J t  f o r  

e a c h  t y p e  t ,  f o r  a l l  c e l l s  j r e p r e s e n t e d  i n  t h a t  
h o u s e h o l d  t y p e .  

Although D S makes more sense in terms of 

the actual sample selection, D 6 may perform 

better when there is systematic undercoverage. 
An example o£ this occurs when the sample is 
subject to uniform undercoverage of all types of 

h o u s e h o l d s .  I n  t h i s  c a s e ,  e x a m p l e s  show t h a t  D 6,  

a l o n g  w i t h  D 2,  D 4,  and  t h e  p r i n c i p a l  p e r s o n  

method ,  w e i g h t  t h e  s a m p l e  to  r e p r e s e n t  t h e  
p o p u l a t i o n ' s  h o u s e h o l d  t y p e s  e x a c t l y ,  w h i l e  D 5,  
D 1, and  D 3 g i v e  t oo  l i t t l e  w e i g h t  t o  s m a l l  u n i t s  

and  too  much to  l a r g e  u n i t s .  (See  A l e x a n d e r  
( 1 9 8 6 ) ) .  

Y. A WDII~LFORCOVERA(IE 
A l t h o u g h  t h e  m e t h o d s  D 1, D 3,  o r  D 5 a r e  i n  

some s e n s e  a p p r o x i m a t e l y  o p t i m a l  when t h e r e  i s  no 
s y s t e m a t i c  u n d e r c o v e r a g e ,  t h e i r  p r o p e r t i e s  i n  t h e  
p r e s e n c e  o f  u n d e r c o v e r a g e  a r e  n o t  so c l e a r .  To 
a d d r e s s  t h i s  i s s u e ,  a model  f o r  c o v e r a g e  i s  
n e e d e d .  A g e n e r a l  model  i s  t h e  f o l l o w i n g :  

For t = 1 ..... T and s = 1 ..... T, let 

Z t = number  o f  h o u s e h o l d s  i n  t h e  p o p u l a t i o n  

w i t h  a c t u a l  t y p e  t 

Z+ = total number o£ households in the 

popu I a t i on 

K ( t , s )  = The p r o b a b i l i t y  t h a t  a t y p e  t h o u s e h o l d  
would  h a v e  a p p a r e n t  t y p e  s i f  
d e s i g n a t e d  f o r  i n t e r v i e w  

Let s = 0 correspond to a missing unit, so 
K(t,0) is the probability that a 
household type t is missed from the 
f r ame  

Note that ~Z t K(t,s) is the expected number of 
t 

households of apparent type s. 
T 

It will be assumed that 7. K(t,s) = 1, and 
s--0 

that K(t,s) = 0 if aj(s) > aj(t) for any j. 

Thus, there is assumed to be no systematic 
"overcoverage" of either persons or households. 
In practice, overcoverage of households is 
possible if errors in sampling give the same unit 
d u p l i c a t e  c h a n c e s  o f  s e l e c t i o n .  F a i l u r e  to  
i d e n t i f y  p e r s o n s  " w i t h  u s u a l  r e s i d e n c e  e l s e w h e r e "  
c an  l e a d  to  p e r s o n  o v e r c o v e r a g e .  A l t h o u g h  t h e s e  
e r r o r s  do o c c u r  to  some e x t e n t ,  t h e y  a r e  t h o u g h t  
to  be  much I e s  s common t h a n  i n s  t a n c e s  o£ 
u n d e r c o v e r a g e .  

VI. ~INATION OF THE COVERAGE PARAIqET~ 
The values Z t are estimated relatively 

accurately every ten years by the decennial 
census. The most useful data about household 
coverage from the periodic surveys are the 
"household coverage ratios" at the time o£ the 
decennial census, 

A 

C t = Z t / Z t , 

A 

where Zt is the sum of the unbiased survey 

weights of sample households of apparent type t. 
Unfortunately, a given set o£ household 

coverage ratios may be consistent with very 
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different assumptions about { K ( t , s ) } .  Two 
approaches to solving this problem will be taken. 
The first is to try a range of parametric models 

which can be estimated from Z and Z. The second 
approach incorporates additional information 
based on intermediate assumptions about various 
aspects of coverage. 

a. Estimation of a range of models based 
A 

on  Z a n d Z .  
A 

The d i s t r i b u t i o n  o f  Z i s  r e l a t e d  to  
{ K { t , s ) }  by  t h e  T e q u a t i o n s  

A 
(6.1) E(Zs) = Y. Z t K(t,s). 

t 

Thus, a parametric model for {K(t,s)} with 
at most T parameters is needed. The parameters 
can be estimated from (6.1) using least squares. 
Alternatively, maximum likelihood can be used, if 

A 
a specific distribution of Z is assumed. Our 
experience with different models is limited so 
far, but the following two models for T=8 show 
how various assumptions can be incorporated into 
estimable models. These saturated linear models 
may be estimated by solving (6.1), substituting 

A 
Zs f o r  E ( Z s ) .  

The approach will be illustrated with J=2, 
representing males and females, assuming at most 
two persons of the same sex in anhousehold. The 
household type will be described symbolically; 
for example "}iF" will denote units with one male 
and one female. (j = 1 denotes "male" and j = 2 
denotes "female".} 

Model 1: (Low h o u s e h o l d  u n d e r c o v e r a g e .  ) 

This model has eight parameters 
{ a , b , d , c , e , f , g , h )  r e l a t e d  to  { K ( t , s ) }  a s  shown i n  
T a b l e  1 

T h i s  model  a s s u m e s  t h a t  o n l y  M o r  F 
h o u s e h o l d s  may be  m i s s i n g .  No more t h a n  one 
p e r s o n  i n  a h o u s e h o l d  may be  m i s s i n g .  The 
probability that one male is missing is allowed 
to vary according to the type of household. To 
reduce the number of parameters, the probability 
that one female is missing within anhousehold is 
assumed to be constant. 

Model 2: {No within-household undercoverage). 
This model assumes K(t,s) = 0 unless t = s. 

Thus, there are eight parameters: K(t,t), for 
t=l ..... 8. 

The estimates from these two models for 
A 

illustrative values of Z and Z are shown in 
Tables 2, 3, and 4. 

b. More realistic model based on CPS Data 
(Model 3) 

An additional model was considered. Data 
for the model were derived from the 1984 CPS and 
t h e  1983 a n d  1984 CE. For  s i m p l i c i t y ,  and  
c o m p a r a b i l i t y  w i t h  a v a i l a b l e  d a t a ,  t h e  model  
r e s t r i c t e d  i t s e l f  t o  h o u s e h o l d s  w i t h  a t  most  
t h r e e  p e r s o n s .  H o u s e h o l d  c o m p o s i t i o n  was 
d e t e r m i n e d  f o r  h o u s e h o l d  s i z e  and  s e x  o f  
h o u s e h o l d  members .  

As b e f o r e ,  t h e  s u b s c r i p t  j t o o k  on o n l y  two 
v a l u e s ,  1 f o r  m a l e s  and  2 f o r  f e m a l e s .  The 

s u b s c r i p t  t t o o k  on t h e  v a l u e s  1 t h r o u g h  9,  p l u s  
a t e n t h  f o r  a h o u s e h o l d  m i s s e d  c o m p l e t e l y .  
R e s u l t s  o f  t h e  c o m p a r i s o n s  f o r  t h i s  model  a r e  
a v a i l a b l e  f rom t h e  a u t h o r s .  Numbers o f  
h o u s e h o l d s  were  d e r i v e d  f rom T a b l e  21 o f  t h e  1984 
CPS r e p o r t  on h o u s e h o l d  and  f a m i l y  
c h a r a c t e r i s t i c s .  (U .S .  B u r e a u  o f  t h e  C e n s u s ,  
1 9 ~ )  As o f  1984,  t h e r e  were  a n  e s t i m a t e d  
6 1 , 9 7 8 , 0 0 0  h o u s e h o l d s  w i t h  t h r e e  o r  f e we r  
p e r s o n s -  t h i s  f i g u r e  was u s e d  f o r  t h e  b a s e  of  t h e  
h o u s e h o l d  e s t i m a t e s  i n  t h e  mode l .  Breakdowns  o f  
numbers  o f  h o u s e h o l d s  by  s i z e  a l s o  a g r e e d  w i t h  
t h e  CPS r e p o r t -  to  t h e  e x t e n t  t h a t  t h e  r e p o r t  
does  n o t  b r e a k  down h o u s e h o l d  c o m p o s i t i o n  by  s e x ,  
a s s u m p t i o n s  were  made b a s e d  on t h e  i n f o r m a t i o n  
p r o v i d e d  i n  t h e  r e p o r t  a b o u t  m a r r i e d - c o u p l e  
f a m i l y  h o u s e h o l d s  w i t h  ma le  and  f e m a l e  h e a d s .  

The v a l u e s  d e s c r i b e d  a s  Z t i n  t h e  p r e v i o u s  

s e c t i o n  were  g r a n t e d  u n d e r  t h e s e  a s s u m p t i o n s .  
V a l u e s  o f  t h e  C . ' s  ( p e r s o n  c o v e r a g e  r a t i o s )  a r e  

J 
e s t i m a t e d  f rom w e i g h t i n g  o u t p u t  f rom t h e  1984 CE 
Q u a r t e r l y  ( I n t e r v i e w )  S u r v e y .  The f u l l  y e a r ' s  
d a t a  f rom t h i s  s u r v e y  i n d i c a t e  t h a t  t h e  c o v e r a g e  
r a t e  f o r  p e r s o n s  i s  a b o u t  90%, compared  to  
u p d a t e d  d e c e n n i a l  c e n s u s  c o u n t s  o f  t h e  number  of  
p e r s o n s  o f  e a c h  s e x .  C o v e r a g e  f o r  m a l e s  was 
somewhat lower  and  c o v e r a g e  f o r  f e m a l e s  somewhat 
h i g h e r  t h a n  t h i s  f i g u r e .  

V a l u e s  o f  K ( s , t )  were  computed  b a s e d  on t h e  
a s s u m p t i o n  t h a t  h o u s e h o l d  and  w i t h i n - h o u s e h o l d  
u n d e r c o v e r a g e  were  a b o u t  e q u a l -  i . e . ,  i f  c o v e r a g e  
o f  p e r s o n s  w i t h i n  a p a r t i c u l a r  h o u s e h o l d  t y p e  
( s a y ,  a t h r e e - p e r s o n  h o u s e h o l d )  was a s sumed  to  be  
a b o u t  90%, t h e n  a b o u t  5% of  t h e  u n d e r c o v e r a g e  was 
a s sumed  to  be  f rom c o m p l e t e l y  m i s s e d  h o u s e h o l d s  
and  t h e  o t h e r  5% of  t h e  u n d e r c o v e r a g e  was w i t h i n  
h o u s e h o l d s .  O b v i o u s l y ,  t h i s  a s s u m p t i o n  h a s  a n  
e f f e c t  on t h e  r e s u l t s -  d i f f e r e n t  a s s u m p t i o n s  c a n  
be  made and  t h e i r  r e s u l t s  a n a l y z e d .  

The within-household component of 
undercoverage was further broken down by 
subjective assumptions of how often a particular 
type of household would fail to report persons by 
sex and number. To continue the example, of the 
5% of undercoverage attibuted to persons missed 
within households of size 3, 4X of this might be 
attributed to missing one person and the 
remainder (1%) was from missing two people (on 
the assumption that a household was more likely 
to underreport one person than more). These raw 
undercoverage figures were then corrected for the 
number of persons in the household in order to 
retain the proper overall coverage ratio. 

In future work, we intend to estimate 
further models using CE or CPS and census data, 
u s i n g  a g r e a t e r  v a r i e t y  of  p e r s o n  
c h a r a c t e r i s t i c s .  C l e a r l y ,  t h e  c o m p l e x i t y  o f  t h e  
p r o b l e m  i n c r e a s e s  w i t h  t h e  number o f  p e r s o n  
c e l l s .  A r e a l i s t i c  g o a l  may be  to  i n c l u d e  two 
r a c e s ,  b o t h  s e x e s ,  and  t h r e e  a g e  c a t e g o r i e s ,  w i t h  
a l i m i t  o f  two p e r s o n s  p e r  h o u s e h o l d  i n  e a c h  
c e l l .  

V I I .  ODWPARIBON OF THE 
Each we ight ing me thod Ieads to an 

assignment of household weights W 1 ..... W K and 

corresponding total weights W 1 ..... W T for the T 

household types. Table 6 gives the weights W ~ 
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for our hypothetical example. (Here W t is the 

total weight given to units of apparent type t.) 
Four ways have been discussed for trying to 

decide which assignment of weights is the best. 
The first two ways of comparing or testing 

weighting methods do not require assumptions 
about the population parameters (K(t,s)). The 
last two require such assumptions. The fourth 
test also requires additional assumptions about 
the variables the survey is designed to measure. 

1. Compare the total estimated number of 

households W+ with the actual number of household 

Z+. For the hypothetical data used to generate 

Models 1 and 2, this comparison is shown in Table 
7. In the table, the methods are listed from 
best to worst according to this comparison. 

2. Compare the individual values W t to the 

actual values Z t. This can be done by 

(W~Z) for any of the six distance calculating D i 

measures introduced in Section III. This 
comparison is shown in Table S for all six 
difference measures. In this example, the 
rankings are the same for all the difference 
measures. 

3. Assume a given model (K(t,s)). Then 

compare ZtK(t,s ) with the weighted total W~s, 

defined to be the total weight given to sample 
units of actual type t which have apparent type 
s. This comparison may be made with any of the 
difference measures D i. This test is not 

included in the illustration. 
4. In addition to the assumptions about 

(K(t,s)), make assumptions about the distribution 
of the variable of interest to the survey, for 
example expenditures. If E(t,s) is the estimated 
mean expenditure for those households of actual 
type t which appear to have type s (using the 
unbiased survey weights), then the mean 
expenditure estimated by the constrained minimum 
distance method is 

( Y. Wts E ( t , s ) )  / Y. Wts 
s , t  s , t  

This may be compared to the actual population 
mean expenditure under the chosen assumptions 
about undercoverage and expenditures. For models 
1 and 2, the comparison under one set of 
expenditure assumptions is made in Tables 0 and 
10. 

The f o u r  ways of  t e s t i n g  the  w e i g h t i n g  
methods  have  d i f f e r e n t  s t r e n g t h s  and w e a k n e s s e s .  
The f i r s t  two t e s t s  r e q u i r e  no a s s u m p t i o n s  a b o u t  
c o v e r a g e  o r  e x p e n d i t u r e s .  I f  t he  w e i g h t s  f a i l  
t h e s e  t e s t s ,  t h e n  t h e r e  i s  a p r o b l e m  w i t h  t he  
w e i g h t s .  However,  even  i f  t he  w e i g h t s  p a s s  t h e s e  
two t e s t s ,  t h e r e  may be  h i d d e n  p r o b l e m s  b e c a u s e  
of  w i t h i n - h o u s e h o l d  u n d e r c o v e r a g e .  P a s s i n g  t h e s e  
tests means that the total weights assigned to 
units of each apparent type agrees with the 
population count of units which actually are of 
that type. There may we I 1 be impor tent 
differences between units of the same apparent 
t y p e ,  i f  t h e i r  a c t u a l  t y p e  i s  d i f f e r e n t .  The re  

may also be important differences between units 
of the same actual type with different apparent 
t y p e s ;  f a i  l u r e  to  r e p o r t  p e r s o n s  to  t h e  
i n t e r v i e w e r  may be  r e l a t e d  to  t h e  s o c i o e c o n o m i c  
c i r c u m s t a n c e s  o f  t h e  h o u s e h o l d  and to  t h e s e  
c h a r a c t e r i s t i c s  o f  t h e  p e r s o n s .  T h i s  l e a d s  to  
t he  t h i r d  t e s t ,  wh ich  r e q u i r e s  t h a t  e a c h  ( t , s )  
c o m b i n a t i o n  be c o r r e c t l y  we ighed .  

The t h i r d  t e s t  d o e s  n o t  g u a r a n t e e  t h a t  
w e i g h t e d  e x p e n d i t u r e  e s t i m a t e s  w i l l  be  a c c u r a t e .  
One p r o b l e m  i s  t h a t  m i s s i n g  u n i t s  must  be  l e f t  
ou t  o f  t h e  t e s t .  I n d e e d ,  f o r  s ample  u n i t s  o f  
a p p a r e n t  t y p e  z e r o  ( m i s s i n g  u n i t s ) ,  t h e r e  i s  no 
w e i g h t e d  t o t a l  t o  be  compared  to  Z t K ( t , O ) .  The 

second  p r o b l e m  i s  t h a t  no a d j u s t m e n t  i s  made f o r  
u n d e r r e p o r t i n g  o f  e x p e n d i t u r e s .  For  some t y p e s  
o f  e x p e n d i t u r e s ,  such  a s  c l o t h i n g  o r  p e r s o n a l  
i t e m s ,  u n d e r c o v e r a g e  o f  p e r s o n s  i s  l i k e l y  to  
imp ly  u n d e r r e p o r t i n g  o f  h o u s e h o l d  e x p e n d i t u r e s .  

(A possible solution to the first problem with 

for s ~ 0 with Test 3 is to compare each W ts, 

(7.1) Z t K(t,s) / (1 -K(t,O)). 

This in effect allocates the missing type t units 
evenly across the nonmissing type t units. This 
allocation would be reasonable if the missing 
units had similar expenditure characteristics to 
the average of all units of their actual type.) 

The fourth test goes further and examines 
the effect of the weighting on expenditure 
estimates under certain assumptions. A set of 
weights may pass this test by making compensating 
errors, for example giving too much weight to 
some units with higher-than-average expenditures 
to compensate for underreportlng of expenditures 
by some other units. Clearly, a set of weights 
which passes the test for one type of 
expenditures may fail to pass the test for other 
characteristics of interest. Since only the 
apparent type of units in the survey is known, 
the assumptions about (Z(t,s)) and (E(t,s)} are 
difficult to verify. It is necessary to seek 
weights which do well under a variety of 
plausible assumptions. 

The above comparisons were also made for 
the data from Model 3. This work used methods D 1 

and D 2. and a variant of D 4 which uses the 

a r i t h m e t i c  mean i n  p l a c e  o f  t h e  g e o m e t r i c  mean. 
In  c o m p a r i n g  t h e  " t r u e "  t o t a l  number o f  
h o u s e h o l d s  f o r  t h i s  model  ( 6 1 , 9 7 0 , 0 0 0 )  w i t h  t h e  
e s t i m a t e s  f rom t h e  v a r i o u s  m e t h o d s ,  i t  was found  
t h a t  t h e  me thods  u n i f o r m l y  o v e r e s t i m a t e d  t h e  
number o f  h o u s e h o l d s .  The p e r s o n - l e v e l  methods  
t e n d e d  to  o v e r e s t i m a t e  t o t a l  h o u s e h o l d s  more t h a n  
t he  h o u s e h o l d - l e v e l  method .  In  t h e  c a s e  o f  D1, 

t h i s  seemed to  be  due to  t h e  many l a r g e r  
h o u s e h o l d s  i n  t h e  model  which  were  r e p o r t e d  a s  
s m a l l e r  due to  u n d e r c o v e r a g e ,  which  r e s u l t s  i n  
e s t i m a t e s  o f  t h e  number o f  o n e - p e r s o n  h o u s e h o l d s  
b e i n g  g r e a t e r  t h a n  t h e  t r u e  v a l u e  even  b e f o r e  t h e  
w e i g h t s  u n d e r  t h e  d i f f e r e n t  me thods  a r e  a p p l i e d .  
In  t h e  c a s e  o f  D 2 and  D 4.  t h e  o v e r e s t i m a t e  o f  

h o u s e h o l d s  seemed to  be  due to  t h e  f a c t  t h a t  t h e  
i n i t i a l  w e i g h t s  a r e  " w e i g h t e d  up"  on t h e  b a s i s  o f  
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sex a l o n e ,  w i t h o u t  r e g a r d  to  h o u s e h o l d  s i z e .  
Such o v e r e s t i m a t e s  of  the  number of  h o u s e h o l d s  
have n o t  been  seen  i n  u s i n g  D 1 on a c t u a l  CE d a t a .  

( Z i e s c h a n g ,  1986} 
E s t i m a t e s  of  mean e x p e n d i t u r e s  f o r  model 3 

were d e r i v e d  under  two d i f f e r e n t  a s s u m p t i o n s  of  
r e p o r t i n g :  (1)  t h a t  each  h o u s e h o l d  would r e p o r t  
a c t u a l  t o t a l  e x p e n d i t u r e s  r e g a r d l e s s  of  the  
number of  p e r s o n s  mi s sed  in  t h a t  h o u s e h o l d  
( " R e p o r t e d  a s  A c t u a l " ) ;  and (2) t h a t  each  
h o u s e h o l d  would r e p o r t  e x p e n d i t u r e s  o n l y  f o r  
t h o s e  members r e p o r t e d  as  b e i n g  in  the  h o u s e h o l d  
( " R e p o r t e d  O n l y " ) .  The "Repo r t ed  a s  A c t u a l "  
a s s u m p t i o n  u n i f o r m l y  p roduced  o v e r e s t i m a t e s  of 
mean e x p e n d i t u r e s ,  p r o b a b l y  due to  the  h i g h e r  
w e i g h t s  g i v e n  l a r g e r  h o u s e h o l d s  and the  f a c t  t h a t  
t r u e  e x p e n d i t u r e s  a r e  c a r r i e d  th rough  a l l  
h o u s e h o l d  s i z e s .  The " R e p o r t e d  Only"  a s s u m p t i o n  
uniformly produced underestimates of mean 
expenditures, perhaps because the underreporting 
of persons carries through the expenditure 
reporting. The expenditure assumptions were 
based on data in U.S. Department of Labor (1986). 

VIII. SI~Y 
This paper compares six methods of 

assigning survey weights to households, 
constrained to be consistent with known counts of 
the number of persons in different person cells. 
Three of the methods (D 1, D 2, and Dd) have been 

investigated previously, and the others (D 3, D 5, 

and D6) are added in this paper to round out the 

picture. Numerical results suggest that the 
t h r e e  h o u s e h o l d - l e v e l  methods (D 1, D 3, D5) g i v e  

n e a r l y  i d e n t i c a l  r e s u l t s ,  a s  do the  t h r e e  
p e r s o n - l e v e l  methods (D 2, D 4, D6). 

S e c t i o n  IV c o n t a i n s  r e s u l t s  which may h e l p  
in  u n d e r s t a n d i n g  what the  methods a c t u a l l y  do. 
Method D 5 c o r r e s p o n d s  to  maximum l i k e l i h o o d  

e s t i m a t i o n  ( . sub jec t  to  the  c o n s t r a i n t s  on p e r s o n  
c o u n t s )  f o r  m u l t i n o m i a l  s ampl ing ,  where the  
" c e l l s "  which d e f i n e  the  m u l t i n o m i a l  random 
v a r i a b l e s  c o r r e s p o n d  to  d i f f e r e n t  h o u s e h o l d  
" t y p e s " .  A h o u s e h o l d  type  i s  d e f i n e d  by the  
number of  p e r s o n s  in  the  h o u s e h o l d  in  each  of  the  
p e r s o n  c e l l s .  Method D 6 has  a s i m i l a r  

i n t e r p r e t a t i o n  under  a n o t h e r  model f o r  the  
s ampl ing .  Thus,  i t  can be e x p e c t e d  t h a t  methods 
D 1, D 3, and D 5 w i l l  do a good job  r e d u c i n g  

v a r i a n c e  when m u l t i n o m i a l  s ampl ing  i s  a good 
model ,  i n  p a r t i c u l a r  when t h e r e  i s  no s y s t e m a t i c  
u n d e r c o v e r a g e .  However, the  methods a r e  n o t  
s p e c i f i c a l l y  s u i t e d  to  c o r r e c t i n g  f o r  s y s t e m a t i c  
u n d e r c o v e r a g e .  The r e l a t i o n s h i p  of  u n d e r c o v e r a g e  
to  D 2, D 4, and D 6 n e e d s  f u r t h e r  t h e o r e t i c a l  

s t u d y .  
A g e n e r a l  a p p r o a c h  to  e m p i r i c a l  s t u d i e s  of  

the  e f f e c t  of  s y s t e m a t i c  u n d e r c o v e r a g e  on t h e s e  
methods i s  d e s c r i b e d  in  S e c t i o n  V, VI, and VI I ,  
and i l l u s t r a t e d  w i t h  some h y p o t h e t i c a l  d a t a .  
E a c h  model p a r a m e t e r  c o r r e s p o n d s  to  the  
p r o b a b i l i t y  t h a t  a h o u s e h o l d  of  one type  (as  
d e f i n e d  above)  i s  m i s s i n g  or  a p p e a r s  to  have a 
d i f f e r e n t  t y p e .  Under v a r i o u s  a s s u m p t i o n s  abou t  
the  r e l a t i o n s h i p s  of  t h e s e  p r o b a b i l i t i e s ,  the  
p a r a m e t e r s  may be e s t i m a t e d  from d e c e n n i a l  census  

counts and weighted survey estimates for the 
household types. A simplified version of the 
present principal person method is suggested so 
that it can be included in these model-based 
empirical studies. 

To compare the various methods, it may not 
be s u f f i c i e n t  to  examine the  we igh t ed  t o t a l  
number of  h o u s e h o l d s ,  or  even the  t o t a l  we igh t  
g i v e n  to  a l l  sample h o u s e h o l d s  of d i f f e r e n t  
a p p a r e n t  t y p e s .  I t  may be n e c e s s a r y  to  make 
a s s u m p t i o n s  a b o u t  the  j o i n t  d i s t r i b u t i o n  of  
a p p a r e n t  and a c t u a l  h o u s e h o l d  t y p e s  and a b o u t  the  
d i s t r i b u t i o n  of  the  v a r i a b l e  of  i n t e r e s t ,  such as  
expenditures. (The third test in Section VII as 
modified by (7.1) may suggest a way of making 
comparisons with less detailed assumptions about 
expenditures. This requires further study.) 

Future research on CE weighting will 
investigate the use of independent estimates of 
the number of households by household size and 
possibly other characteristics. Scheuren, et al 
(1981) ,  Roman (1983) and Z i e s c h a n g  (1986) have 
d e s c r i b e d  ways of  do ing  t h i s  u s i n g  h o u s e h o l d  and 
p e r s o n  c o n t r o l s  s i m u l t a n e o u s l y .  I t  may or  may 
no t  be p o s s i b l e  to  c o n s t r u c t  such e s t i m a t e s  f o r  
the  h o u s e h o l d  t y p e s  d e s c r i b e d  in  S e c t i o n  IV. 
Depending on how the  i ndependen t  h o u s e h o l d  
e s t i m a t e s  a r e  c o n s t r u c t e d ,  the  p rob lem may be 
complicated by inconsistency between the 

independent household and person estimates. The 
coverage models of Section V can also be applied 
to evaluate the performance of these weighting 
methods under various assumptions about coverage 
and expenditures. 
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T A B L E  1 

MODEL 1: PROBABILITIES {K(t.s)} 

A p p a r e n t  Type 

Actual MMFF MMF MFF MF MM FF M F Missing 

Tv,e 

MMFF 

MMF 

MFF 

MF 

MM 

FF 

M 

F 

l-a-f f a . . . . . .  

- l-b-f - b f . . . .  

- - 1 -c-f f - c - - - 

- - - 1-d.f - - f d - 

. . . .  l-e - e - - 

. . . . .  l-f - f 

. . . . . .  g - 1-g 

. . . . . . .  h l-h 

T A B L E  2 

H Y P O T H E T I C A L  V A L U E S  F O R  Z AND Z I N  T H O U S A N D S  

o o o o o e4 
o o to o ¢0 q3 o 
to  tO ~D 0 CO ~" 01 

0 

m ~ ~ 
TYPE: MMFF MMF MFF MF MM FF M F 

Z 5 0 0 0  6 0 0 0  6 5 0 0  2 0 0 0 0  3 3 0 0  4 6 0 0  9 0 0 0  1 2 4 2 5  U~ ~ = ~: 
^ 

Z 4800 5800 6300 19000 3200 d550 8000 11800 > 05 

TABLE 3 

MODEL I: POPULATION EXPECTED VALUES FOR Z AND Z IN THOUSANDS 

Apparent Type 

Actual MMFF MMF MFF MF MM FF M F Missing Total 

5 0 0 0  

6 0 0 0  

6 5 0 0  

2 0 0 0 0  

3 3 0 0  

4 6 0 0  

9 0 0 0  

1 2 4 2 5  

MMFF 

MMF 

MFF 
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- - 6 2 4 0  1 8 2  - 7 9  - - - 

- - - 1 8 6 4 6  - - 5 5 9  7 9 5  - 

. . . .  3 0 3 3  - 2 6 8  - - 

. . . . .  4 4 7 1  - 1 2 9  - 
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4800 5800 6300 19000 3200 4550 8000 11800 3395 
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D 1 
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D 5 

TABLE 

HYPOTHETICAL EXPENDITURES BY ACTUAL x APPARENT HOUSEHOLD TYPE 

EXPENDITURES ($1000's) 

MMFF MMF MFF MF MM FF M F Missing 

MMFF 

MMF 

MFF 

MF 

MM 

FF 

M 

F 

TABLE 6 

ESTIMATES FROM THE SEVEN MODELS 

Weighted Estimates (in lO00s) based on Z. assuming P1 = 64100 and P2 = 70625 

TYPE: MMFF MMF MFF MF MM FF M F 

~: 4800 5800 6300 19000 3200 4550 8000 11820 

W N F o r  D I :  5 1 7 1  6 1 9 9  6 5 9 7  1 9 7 3 4  3 3 9 3  4 6 2 7  8 2 4 1  1 1 9 0 0  

W_ N f o r  D3 :  5 1 7 5  6 2 0 1  6 5 9 6  1 9 7 2 8  3 3 9 2  4 6 2 7  8 2 3 7  1 1 8 9 9  

W_ w f o r  D5 :  5 1 7 9  6 2 0 2  6 5 9 6  1 9 7 2 2  3 3 9 2  4 6 2 6  8 2 3 3  1 1 8 9 8  

WM f o r  D2:  5 0 2 6  6 1 1 3  6 5 5 4  1 9 8 9 5  3 4 1 6  4 6 7 1  8 5 4 1  1 2 1 1 4  

WM f o r  D4:  5 0 2 5  6 1 1 3  6 5 5 4  1 9 8 9 4  3 4 1 7  d 6 7 2  8 5 4 2  1 2 1 1 6  

W~ f o r  D6 :  5 0 2 5  6 1 1 3  6 5 5 3  1 9 8 9 3  3 4 1 7  4 6 7 2  8 5 4 3  1 2 1 1 7  

W ~ f o r  d 9 9 3  6 0 3 3  6 5 5 3  1 9 7 6 3  3 3 6 8  4 7 3 3  8 4 2 0  1 2 2 7 3  
p r i n c i a l  
p e r s o n  
m e t h o d  

A s s u m e d  Z:  5 0 0 0  6 0 0 0  6 5 0 0  2 0 0 0 0  3 3 0 0  d 6 0 0  9 0 0 0  1 2 4 2 5  _ 

TABLE 7 

COMPARISON OF TOTAL ESTIMATED NUMBER OF HOUSEHOLDS 

" A c t u a l " :  6 6 8 2 5  

D 6 : 6 6 3 3 4  

D 4 : 6 6 3 3 2  

D 2 : 6 6 3 3 0  

P r i n c .  P e r s . :  6 6 1 3 5  

D 1 : 6 5 8 6 4  

D 2 6 5 8 5 7  

D 3 : 65850 

TABLE 8 

(COMPARISON OF METHODS FOR DATA IN TABLE 2 )  

DISTANCE (DI(W ~. Z)) BETWEEN "ACTUAL" AND APPARENT DISTRIBUTION 

FOR THE SEVEN WEIGHTING METHODS 

Distance Measure 

Weighting D 1 D 2 D 3 D 4 D 5 D 6 

M e t h o d  
D 6 3 9 . 4  5 0 . 7  1 9 . 9  2 5 . 5  2 0 . 1  2 5 . 7  

3 9 . 5  5 0 . 8  1 9 . 9  2 5 . 5  2 0 . 2  2 5 . 8  

3 9 . 6  5 0 . 9  2 0 . 0  2 5 . 6  2 0 . 2  2 5 . 8  

4 7 . 8  5 7 . 1  2 4 . 3  2 8 . 9  2 4 . 7  2 9 . 4  

1 0 6 . 3  1 4 6 . 4  5 4 . 2  7 4 . 0  5 5 . 3  7 4 . 9  

1 0 7 . 6  1 4 8 . 8  5 4 . 8  7 5 . 2  5 5 . 9  7 6 . 1  

1 0 8 . 9  1 5 1 . 3  5 5 . 5  7 6 . 5  5 6 . 6  7 7 . 4  

25 20 20 20 20 20 20 20 20 

- 21 - 17 17 - 17 17 17 

- - 21 17 - 17 17 17 17 

- - - 19 - - 15 15 15 

. . . .  19 - 15 - 15 

. . . . .  19 - 15 15 

. . . . . .  I I  - 9 

. . . . . . .  11 9 

"Actual" 

Princ. Pers. 

D 6 

D 4 

D 2 

D 1 

D 3 

D 5 

TABLE I0 

WEIGHTED MEAN EXPENDITURE 

Model 1 

$ 1 7 , 0 0 2  

$ 1 7 , 6 2 4  

$ 1 7 , 6 4 1  

$ 1 7 , 6 4 1  

$ 1 7 , 6 4 2  

$ 1 7 , 7 1 8  

$ 1 7 , 7 1 9  

$ 1 7 , 7 2 0  

M o d e l  2 

$ 1 7 , 1 0 2  

$ 1 7 , 3 3 0  

$ 1 7 , 3 4 5  

$ 1 7 , 3 4 5  

$ 1 7 , 3 4 5  

$ 1 7 , 4 1 3  

$ 1 7 , 4 1 4  

$ 1 7 , 4 1 5  
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