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I. INTRODUCTiON

This paper discusses the use of a statistical

hypothesis test to investigate nonresponse bias.
The test should be most useful for mail surveys
conducted under a rigid time constraint. Mail
surveys to estimate a population preference are
often criticized because the typically Ilow
response rates have great potential for
nonresponse bias. Estimates and confidence
statements can be misleading when based only on
information from sampled individuals who give a
response. Nonresponse bias will occur if their
preferences differ from those of individuals who
fail to respond. This makes the relation between
preference and response crucial to examine. To
investigate this relation, the researcher may
utilize two kinds of measured variables:
1) variables D  for which the population
distribution is known such as demographic
information from a census or the results of a
previous election, and 2) variables S for which
the population distribution is unknown. Some of
the potential for nonresponse bias may be
alleviated by using ratio estimation to align the
sample with the known distribution of D in the
population. This method will be most effective
when D is highly correlated with both preference
and response, since in such cases D will explain
much of the preference/response association.

Procedures to weight the sample because of an
assumed correlation between preference and S
have less validity since the relationship between
S and response is unknown. This is especially
true when a rigid deadline makes multiple
mailings to resample the nonrespondents
impossible. However, we can envision an ordinal
function of S known to be correlated with
response - even if the level of that correlation is
not estimatable. A clear example of such a
function is one which measures the strength of
opinion about the issue of interest. People who
feel strongly about the issues in a survey are
more likely to register their preferences by
responding. When strength of opinion is also
related to reply on issue preference then some
nonresponse bias can be expected (see for
example, Armstrong & Overton, 1977, Baur, 1947,
Benson, 1946; Donald, 1960; and Scott, 1961).
Thus we have suggested (Pear] & Fairley, 1985)

503

using a statistical hypothesis test to find
correlation between the respondents’ strength of
opinion and preference as a check for this source
of nonresponse bias. This paper discusses some
of the properties of using one such test based on
Kendall's tau {(Kendall, 1938).

For simplicity of exposition, we begin in
sections 2 and 3 by neglecting the variables D.
Section 2 gives assumptions for the test to have
power in detecting nonresponse bias. In section
3 we show that Kendall's tau, when appropriately
scaled, gives an estimate of the size of the
nonresponse bias for a particular circumstance
regarding the strength of opinion of the
nonrespondents. Section 4 discusses the
generalizations necessary to deal with
adjustments for knowledge about D and the final
section provides some general discussion.

2. ASSUMPTIONS AND NOTATION

We assume we have survey results for a
guestion with a binary response that we will call
‘preference’ (yes/no, for/against, etc), along
with an ordinal variable we call 'strength of
opinion’ and label S. S may be a function of
several measured quantities whose population
distribution is unknown but which is known to
have a negative association with response. Here
a value of S = 1 is given to those with the
strongest opinions, presumed to be most likely to
respond, while S = J corresponds to those with
the least resolute opinions who are least likely
to respond to a survey. Thus, the results of the
poll fall ina 2 x J table:

Strength of Opinion

| 2 3 .. . Jd Total
Preference
Yes ny Ny ng ... Ny n
where ng = number of respondents in strength

category s with preference yes
mg = number of respondents in strength category

s with preference no

and ts=n5+ms,s=l,2,...,J.



We will make three probabilistic assumptions
underlying the properties of the hypothesis test
to be suggested.

Assumption |. We assume that the original
sample was a simple random sampie.

This is merely a convenience. The results
presented below can be adapted to other
probability sampling methods.

Assumption {1. The probability of response within
a strength of opinion category is constant. In
particular, the probability does not depend on
people’s preference within the category.

Assumption 11 implies P(RIYes,S=s) = P(RINo, 5=8)
or equivalently, P(Yes | R,S5=s)= P(Yes | NR,5=s),
where R and NR denote Respond and does Not
Respond, respectively.

Assumption || essentially says that strength
of opinion explains all the bias there may be.
This assumption will be relaxed in section 4
when we consider procedures which adjust for
the known distribution of some variables D.
Assumptions | and Il together allow us to assume
that, conditional on ty, tp, . . ., t; ., we have a

random sample within each strength of opinion
category. This makes finding the expected value
and distributution of the test statistic much
easier.

By assumption | we can write
B4 = Plves |S=s,R),[=P(Yes| S =s,NR)] for

s=1,. J Alsolet §=P(Yes), Bp=PlYes|R),
Byr = P(YesINR), ogg = P(S = s1R) and
OGINR = P(S=s|{NR)fors=1, . ,d

We are interested in estimating B . Define the
naive estimator of B to be:

~ _ ”~ N
B=nt = t'Sng =t7'3 tBg = Z&grbs
-] S S

/N _ ~ _
where B4 = ng/tg and xR = t/t.
This naive estimator is an unbiased estimator of

BRZ

A
EBlty,....tp) = " EMng I Ly, ..
S

Lt

s
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since assumptions | and |1 imply that
ngltg ~ Binomial (tg, B¢) . The bias of the naive

estimator is E(B) - 8 = Bp-8
= PINR)BR - BnRl

= PINRI (x| = o) B
S

We wish to know which conditions imply
Br#Bnp and hence bias in the naive estimator.

in general this is messy, but in the important
case where the B¢ 's are strictly increasing or

decreasing, it is not too hard. First we make

Assurmption lil. P(NR | S=s)/P(R | $S=s) is an
increasing function of s.

This is the key assumption in what follows. It
says that those who feel more strongly are more
likely to respond. Now,

PINR|S=8) . P(S=s|NR)I/P(NR) . “gINR/PINR)
P(R | 5=5) P(S=s | R)/P(R) g/ P(R).

S0 assumption 1l is equivalent to °‘SINR/°‘SIR
increasing in s.

3. THE HYPOTHESIS TEST
3.1 CONDITION FOR BIAS

Assumption 111 and decreasing (increasing)
B4's can imply bias (Bg = LN

Theorem ! |f 8‘2822 L2 BJ , BI>BJ and
%Y INR/ IR ¢ XINR/ IR then B > Bng -

proof: Let the random variables
Xp = Bg with probability ogp ,

XNR = Bg with probability egng, S 1, .., J

(with the obvious modification if some of the
BS’S are equal).

Since 8 Nin s, and since Assumption H1 implies

j j
2 XgNR 2 2 %gR
s=1 s=1

for 1< j<J, Xg is stochastically larger than Xyp, .



Thus BR = E(XR) > E(XNR) = BNR .
theorem applies if the 88 's are increasing.

A similar

3.2 HYPOTHESES

In view of the above discussion, and since the
alternatives have a potential for large bias, we
consider the following hypotheses:

Ho: By =8z =...5 8
versus

Hy: By 28,2...28,0rf <8,<...<8
with B] z 8 - In words, H, says preference is
constant across strength of opinion while H,

says preference and strength of opinion are
correlated.

3.3 KENDALL'S TAU

A natural statistic to use in testing H, versus
H; would be of a form which provides an
estimate of bias:

* N
bias = L=t 2(gR - osinR)Bs (1]
T s

where T is the original random sample size so
that (T-t)/T estimates P(NR) and ojyg is some

particular choice of &g|NR Satisfying z“*s&lNR =1
and assumption I11. One such choice is

* _N ) A
%gINR = %g|R ¢ z“s‘lR * Z“s‘IR )

s'<s s'¢s
=tg(1- 2/t + Ftg/t).
t 575 s¢s

It is easy to verify that these do sum to unity
and that odyg/ &g 1S increasing in's. For these

values of “;INR , [1] becomes:

7~
bias = I=tgyts to1-5 s+ 5 oy

T, U 1 (S

shs

=T—_E{ S(S NsMg' - Znsms')} = I'_L[ T ]
TU s s s's T

The T in this last expression is just Kendall's
tau statistic measuring the correlation between
repondents’ preference and strength of opinion.
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Thus Kendail's tau provides an estimate of the
size of the bias under certain assumptions about
the nonrespondents. Of course, the guality of
this estimate is unknown and we are suggesting
its use only for the hypothesis testing purpose.
In using Kendall's tau to test H, versus Hy ,

we assume conditioning on both sets of
marginals. With this conditioning, Burr (1960)
has found © to be approximately Normal under Ho

with mean O and variance
a2 = mn(t3 -3ty .
—
3t(t-1)

Under Hy, Bzvs implies E(Bglty,..t ;M s, so

that Theorem 1 impiies that the conditional

expectation of T will be positive with decreasing
B (Similarly, it will be negative for increasing

BS)' This is true since “;'NR/&”R > O(SINR/&JIR

except in the degenerate case where everyone is
in one strength of opinion category. Therefore T
should have power against the alternatives Hy .

Also, if the test concludes that nonresponse bias
is likely, then the sign of Kendall's tau indicates
the likely direction of the bias, a quantity of
interest in itself (Armstrong and Overton, 1977).

3.4 APPROXIMATE POWER OF T

The exact power of 7 is difficult to compute,
but we can get good approximations in our case
where we have large samples, at least for
alternatives near HO .

Burr (1960), states that, in the 2 x J case,

Kendall's tau is equivalent to the Mann-Whitney
statistic with ties. Thus T is asymptotically
Normal under a sequence of Pitman alternatives.
Again taking the vaiues ty,..ty nas fixed (which

also fixes &SIR and °‘gINR')’ the expected value of
T when H, is not true is:

A 2 N
Eqit(®) = t? Zoxgp - N1t (Bs)
S

*
% t2 2(&gR ~ ogINR)Bs

S

Hence a large sample estimate of the power of
Kendall's tau under alternative hypotheses close
enough to HO for the Normal approximation

(mean: Ealt , variance: O.UZ ) to be applicable is



given by

P(reject | tg, Bg fors=1,.,J)

% 1= 82y Eqt/Og) + #-Zgp Eqt/O) 2
where ¢ is the distribution function of the
standard Normal, z,,, is given by #(zy/p)= 1-9/2

and ¥ is the chosen significance level. The
accuracy of this approximation may be checked
through computer simulation.

it is interesting to examine the term k)4 /0.

that comes into our approximation to the power
of Kendall's tau. After some algebra we have

Ealt/d't: = biag* 3
J BO-B)Y/t  P(NR)

is the level of nonresponse bias
the strength of opinion
xgn  for the

where bias*
corresponding  to
distributions  &gp  and

respondents and nonrespondents respectively.
Now, JB(]-@)/ t is just the standard error that
would be reported by a researcher using the naive
estimator of population preference. For mail
surveys, where P(NR) is commonly in the range .6
to .8, we discover from [2] that Kendall's tau will
begin to detect bias about when it is of the same
order as the proclaimed sampling error. Thus,
since confidence statements about a poll's
accuracy are an important part of presenting a
poll, the test appears to detect practical as well
as statistical significance.

ADEALING WITH DEMOGRAPHIC ADJUSTMENT

The discussion of sections 2 and 3 can be
extended to cases where the researcher is able
to lessen the impact of nonresponse bias by
aligning the sample with the known population
distribution of "demographic” variables D. The
extension is easy since the bias in a
demographically adjusted estimate is just a
weighted average of the biases within each
demographic group. For concreteness suppose
this alignment is done over the values of a
categorical quantity we call D. The data then
come to us as a three-dimensional contingency
table for which we expand the notation in section
2 tolet
Ngq = number of respondents with preference yes

for whom S=s and D=4,
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Mgy = number of respondents with preference no

for whom S=s and D=d
and tSd = nsd + msd ,8=1,.,Jd=1,.K
The demographically adjusted estimator of 8§ is
then defined by

" -1 A

Bp =N ZNd B 4 where

d

Ng/N = the proportion of individuais in the

population for whom D = d and ﬁ.d = n_d/t_d with
n_d = znsd and td = ZtSd .

5 s
In order to test for nonresponse bias in the

adjusted estimator, we change assumptions I!
and i to:

Assumption 11* The probability of response is
constant within a strength of
opinion/demographic category, (s,d).

Assumption HI* eggnr/Xslgr INCreases in s for
eachd =1, .., K where oggyg = P(S=s| D=d,NR)
and og|gp = P(S=s | D=d, R).

1% gives the reasonable assumption that within
any demographic category people with stronger
opinions are more likely to respond.

Assumption H1* implies that

P(YesiD=d,5=s,R) = P(Yes|D=d,5=5,NR)

and we can denote the common value by Bsd .

This in turn implies that ﬁD is an unbiased
estimator of B for given values of tgy

s=1,.J andd=1,._ K Assumption I1* is more
realistic than assumtion H. How close it is to
true depends on the ability of the researcher to
formulate questions which isolate information
related to response.

Following section 3.1, we find that if

Big 28222 Byg. Big > Byg
and 53 ldNR/Oq ldR < (XJldNR/(XJ'dR for each d, then
Bp > Byg (with a similar result if the By 's are

increasing in s). A correlation between
preference and strength of opinion within
demographic groups results in bias. Thus, since

Br-BNrR = ZNg/NZ(ogiar = oglanR) Bsd
d 5



it is reasonable to consider tests of the
hypotheses

HOD: B1d= B?d Rl BJd for d=],...,K

versus

Hip 8192 Bpg2 -2 B)q and §4> B g
ford= ‘,m:KorB]dSBQdSmSBJd and
Bld<BJd ford=1, .. ,K

To decide between these hypotheses, we need
a test statistic which examines only that part of
the correlation between preference and strength
of opinion not explained by demographics. Quade,
1974, gives an excellent discussion of
distribution-free measures of partial correiation
which can be used to carry out this type of test.
We suggest using a statistic of the form:

Y= ZWd'C'd
d

where T4 is the Kendall's tau statistic for the
individuals in demographic group d and the wgy's
are some weights such that Wy 0, a=1,.., K

Statistics of this form have been suggested by
several authors and any such statistic will have
power against alternatives H,p . Kendall's tau

will have less power for other alternatives when
S and preference have positive correlation for
some d and negative for others. However, in such
cases the bias will also be less. To carry out a
test of this form, we would use the fact that
when Hyp is true, E(Y) = O and its variance is

given by:

m e
oy2= pwgd] Mandta - Tteg) ]
d
As before, the statistic ZD = Y/GY would

approximately foilow a standard normal
distribution under Hop When each of the tg'sis

large. One logical choice of weights, geared
toward this specific application, would take

- 2

This choice makes

A »* A
Y= SN S0 - *sianr) Bsd
dN s
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bias
nonresponse rate

which estimates Bp-8yp =

when “;IdNR is the correct proportion withS =s

in group d among the nonrespondents. By
rejecting Hyy in favor of Hyp one could

conclude that the adjusted estimate is biased.

9. DISCUSSION

This paper has shown that Kendall's tau is
relevant, natural and of practical importance in
detecting one source of nonresponse bias. It is
relevant because, under realistic assumptions,
when it detects correlation between preference
and strength of opinion, it also finds bias. It is
natural because tau is an estimate of the bias
under  certain  assumptions about  the
nonrespondents. Finally, rejecting the null
hypothesis is of practical as well as statistical
significance because the power of tau becomes
high when the bias is on the same order of
magnitude as the proclaimed standard error.

Pearl and Fairley (1985) discuss a mail poll
taken by 7he Columbus Dispatch , an Ohio
newspaper, to ascertain voter preferences a
week before the November 1983 election. In the
poll, regarding three controversial statewide
initiatives, Kendall's tau indicated strength of
opinion was significantly correlated with
respondent preferences. The Qispatch claimed
with 95% confidence that the estimates of this
poll were accurate to within +3%. The results of
section 3 show how carrying out the hypothesis
test provided evidence that this interval was too
small. indeed, the actual errors in predicting the
election were in the 10 - 15% range. It is likely
that at least some of this error was due to
nonresponse bias.

Investigators often assume that nonresponse
bias is an ignorable feature of the problem once
they have adjusted for demographics. However,
surveys with response rates as low as 25% can
be greatly biased if this assumption is violated.
A purist would then say that such surveys should
not be published at all, while a researcher
pressed for time might say that a presentation
need only make the assumption explicit. We have
suggested a compromise. Surveys can be
presented by making the less restrictive
assumption that nonresponse is ignorable once
demographics and strength of opinion have been



accounted for and if a test fails to detect bias

due to strength of opinion. But beware - many
sources of error may still exist and caution
should always be used in the interpretation of
results.
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