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INTRODUCTION 

Over the last few years) the Employment Cost Index 
(ECI) Statist ical  Staff has developed and implemented 
variance est imation methodology using replication 
techniques, These procedures measure the variability 
of the published es t imates  with respect to their current 
sample sizes, How these variance est imates  vary with 
different sample sizes is not readily obtainable using 
replication techniques, Since a variance based 
allocation scheme requires such information) a 
combination of replication and regression techniques 
will be used to approximate the variance es t imates  as a 
function with sample size as one variable, This 
function is called a generalized variance, The 
generalized variance can then be optimized with 
respect to sample size) providing the desired allocation, 
In addition to a variance based allocation procedure) 
the generalized variance can be used to es t imate  
confidence intervals without directly using the 
replication variance system, 

The ECI is a fixed weight index measuring the 
change in the total  employer cost for wages) benefits 
and total compensation (wages plus benefits). 
Quarterly and annual change measures for both wages 
and total compensation, as well as the index are 
published. This paper will only analyze annual total 
compensation change measures. Results for wages and 
benefits are similar. 

This paper will be restricted to determining a 
generalized variance for the ECI State and Local 
Government Sector. The Government sample design 
(except Hospitals and Local Governments with less than 
100 employees), is based on a two stage establishment 
sample design. The first stage is a mail survey where 
employment counts for a set of probability selected 
occupations are collected within each establishment. 
Each occupation is a broad grouping of employees such 
as professors or managers and is called an Entry Level 
Occupation (ELO). The first stage occupational 
employment counts are used to produce measures of 
size to subsample establishments and occupations in 
the second stage. Next, after matching detailed 
establishment occupations (establishment/occupation) 
into ECI ELOs the field representative subsamples 
each second stage establishment/ELO to a detailed 
occupation using current employment counts. The 
employer's cost for wage and benefits are then 
collected for each selected detailed occupation within 
the selected establishment. The collected data for an 
establishment/occupation is considered one unit in the 
ECI sample size. 

A single stage probability proportional to 
employment establishment selection procedure is 
employed in hospitals) and Local Governments with less 
than 100 employees. In this case too) the field 
representative) after the job match) 
subsamples each selected establishment/ELO into a 
more detailed occupation and collects employer's cost 
for wage and benefits. 

The paper is divided into three main sections. The 
first section discusses a generalized variance 
formula for the government sector) describes how i t  is 
estimated, and evaluates how well i t  works. The second 

section applies the generalized variance to sample 
allocation. The third section derives confidence 
intervals from the generalized variances. 

ECI GOVERNMENT SECTOR GENERALIZED 
VARIANCE MODEL 

The relative from time a to time b is defined as 

Xbi R.a b 
l - X .  ' 

a l  

where Xbi is an estimate of the total employer cost 

(cent/hr) for series i (Total Government,  
Education, etc.) at t ime b and Xai is an es t imate  of 

the total employer cost for series i at t ime a .  

Using a Taylor series f irst order approximation !/) the 

variance of R. a b can be approximated as: 
1 

V2(Ra b) _ 1 E2 (Xb i )  ~2(Xai ) (~a  b )2 
(~ai)2 + 

-2 Pabi ~a  b~(Xai)V(Xbi)-] , (1) 

where Xai is the population employer cost for series 

i at time a) 

V2(Xbi) is the variance of Xbi , 

V2(Xai) is the variance of Xai ) 

Pabi is the correlation coefficient between 

Xai and Xbi ) and 

~.a b is the population change for series i 
t 

from time a to time b. 

By replacing Xai) V--(Xbi)' V--(Xai)'-Pabi and ~ab~ with 

the corresponding sample est imates  Xai) V(Xbi)) 

V(Xai)) Pabi and R a b . i , an es t imate  of V2(R a b) ~s: 

v2(a~b) : 1 ~~ (Xai)2 (Xbi) + V2(Xai ) (Rai b )2 

b (2) 
R, a V(Xai) V(X ) A  =2p abi ~ bi 

NOTE: Pabi is computed using a replication method. 
- 

- a b and Pabi are not functions of the Since ×ai '  

sample size) the sample est imates  ×ai '  Ri a b and 

will be considered independent variables in the P~b~ 
model. Since ~l(Xbi) and V(Xai) approach zero with 
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increasing sample size, an estimate wil l  be developed 
which is a function of sample size and other variables 
not functions of sample size. 

X bi is not a function of sample size and is slowly 

increasing, but is stable across quarters. In addition, 
V(Xbi) should increase wi th larger employer costs for a 

fixed sample size. Keeping these two facts in mind, we 
propose the fol lowing model for the generalized 
standard error for a t ime t= 

6 Xti 
^ 1 (3a) 
V(Xti) = B 3 ' 

n .  
1 

which is equivalent to: 
A 

In V(Xti) = In 13 1 + B 2 In X t i - 6  3 lnni ;  

where BI, B 2 and g3 are positive unknowns to be 

estimated using least squares techniques, 

Xt i  is an estimate of the total employer 

cost for series i, at an arbi t rary t ime t, and 

n. is the responding sample size (the t 
number of establishment/occupations) 
within series i. 

Let k be an industrial s t ra tum (State Higher 
Education, Local Elementary  Schools, etc). 

Then, assuming the s t ra ta  es t imates  are 
independent,  the generalized variance for Xti is defined 
to be= 

~12(Xti)= l~ O2(Xtk), (#) 
k e i  

^2 Af ter  substituting V (Xt i)  from (#) for V2(Xti 

(2), the general ized variance for R. ab becomes" 
1 

~2( i Ra b) _ (Xai)21 ~ 2 ( X b i  ) + ~12(Xai ) (~a b)2 

NOTE: 

) in 

^ ] 
-2 l~ab i R ab ~l(Xai) V(Xbi) . (5) 

Because imputations are made 
across industrial strata, (4) is not s t r ic t ly  
correct.  However, the assumption does 
improve the overall model by improving the 
industrial stratum estimates, while only 
minimally hurting combined ceils (total 
Governments, Education, etc.). 

^ 
ESTIMATING V(Xti) 

A A 
Since (#) expresses V(Xti) in terms of V(Xtk), 

estimation of the model (3a) can be restr icted to the 
use of only industrial strata (k). The unknowns 61 , B 2 

A 

and 63 from V(X tk )mus t  be chosen to 'best' f i t  the 

replication total employer cost standar d error 
^ 

estimates. Since the log of V(Xtk) is a linear function 

of In Xtk  and In n k (see 3b), linear least squares 2/ can 

be used to find a 'best' f i t  for the log of the replicated 
standard error in terms of In Xtk and In n k. Also, since 

the replicated standard error estimates based on larger 
samples are more reliable than those based on smaller 
samples, the replicated standard error estimates based 
on larger samples should have more weight in the least 
squares estimation. This wi l l  be accomplished by 
weighting the residual sums of squares by the sample 
size used to calculate the replicated total employer 
cost standard error. 

In 6 I, 6 2 , and O3, can be estimated by using 

Government total compensation data from December 
1981 to September 1983. The estimates are given 
below. 

In B 1 = - 4 " 4 4 5  
1.31 

6 2 1 310 or V(Xtk) 0.0117 X 
= " = 0.65 

n .  

and B 3 = 0.65 l 

This model fits the data very well wi th an R-square 
of 0.98 and residuals which are reasonably uniformly 
distributed. One point to note is 13 3 being greater than 
0.5 which implies that the survey design is more 
eff ic ient than a simple random sample. ^ • 

The appropriateness of the model for V(R aD ) can 
• . ]. 

now be checked graphically uslng proportional error. 
Here (5 )w i l l  be used to compute generalized standard 
errors for all industrial annual compensation estimates 
from December  1982 to March 1983. 

Define Proportional Error to be 

tt<ti ) - ) 

) 

where 

V(R ab ti ) is the replicated standard error for the 

annual change, Raband ~ (R tb )  is the generalized ti 
standard error for the annual change R ah t i  both at 
ti~ne t. 

Graph 1 shows these Proportional Errors by sample 
size. The proportional error decreases as the sample 
size increases.  The error is small (less than 1296) when 
the sample size is above 600, indicating that  for 
industries with large employment ,  the generalized 
variance es t imates  are about as good as those from the 
replication. ~/2Ra b 

Overall ,  ( i ) works well. Sample allocation and 

confidence intervals from the model will be discussed in 
the next sections. 

OPTIMUM SAMPLE ALLOCATION 

In this section, an optimal generalized variance 
sample allocation procedure wil l  be developed. Before 
the allocation can be derived, the fol lowing must be 
determined: I) a particular variance estimate to be 
optimized, 2) a set of strata for which the optimum 
sample sizes are desired, and 3) a cost function 
describing the unit col lection cost. 
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The general ized variance es t imate  for the overall  
government  annual change will be optimized.  The 
annual change es t imate  is used instead of the index 
general ized variance to provide a more stable 
al location by quarter .  This es t imate  is more stable 
because the annual P's are more clustered than the 
continually decreasing index p's.  

Let g stand for the overall  governments.  Then since 

= r. V2(Xtk ) ~2(Xtg) k Eg 

and 

Pabg ~(Xag) ~(Xbg) : 
A ^ 

~" Pabk V(Xak) V(X bk ), 
keg 

the overall government annual change generalized 
variance can be expressed as: 

I 
V(i~a b ) :  X2 r 

tg k¢g 

^? ^ (Xbk) + V2(Xak)(Rab )2 g 

R ab^ -2 Pabk g V(Xak) ~(Xbk) (6) 

using (5), where g (for overall  governments)  replaces i 
and the t ime period a to b represents  a year. 

The s t r a t a  used for this analysis are 
Industry/ownership (k) cells described in table I. These 
are the s t ra ta  used in the survey design and, the re fore  
are the most appropriate  for this analysis. 

The cost function is 

C = C ° + I: Ckn k ,  (7) 
k 

where: C is a fixed overhead cost, 
O 

C k is the unit collection cost within stratum 
k, and 

n k is the sample size within stratum k. 

The generalized variance estimate (6) can be 
minimized with respect to the sample size, given the 

cost function (7) as a constraint -3/, using the Cauchy- 
Schwar z inquality. 

The optimum allocation yields: 

nk~(Sk/Ck)  1/(1 + 2 133) or n k~,~(Sk/Ck )0"#35 (8) 

where S k is the unit general ized variance for 

s t ra tum k (i.e., the s t ra tum generalized variance 
assuming a sample size of 1). 

2 6 2 ~ b)B2 
Sk/C k = Xtk R~ - Pabk Rabg ) 2 

+ ( R g b ) 2 ( l  - P2 k) ~ ab / C k (9) 

The allocation will be large when Sk/C k is large, i.e. 
from (9), when: 

1) Xtk is large. St ra ta  with large 

2) 

and #) 

employer employer costs have a large 
impact on the estimates and should have a 
greater portion of the sample; 

ab R k is different from R ab . St ra ta  with g 
exceedingly large increases or decreases 
have a large impact  on the es t imates ,  so 

with change (R ab ) which deviate strata 

greatly from the overall change R ab should 
I% 

g 
have a greater portion of the sample; 

2 P abk is small. Since P's for ECI are always 

positive, the Taylor Series approximation for 

the variance of R ab (see (5)), shows that the k, 
larger the P abk the smaller the variance. 

Therefore, strata with small Pabk require 
more sample. 

when the unit collection cost is small. 

One sample allocation problem with a periodic 
survey is that the estimates and the optimum 
allocations will change with each publication. 
Hopefully, the allocations will be relatively stable. To 
avoid having to choose a specific time period to 
determine the optimum allocation which may work 
poorly for other quarters, an average stratum allocation 
across the available quarters can be used to obtain the 
average optimum allocation. This allocation (see table 
l) will not be optimum for any quarter, but the 
efficiency should be very close to optimum for some 
quarters and reasonably close to optimum for the other 
quarters. 

The optimum or average optimum allocation, 
assuming equal collection costs (Ck), can be compared 

with a simple, intuit ively reasonable allocation to get 
some measure of efficiency. Allocating the sample 
proportionately to the stratum total employer cost is a 
simple allocation which should provide reasonable 
results, since the employer cost is a measure of stratum 

within the change estimate (Rab). Table 2 importance 
o 

provides these efficiencies with respect to the total 
employer cost allocation. 

The optimum allocation described in this sectio,q 
provides good results. When the employer cost is large 
or the stratum change is greatly different from the 
overall change or the correlation is relatively small or 
the unit collection cost is small, the allocation is 
increased as expected. When  compared with the 
simpler employer cost allocation, the average optimum 
allocation provides consistent gains in precision. 

CONFIDENCE INTERVALS 

This section will discuss how the generalized 
variance formula can be used to develop confidence 
intervals. The first step is to verify that our estimates 
are normally distributed. Next, three generalized 
variance estimates, dependent only on historical 
estimates from the replicated variance system, will be 
produced. The two standard deviation interval for each 
estimate about the published estimate should be an 
approximate 95% confidence interval. Finally, these 
three intervals can be compared using the proportional 
error. 
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Normali ty  0 f ECI Est imates  

To analyze the distribution of the change es t imates)  
we assume: I) the numera tor  and denominator  of the  
e s t ima te  are both normally distr ibuted with correla t ion 
correlat ion c o e f f i c i e n t  o and 2 ) t h e  mean of the  
denominator  is much larger than its s tandard error.  
(Since the es t imated  employer  costs are a weighted 
average,  the central  l imit ing theorem provides the 
rational for the first assumption. In addition, the  
overall  government  cost weight is 50 t imes larger than 
its standard error,  providing the rational for the second 
assumption, since 3 t imes is su f f i c i en t . )Us ing  these  
assumptions,  Dr. Sandra West of BLS's Office of 
Research and Evaluation derived the dens i t~ lof  the 
ratio of the numera tor  to the denominator . -"  Using 
es t imated  government  data  to e s t ima te  the parameters  
of this theore t ica l  distribution, this density can be 
compared to an appropriate  normal density. 

To make this comparison, the mean and variance of 
the theore t ica l  distribution, described above, are 
numerical ly  calculated.  The normal density with this 
mean and variance is compared to the theore t ica l  
distribution by computing the maximum absolute error  
between the distributions for a Kolmogorov tes t .  From 
the examples invest igated,  the maximum absolute error  
ranged from 0.0014 to 0.05. Using a Kolmogorov tes t  
for equali ty of distributions, it would take sample sizes 
of 1,000,000 and 600, respect ively,  to de tec t  a 0.0014 
and 0.0.5 distributional difference a t  the 95% 
confidence level.  

This indicates that  the theore t ica l  distribution 
closely approximates  a normal distribution. The largest  
differences occur when p is large (greater  than 0.99), 
in which case) the theore t ica l  distribution's tails are 
contained within the normal distribution. Therefore,  
assuming a normal distibution should be conservat ive.  

Generalized Variance Estimate 

The generalized variance estimate is a functio ~. of 
sample size) two quarters of employer cost estimates 
and the correlation between the employer costs (P). 
Sample size and employer costs are outputs from the 
estimation system and are readily available. The 
correlation coefficient is an output of the replication 
variance system and is not available during the 
production cycle. Therefore) if estimated confidence 
intervals are required prior to or concurrently with 
publication) an estimated correlation coefficient must 
be found. Using the eight quarters of ps used in this 
analysis, the minimum p ,  the median p and the mean 

p within each industrial  s t ra tum can be ca lcula ted  
and used as an es t imated  correlati_on coeff ic ient  for all 
quarters .  

From (5), since the correlat ion coeff icients  are 
always positive for the  ECI, the minimum corre la t ion 
coeff ic ient  provides the most conservat ive e s t ima te  
because the variance reduction ef fec ts  of the  
corre la t ion will be minimal.  The median correla t ion 
will provide overes t imates  half the t ime and under 
es t imates  the other half. 

The various confidence intervals  can be compared 
by computing the proportional error.  

Proportional error = 
L 

where Z is the length of general ized variance 
confidence interval ,  and; 

L is the length of repl icated variance 
confidence interval .  

Graphs 2 and 3 represent  the proportional error for 
the  annual and quarter ly compensat ion change, using 
the median p. Graphs using mininum P and average 

13 are available upon request.-3/ However,  the results 
for all three  p es t imates  are summarized below: 

All of the confidence interval  methods work 
reasonably well for annual change. The 
median 13 confidence interVal may be slightly 
bet ter  than the other intervals .  

2) Confidence intervals  for quarter ly  change do 
not work as well as annual change intervals .  
The graphs have a much larger spread. Even 
when the interval  is based on a large sample 
size, the error may still be large. To improve 
the  quarter ly  change intervals ,  be t te r  

0 estimates must be found. Estimation 
of P may be complicated by seasonal 
relationships. After a few more years) if we 
can detect seasonal relationships, i t  may be 
possible to improve the confidence intervals. 
Unti l  then only annual change generalized 
variance confidence intervals should be used. 

CONCLUSIONS 

A generalized variance model for the ECI 
government sector works very well. An optimum 
allocation based on the generalized variance can be 
derived. For a more stable allocation, the average 
optimum allocation (a simple average of the optimum 
allocations) can also be analyzed. These allocations 
provide consistent improvements in the standard errors 
as compared with the employer cost allocation (See 
table 2). 

Generalized variances can also be used to produce 
confidence intervals. They work reasonably well only 
for annual change estimates. Generalized confidence 
intervals for quarterly change estimates do not work 
well and more analysis is required to improve them. 
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TABLE 1 Average Annual Opt imum Al locat ion 
(Proportion of total sample) 

Indust r y Owners hi p Corn pens at ion 

Elem. and Sec Schools Local 0.349 
Higher Ed. State 0.089 
Higher Ed. Local 0.029 
Hospitals State 0.032 
Hos pi tal s Local 0.034 
Rest of Services State 0.073 
Rest of Services Local 0.038 
Construction State 0.047 
Construction Local 0.015 
Transport ation State 0.014 
Transportation Local 0.042 
Public Admin. State 0.024 
Public Admin. Local 0.204 
All other Industries State 0.004 
All other Industries Local 0.007 

K- 
Th is  allocation assumes the stratum col lect ion cost (C k) are equal. 

TABLE 2 

Quarter 

Al location Ef f ic iencies* 
(Percent decrease in standard error) 

Employer Cost Opt. A l l oc , * *  O p t . * *  Ave. O p t . * *  Ave . * *  
Alloc. Std. Alloc, Std. Opt. 
Std. Error Error Eff ic.  Error Eff ic.  

Dec. 82 0.0025 0.00232 6.9 0.0024 3.5 
March 83 0.0029 0.00235 11.5 0.0026 9.8 
3une 83 0.0026 0.00234 8.1 0,00237 7,2 
Sept. 83 0.0028 0.00244 11.0 0,00261 4.8 

* These ef[ iciencies are computed with respect to the Generalized 
Standard Error using the total employer cost allocation. 

** The optimum allocations assume equal s tratum ~)llection costs (C k) 
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