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I. Introduction 

The p rob lem of  op t im a l  sample  a l l oca t ion  fo r  
mul t i lmrpose  surveys  can  be v i ewed  more  gene ra l ly  
as a p rob lem in convex  p rog ramming  and, as such, 
t h e r e  a re  many  ways  to  ob ta in  a numer i ca l  solut ion.  
Huddles ton,  Claypool  and Hocking (1970) have  appl ied  
a non l inear  p r og r am m ing  m e t h o d  devised  by H a r t l e y  
and Hocking (1963) t o  this  problem,  and Kokan (1963) 
has d iscussed  some s t a n d a r d  nonl inear  p rog ramming  
t echn iques  w i th  r e s p e c t  to  op t im a l  a l loca t ion .  While 
these  and o the r ,  more  gene ra l  me thods  a re  avai lable ,  
m o s t  o f  t h e m  a re  d i f f i cu l t  to  p rog ram and 
c o m p u t a t i o n a l l y  burdensome,  and no t  al l  a re  
g u a r a n t e e d  to  converge .  In this  pape r  an a lgo r i t hm is 
p r e s e n t e d  which  is r e l a t i v e l y  s imple to  p rog ram and 
which converges  quickly,  even on smal l  compute r s .  
The p roof  is beyond  the  scope of  this  paper ,  b u t  i t  
can  be shown t h a t  t he  a lgo r i t hm is g u a r a n t e e d  to  
converge .  F i rs t ,  t he  a l l oca t ion  model  and the  
a lgo r i t hm will  be  descr ibed .  Then,  a f t e r  a discussion 
o f  var ious  issues r e l a t e d  to  the  i m p l e m e n t a t i o n  o f  the  
a lgor i thm,  an example  using d a t a  f rom an 
ag r i cu l tu r a l  survey  wil l  be  p resen ted .  

Consider  t he  case  of  s t r a t i f i e d  r andom sampl ing 
wi th  p va r i ab les  o f  i n t e re s t .  Suppose i t  is r equ i r ed  
t h a t  the  j - t h  va r iab le ,  1 <_ j <_ p, sa t i s fy  

L 
var{37j) = ~.w2S2(1_ 1 ) <_ V j. 
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Assume the  cos t  func t ion  

L L 
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Now the  p rob lem reduces  to  minimiz ing  

c = c(x) 

sub jec t  to  the  cons t r a in t s  

L 
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The discussion wil l  be  l imi t ed  to  this  a l loca t ion  
model ,  s ince Kokan (1963) shows how i t  can be 
a d a p t e d  to  cover  v i r t ua l l y  any sampl ing s i tua t ion .  

2. The a lgo r i t hm 

Consider  this  in fo rmal  a rgument :  For  f ixed  va lues  
o f  k, the  s e t  

S k = { x: Z ci = k} (3) 
x i 

fo rms  a convex hyperboloid ,  while  the  s e t  
(4) 

F =  { x : a . '  X < 1 ,1  <_j <__p} j - -  

fo rms  a convex polygon be low S k. As k increases ,  S k 
moves  downward  t o w a r d  the  upper  boundary  of  the  
feas ib le  region F and the  po in t  where  these  se ts  m e e t  
is the  op t ima l  so lu t ion  to  (1) and (2). 

For  any ILvperplane 

H = {x: a 'x  = 1} (s) 

Kokan and Khan (1967) show t h a t  H and S k a re  
t a n g e n t  (for some-su i tab le  k) a t  the  poin t  t ,  whe re  

I L = a 1)1/2/ (a 
t i (ci  " i i~1 (c i a i  ) l / 2 ) f f a i /  0 

otherwise.  

(6) 

Consider  the  a.j , j ,  j 2 =  ( a ' l  a .  . . . . .  ajL,) '  as de f ined  by 
(2). L e t  Hj = [x: aj x = I} and suppose t h a t  t j  = ( t j l ,  
t j2 ..... t jL )' is the  po in t  where  Hj  and S k a re  trangefit. 
I f  t .  e ]¢. then  as K okan and Khan (1967) show t .  is j , , , j 
t he  op t ima l  solut ion to  (I). Unfo r tuna te ly ,  this  is 
r a r e ly  the  case.  

Suppose H = {x: a ' x  = I} and t = t(H) is the  poin t  
where ,  for  some su i tab le  k, H is t a n g e n t  to  S k. The 
cos t  C(t) can be w r i t t e n  as a func t ion  of  the  
coe f f i c i en t s  ai: 

L 
c(t)= g c___! 

i=1 t i 
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= X (c i a i ) ~ (c i a i ) 
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whe re  

aj  i = i i / 
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+ N i i l  

= ~ (c ia  i) 
=1 
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For  convenience, wri te  

G(H) = C(t(H))= C(t). (8)  

The a lgor i thm begins by se lec t ing  one of  the  Hj as 
an init ial  value H(1) = {x: a(1) 'x = 1 }. For  example ,  
t ake  

14(1) =H I. 

Choose H(2) to  sa t i s fy  

(2) [ (1) 1/2 ] 
G(H )= max 0<$< 1 Y.i(ci(  a i + ( 1 - $ ) a  ) (9) 

- - 2i 

In a sense, H(2) is the  convex combinat ion of  H(1) 
and H 2 which maximizes  G. Now find H(3) by 
repea t ing  this process  wi th  H 3, replacing 
a( I ) wi th  a(2) and a2i wi th  a3i in 

i i 

fo rmula  (9). 
In general ,  t ake  H(n+l) to  sa t i s fy  

nl I n 1 G(H ) = max0 <_ S <_ 1 X (c i ( a i + (1-S) ajn i) (10) 

where  Jn = n+l (mod p). For  the  sake of  discussion, 
one i t e ra t ion  will be considered to  consist  of  
ca lcula t ing  H(1), H(2) ..... H(P). 

Denote  the  op t imal  solutions to  (1) and ,(2) by x*. 
At  the  n - t h  step,  e s t i m a t e  x* with  xtn# where  
x(n) is the  point of  con t ac t  be tween  
H(n) and SG(H(n) ). Clear ly  G(H(n+I)) > 
G(H(n)), so t h a t  SG(H(n) ) moves  downward  towards  F 
as n increases  and, consequent ly ,  x(n) approaches  x*. 
While i t  is t rue  t h a t  x(n) always v io la tes  some 
cons t ra in t ,  the  violat ions,  for  large n, will be 
negligible.  

3. Implement ing  the  Algor i thm 

The a lgor i thm converges  for  any s ta r t ing  value 
H(1), but,  intui t ively,  i t  makes  sense to  max imize  
G(H(J)), s ince the  s ta r t ing  v a l u e  x(1) should be as 
close as possible to  F. Thus take  

H(1) = H(Jo) 

where  

for  all j. 

Since 

) > G(H ) 

(n) 1/2 
gj(~) = ~i(c i(.a + (1-~)~ i )) 

is concave in ~, a d i r e c t  sea rch  can be ca r r i ed  out  for  
the  max imum on [0,1]. This was accompl ished by 
using a small  posi t ive value $ and finding 

max { g j (0)og j (~), g j (2~) ..... g j (k~) ..... gj (1)}. (11) 

This was done by s t a r t ing  wi th  g j (0) and stopping 
when 

g j (kS) > g j ((k+1)$). 

This is no t  as ine f f i c ien t  as i t  may  appear .  Even on 
problems with many cons t ra in ts  t he re  are  usually 
only two or t h r ee  which d e t e r m i n e  the  solution; t h a t  
is, mos t  of  the  cons t ra in ts  will not  be sea rched  since 
any value k > 0 resul ts  in lowering the  cost.  Also, 
the  value of  k which maximizes  gj is usually qui te  
small ,  a lmos t  a lways less than  .5. Tlius this searching 
me thod  was te s  l i t t l e  t ime  searching over  cons t ra in ts  
which a re  unnecessa ry  and usual ly will  not  expend too 
many s teps  in finding the  op t imal  k 

In o rder  fo r  convergence  to  occur,  $ m u s t  be 
d e c r e m e n t e d .  This was done a f t e r  each i t e ra t ion  by 
replacing S with  kS, where  0 <_ 7, <_ 1. If  B dec reases  
too quickly, i t  will  requi re  many s teps  to  obtain  (11). 
If i t  dec reases  too slowly, many i te ra t ions  will be 
necessa ry  to  obtain  convergence .  Init ial ly taking 
S = .05 and se t t ing  }, = .90 seems  to  work well.  

As no ted  above, x(n) a lways v io la tes  some 
cons t ra in t .  The convergence  c r i t e r ion  used was to  
requi re  t h a t  the  max imum re la t ive  cons t ra in t  
v iola t ion be no l a rge r  than c. For  example ,  ff the  
va r iance  r e q u i r e m e n t  is v j = ~ ,  then  se t t ing  a 
convergence  c r i t e r ion  of  e would mean  t h a t  
var(yj) <_ "r ( l+e)  mus t  hold for  each j. 

4. Example  

The example  is drawn f rom an agr icul tura l  survey 
done by the  Uni ted  S ta tes  D e p a r t m e n t  of  Agr icu l ture  
(USDA). Populat ion to ta l s  and s tandard  deviat ions  
w e r e  e s t i m a t e d  f rom previous d a t a  and are  given in 
Table  1. Here  the  var iance  cons t ra in t  is t h a t  all 
coef f i c ien t s  of  var ia t ion  mus t  be less than or equal to  
.08, wi th  a convergence  c r i te r ion  of  .01, thus the  
e f f e c t i v e  r e q u i r e m e n t  is t h a t  all CVs be no l a rge r  
than .0808. The a l locat ions  are  given in Table  2; 
each column corresponds to  one i te ra t ion ,  as 
descr ibed  in the  previous sect ion.  Note  t h a t  columns 
3, 4, and 5 are  the  same,  indicat ing t h a t  /3 was too 
la rge  to  re f ine  the  al locat ion.  Table  3 gives the  
ac tua l  coef f ic ien t s  of  var ia t ion  resul t ing f rom the  
a l locat ions  in Table  2. Not ice  t h a t  the  final CVs for  
all var iables  excep t  var iables  1 and 4 (ca t t l e  and 
dai ry  ca t t l e )  a re  smal le r  than .08. This indicates  t h a t  
these  are  the  "binding" cons t ra in ts  and t h a t  the  
op t imal  solution lies on the  in te r sec t ion  of  the  
cons t ra in t  hyperplanes  assoc ia ted  with  these  two 
var iables .  

The p rogram to  imp lemen t  this was wr i t t en  in 
PASCAL and run on a Zilog Sys tem 8000. I t  took 12 
seconds of  C PU t ime.  Severa l  problems of  this s ize 
(including the  one given in Huddleston,  Claypool and 
Hocking, 1970) have been  run wi th  this program,  all 
have taken  less than 30 seconds of  CPU t ime.  
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TABLE 1: SAMPLING INFORMATION FOR ILLINOIS AGRICULTURAL SURVEY (BY STRATUM). 

S t ra tum St ra tum 
Size Cost  Sil Si2 Si3 Si4 Sis Si6 Si7 Si8 Si9* 

58112 6 78 1528 543 4 80 75 27 22 59 
2390 6 51 3696 787 5 111 86 28 22 480 

87 6 68 3057 665 23 58 17 12 32 556 
2440 6 59 2381 1869 35 95 74 45 38 43 

17833 6 73 5433 3462 6 242 195 72 33 88 
2813 6 124 8600 1530 3 252 183 73 31 690 

693 6 98 4051 2264 41 211 148 65 152 111 
96 6 91 4603 527 28 256 113 78 58 804 

29415 140 99 936 529 9 58 56 14 12 188 
10031 140 21 789 367 2 46 62 24 13 158 

9664 140 13 207 72 5 67 34 23 14 38 

T O T A L  (000) 2058 105133 30427 245 11450 9354 1849 1152 6171 

*The var iables  are, respect ive ly ,  number  of  ca t t l e ,  bushels of  s tored  corn, bushels of  s tored  
soybeans, number  of  dairy ca t t l e ;  acres  of  p lan ted  corn, soybeans, wheat ,  and hay; number 
of  hogs. 

TABLE 2: SAMPLE ALLOCATION. 

ln te ra t ion  
S t ra tum 1 2 3 4 5 6 

1 2453 2197 2212 2212 2212- 2192 
2 66 75 75 75 75 75 
3 3 6 6 6 6 6 
4 78 253 248 248 248 247 
5 704 859 853 853 853 967 
6 189 176 176 176 176 177 
7 37 87 85 85 85 85 
8 5 9 9 9 9 9 
9 326 320 320 320 320 316 

10 24 26 26 26 26 26 
11 14 31 30 30 30 30 

TABLE 3: COEFFICIEINVr OF VARIATION. 

ln te ra t ion  
Variable* 1 2 3 4 5 6 

1 .0800 .0800 .0800 .0800 .0800 .0802 
2 .0483 .0457 .0458 .0458 .0458 .0445 
3 .0893 .0818 .0820 .0820 . 0 8 2 0  .0785 
4 .0955 .0795 .0799 .0799 .0799 .0800 
5 .0257 .0222 .0223 .0223 .0223 .0219 
6 .0529 .0240 .0241 .0241 .0241 .0237 
7 .0545 .0471 .0473 .0473 .0473 .0467 
8 .0548 .0471 .0473 .0473 .0473 .0471 
9 .0818 .0796 .0796 .0796 .0796 .0797 

*The var iables  are, respect ive ly ,  number  of  ca t t l e ,  bushels of s tored  
corn, bushels of  s tored  soybeans, number  of  dairy ca t t le ;  acres  of 
p lanted  corn, soybeans, wheat ,  and hay; number of  hogs. 
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