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In t roduct ion 
The model most commonly used in capture-recap- 

ture est imat ion of populat ion sizes assumes 
that  i nd iv idua ls  are missed or captured in each 
source independently of a l l  other ind iv idua ls  
in the populat ion.  However, t h i s  assumption may 
be inadequate f o r  some stud ies:  cer ta in  research 
designs would lead na tu ra l l y  to c lus te r ing  of 
misses in the enumeration of a populat ion.  This 
paper w i l l  develop a model that  w i l l  describe 
the c lus te r ing  of misses, i t  w i l l  describe biases 
inherent in the t r a d i t i o n a l  dual system est imator  
when the model invo lv ing  c lus te r ing  holds, and 
f i n a l l y ,  the paper w i l l  ou t l i ne  the use of the EM 
algor i thm to  estimate the t o t a l  populat ion 
s ize.  
Modelin 9 Misses in Each Enumeration 

The t r a d i t i o n a l  capture-recapture model 
assumes that  each person in the populat ion 
has a p r o b a b i l i t y ,  Pl ,  of being captured in 
the f i r s t  source (the census), and a p r o b a b i l i t y ,  
P2, of being captured in the second source 
(the PES), tha t  the captures are independent 
between sources, and that  captures are i n -  
dependent between ind i v idua ls  w i th in  sources 
( i . e .  no c lus te r ing  of i n d i v i d u a l s ) .  There 
has been extensive work on re lax ing the assump- 
t i on  that  captures are independent between 
sources, but the only successful treatments of 
t h i s  problem have been fo r  capture-recapture 
studies invo lv ing  three or more data sources. 
A review of the methodology fo r  mu l t i p le  sys- 
tems that  are cor re la ted can be found in 
Bishop, Fienberg, and Holland (1975). For the 
assumption that  captures are independent 
between ind iv idua ls  w i th in  sources, there has 
been r e l a t i v e l y  l i t t l e  work done on re lax ing 
t h i s  assumption. The reason is that  i f  captures 
are cor re la ted ( imply ing in t h i s  se t t ing  c lus-  
tered misses w i th in  enumerated households), 
the d i s t r i b u t i o n s  fo r  the number of misses are 
no longer b inomia l .  The binomial d i s t r i b u t i o n  
would only be appropr iate fo r  the sums of in-  
dependent Bernoul l i  events, and we've lost  the 
independence of the events i f  we al low captures 
to be c lustered w i th in  enumerated housing un i t s .  

In the model invo lv ing  c l us te r i ng ,  there are 
two capture events f o r  each source. There 
is the event of a household being captured in 
the f i r s t  source, with p r o b a b i l i t y  h l ,  and 
condi t ional  on the household being captured, 
each person in the household being captured 
with p r o b a b i l i t y  PI. For example, in the 
census a l i s t i n g  is made of a l l  housing uni ts 
on a block in an address reg i s te r ,  and then 
w i th in  each enumerated housing uni t  a roster  
is made of a l l  persons in the housing uni t  
on a census quest ionnai re .  Ei ther  the housing 
un i t  can be l e f t  o f f  the address reg is te r  
(with p r o b a b i l i t y  l - h i ) ,  or a person can 
be l e f t  of f  the census quest ionnaire (wi th 
p r o b a i l i t y  l - P l ) .  The same events can be 
described fo r  source two. The data ava i lab le  
fo r  analysis in t h i s  model are much more ex- 
tens ive and much more complex than the simple 
set of data used in the t r a d i t i o n a l  capture- 
-recapture model. The observed data can be 
expressed in a three -d imens iona l  tab le  

wi th ent r ies  m i "k as in Table 2 
The f i r s t  column and row of the tab le  are 

counts of housing uni ts  observed in only the 
f i r s t  or only the second sources respec t ive ly ,  
d i s t r i bu ted  by observed household size (0, 
i ,  2 . . . . .  with zero s i gn i f y i ng  a vacant house- 
ho ld) .  The ce l l  in the upper l e f t  corner of 
t h i s  tab le  is empty, the out - out c e l l .  This 
ce l l  represents housing uni ts  missed in both 
enumerations, and a l l  persons in the housing 
uni ts  who were missed. 

The remainder of the tab le  is three-dimen- 
s iona l ,  with ent r ies  being counts of housing 
un i ts  enumerated (captured) in both sources. 
The counts, denoted by m i~k are counts of 
households, not persons, t households d i s -  
p laying the the cha rac te r i s t i cs  denoted by 
the subscr ip ts .  The subscr ipts fo r  mi jk can be 
in terpre ted as: 

i = the number of persons who match in 
both households. 

j = the number of persons observed in the 
f i r s t  source. 

k = the number of persons observed in the 
second source. 

As an example, m022 would be the count of 
households f o r  which we observed two persons 
in the census and two persons in the PES, but 
none of the people matched between the two 
households. By imp l i ca t ion  we can say ( in the 
absence of matching er rors)  tha t  there are 
at least four  persons in each of the households 
in the m022 count, since there are at least two 
persons in each of the data sources, but none 
of the persons match. Note that  there may be 
add i t iona l  people missed by both sources, so 
we can only say that  there are at least four  
persons in each household, but there may be 
f i ve  or more persons with some unobserved. 

This impl ies that  there are a series of un- 
observed var iables that  together comprise 
the mi ik .  These would be counts of households 
of spec i f i c  s izes,  in which only some or a l l  
of the persons are enumerated at each v i s i t .  
We can denote these var iables as X i j ks ,  where 
the subscr ipts i ,  j ,  and k have the same 
meaning as in the mij k, and the subscr ipt  s 
denotes the t rue but unknown household s ize.  
The mijk are then seen to be the sum of the 
Xi jks over s, or 

oo 

: Xjjk. s (2) 
mij k s~=j+K_I 

Based on the descr ip t ion given prev ious ly ,  the 
p r o b a b i l i t y  f o r  any household of t rue size s 
being enumerated twice and having a spec i f i c  
( i , j , k )  d i s t r i b u t i o n  is :  

( s ) i j - i  k- i  s - j - k+ i  
h l  h2 (i j - i  k - i )  P l l s  Pl2s P21s P22s (3) 

where h I and h 2 are the capture p r o b a b i l i t i e s  
f o r  households in source one and source 
two respec t i ve ly ,  

the por t ion in parentheses is a combina- 
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t o r i c  descr ib ing the ways s persons can 
be captured twice or only once in e i ther  
source, and Pjks being the p robab i l i t y  
f o r  each person in a household of 
size s of being observed: 

Pl ls  is the p r o b a b i l i t y  of a person 
being observed both on source 
one and source two 

P12s is the p robab i l i t y  of a person 
being observed in source one but 
but not in source two 

P21s is the p r o b a b i l i t y  of a person 
being observed in source two 
but not in source one 

P22s is the p r o b a b i l i t y  of a person 
being missed in both sources. 

There is some evidence that  the Pjks vary over 
s from ed i t i ng  operations in the census. Large 
fami l ies  in h ighly  urban, low SES areas have 
problems in some cases def in ing exact ly  who is 
a household member at a p a r t i c u l a r  t ime. When 
several re lated fami l ies  l i ve  near each other,  
i t  may also be hard to  determine where a 
p a r t i c u l a r  person should be counted. As a 
consequence, people in these set t ings are 
more l i k e l y  to be missed in the census. How- 
ever, i t  is also t rue that  other var iables 
are l i k e l y  to be important to s t r a t i f i c a t i o n  
of the estimates and are l i k e l y  to be as 
important as household s ize.  

We can define 

Pl+s = P11s + P12s (4) 

P+ls = P11s + P21s (5) 

as the marginal p r o b a b i l i t i e s  of capture fo r  
source one and source two respec t ive ly .  I f  

PI1s = Pl+s " P+Is (6) 

the captures in the two sources are independ- 
ent condi t ional  on the households being cap- 
tured in both data sources. 

F ina l l y ,  we need to consider the d i s t r i b u -  
t i on  of households of size s. To describe 
the d i s t r i b u t i o n  of households, we have a 
parameter set R_ consis t ing of parameters 
(Ro, RI, R 2, . . . )  which are the propor- 
t ions  of households in the to ta l  populat ion 
of size zero, one, two, e t c . .  The d i s t r i b u t i o n  
of captured household sizes would then be 
mul t ip le  hypergeometric. To complete the 
model spec i f i ca t i on ,  we have a parameter NH, 
which is the t rue number of households in 
the populat ion,  and we note that  

c o  

7Rs : 1.0 (7) 
S=O 

c o  

N H ZSRs = Np (8) 
s=O 

where Np in the t rue number of people in the 
populat ion.  As an approximation, we assume 
the d i s t r i b u t i o n  of captured household sizes 
is mult inomial with the aforementioned parameters. 
The remainder of t h i s  paper evaluates the bias 
in the t r a d i t i o n a l  dual system est imator when 
the above model holds, and methods of est imat ion 
f o r  t h i s  model. 
Biases in the Trad i t iona l  Dual System Estimates 
" To evaluate the bias in the t r a d i t i o n a l  dual 

system est imates, we w i l l  take a Taylor Series 
expansion of the dual system est imator presented 
in ( I )  above, and, tak ing expected values, re ta in  
the f i r s t  order term in the expansion as an 
approximation to the t rue expected value of the 
est imat o r.  

Al l  the data that  is needed fo r  est imat ion 
is found in tab le  2 presented above in the 
mij k. To complete the notat ion star ted in the 
previous sect ion,  le t  m i be the number of 
households observed in l~)~e f i r s t  source observed 
to be of size j that  were missed in the second 
source, and m.. k be the number of households 
in the second source observed to  be of size k 
that  were missed in the f i r s t  source. Then 
using the t o t a l s  as presented in tab le  1 fo r  
dual system est imat ion,  the t o t a l s  can be 
found as : 

M : 7. imi j  k (9) 
i j k  

NI : 7' jm i j k  + ~' j m . j .  ( I0) 
i j k  j 

and N 2 = 7. kmij k + 7, km.. k ( I I )  
i jR k 

The est imator fo r  the populat ion s ize,  Np is 
given by equation ( I ) .  From the foregoinG, 
using the f i r s t  term in the Taylor Series 
Expansion, we get" 

and so 

EIN-IXN21 " E(NI)E(N2) , 

I_ M 'I = E(M) 
(12) 

E(7. Jmij k + 7 j m . j . ) E ( ~  kmij k + 7. km..k) 
E(Np) . i j k  ..... j ijW k 

- E( ~ im i j k )  
i j k  

(13) 

Wittes (1970) shows that  second and higher order 
terms in the Taylor Series Expansion are of 
order O(N -1) and can be discarded fo r  large popu- 
l a t i ons .  We can evaluate each of these terms 
by using the fac t  that  the miik are simply sums 
of the unobserved Xi~ks fo r  w~ich we know the 
d i s t r i b u t i o n s .  Star~ing with the denominator: 

E( 7 im i j k )  : 7 iE(mi jk )  : Z 7. iE (X i j ks )  
i j k  i j k  s i j k  

( s ) i j - i  k- i  s - j -k+ i  
= NHhlh 2 ~R s >7, i ( i  j - i  k - i )  PI1s P12s P21s P22s 

s i j k  
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= NH hlh2 ZRsSPlls (14) 
s 

E( z jm i j k )  : Z jE (m i j k )  : ~7. j E ( X i j k s )  
i j k  i j k  sj 

( s ) i j - i  k-i s-j-k+i 
= NHhlh 2 7.R X j ( i  j - i  k-i) Plls PI2s P21s P22s 

s s 

I- ( s ) i j - i  k-i s-j-k+i 
= NHhlh27.Rsl 7, ( j - i ) ( i  j - i  k-i)P1IsP12sP21sP22 s 

s l i jk  

( s ) i j - i  k- i  s - j - k + i  
+ 7. i ( i  j - i  k - i )  Pl is  Pl2s P21s P22s 

i j k  

= NH hlh2 ZR (sP121 + SPlls) 
s s 

= N H hlh 2 7R sPl+s (15) 
s s 

For the observed var iables m. j .  and m k there 
are corresponding under ly ing unobservable 
var iables Xjs and Xks such that  

m. j .  = 7 Xjs (16) 
J 

and 
m.. k = 7. Xks , (17) 

k 

j s - j  
with Xjs ~ (s)pl+s(l-PZ+s) (18) 

J 
k s-k 

and Xks ~ (~ )P+ is ( l -P+ is )  (19) 

Using these re la t i onsh ips ,  we get 

E(S jm. j . )  : 7 j E ( m . j . )  : ~7 jE(Xjs ) 

J 
: NHhl(1-h2) 7R s 7 j ( s ) p l + s ( l - P l + s  ) 

s j J 

= NHhl(l-h2) 7RsSPl+s 
s (2o) 

Combining (15) and (20) we get 

E( ~ jm i j  k + 7 j m . j . )  = NHh I 7RsSPl+ s 
i j k  j s 

S im i l a r l y ,  f o r  the second source we get 

(21) 

s- j  

E( ?, kmij k + 7. km.. k) = NHh 2 7;RsSP+ls 
i jk k s 

Substituting (14),(21), and (22) into (13)we 
get the approximation to the expected value 
of Np to be" 

(NHh I 7.RsSPl+s) (NHh2 XRsSP+ls) 

E(Np) " (NHhlh2 7.RsSPlls) 

(22) 

= N H 

--7'Rs sPl+s ~'Rs sP+ls ~I 

_ ZRsSPlls 
(23) 

Recall ing from (8) that  the t rue value of Np 
can be expressed as 

Np = N H ~Rss, 

i t  can be seen that  the expected value in (23) 
w i l l  not equal the t rue value except in 
p rov ident ia l  circumstances. Bias can be 
defined as" 

E(Np) - Np = N H 
-~RssPl+ s 7.RssP+is _ ~RsT[ 

_ 7'Rs%Plls _ °I 

(24)  
The d i f fe rence in brackets is the average 
perceived household size minus the t rue 
average household size (persons per household). 
A bias resu l ts  i f  the average household size 
d i f f e r s  from what is observed as a resu l t  of 
the capture process. 

Several special cases of i n te res t  can be 
examined to consider where and how biases 
can enter the est imates.  In the case where 
Pl ls  = Pl+sP+Is, independence of captures 
w i th in  households of size s fo r  a l l  s, there 
is no obvious expansion or s i m p l i f i c a t i o n  to  
determine the d i rec t i on  of the bias.  In 
f a c t ,  the bias could s t i l l  be pos i t i ve  or 
negative depending on the re la t ionsh ip  ( r e l a t i v e  
sizes) between the R$, Pl+s, and P+is a 
Another special case is hat in which I I  of 
the capture p r o b a b i l i t i e s  are equal across 
d i f f e ren t  sized households. Equation (23) 
reduces to 

E(Np) : N H r RsslP-l+.P+l_l 

I - P 1 1 . _  
(25) 

From !25) ,  the bias in N is now seen to be 
only = funct ion of co r re la t i on  bias, whereas 
in (23) biases could ar ise from co r re la t i on  
between the sources, heterogeneity among the 
capture p r o b a b i l i t i e s ,  or both. The size and 
d i rec t ion  of the bias can be determined from 
the size and d i rec t i on  of the co r re l a t i on .  
Note that  t h i s  model e x p l i c i t l y  assumes that  
household captures are independent. I f  the 
co r re la t i on  bias is pos i t i ve ,  i . e .  

Pl ls = PI+.P+I.  + a 

then (25) demonstrates that  the populat ion size 
w i l l  be underestimated. 

F ina l l y ,  the simplest model of a l l  sets 
P l l s = P l l . ,  implying t o t a l  independence between 
sources w i th i~  households. From (25) i t  can 
be seen that  N is an unbiased est imator 

P 
of Np, at least to a f i r s t  order term. This 
resu l t  says that  even though there may be 
severe c lus te r ing  of person misses, as long 
as the captures are independent between and 
wi th in  households between the two sources, 
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then the dual system estimator is s t i l l  un- 
biased. This is the same type of assumption 
current ly  used in the t r ad i t i ona l  dual system 
est imat o r. 

Three examples are presented to give an 
appreciation for  the extent of the bias 
possible in the estimates when the capture 
p robab i l i t i es  are heterogeneous, but there 
is no corre lat ion bias wi th in households 
( i . e .  Pl ls  = Pl+sP+Is). Table 2 presents 
examples which retain the same d i s t r i bu t i on  
of household sizes fo r  a l l  three examples, 
andpermutations of the capture p robab i l i t i es .  

The examples serve to show that the hetero- 
geneity can lead to an underestimate of the 
true population size or an overestimate of the 
true population size. Though the dif ferences 
look small fo r  average household size, d i f f e r -  
ences between estimates of to ta l  population 
can be quite large. For example, fo r  a state 
with about two mi l l i on  households, the t r a d i -  
t ional  dual system estimator would underestimate 
the population by about 58,000 persons. This 
could have ef fects on a l locat ions of revenue 
sharing monies, block grant funding, and other 
federal a l locat ion programs i f  d i f fe ren t  
states exhib i t  d i f fe ren t  patterns of wi thin 
household captures. 
Estimation 

The way the model is formulated, i t  lends 
i t s e l f  quite na tura l l y  to estimation of the 
parameter values using the EM algori thm. The 
EM algorithm is a two step i t e ra t i ve  algorithm 
which generates maximum l ike l ihood estimates 
of population parameters. The f i r s t  step of 
each i t e ra t ion  is used to generate expected 
values of unobserved var iables,  condit ional 
on the data actua l ly  observed. In th is  
problem, th is  would mean generating expected 
values E(Xijk |m j k ) t o  subst i tu te in place 
of the values sOTiX i ks which are never observed. 
The second step of Jeach iteration is to reesti- 
mate the population parameters using maximum 
likelihood techniques and the estimates of the 
unobserved variables from the f i r s t  step (known 
as the complete data). 

For this problem, the conditional expected 
values of the variables in the f i r s t  step of 
the (t+1) st iteration are calculated as: 

t+ l  
E(Xijks Imijk) = 

t (  s ) t i t J- i  t k- i  t s - j -k+ i  
mij k Rs(i j - i  k - i )  P11s P12s P21s P22s 

t(  s ) t i t j - i  t k-i t s-j-k+i 
7.Rs(i j - i  k-i)P11s P12s P21s P22s 
s (26) 

t t J t s- j  
m. j .  Rs(S) Pl+s ( l -Pl+s)  E(X_+Fm. t I ) : j 

js . j .  
t t J t s-j 

s) Pl+s (l-Pl+s) ~Rs(j 

(27) 

t t k t s-k 
t+~ m k Rs(S) P+Is ( l -P+Is) 

E(Xk slm..k) = "" k (28) 
7.R t t k t s-k 

s(S) P+ls (l-P+ls) 
s k 

For the second step of the i t e ra t i on ,  the 
M step, estimates of the parameter values 
are calculated as maximum l ike l ihood estimates 
of the parameters as i f  the Xi.jk s were known. 
The cal u lat ion of the MLE s araws upon th% com- 
plete data l i ke l ihood and theory already esta- 
blished fo r  the product-multinomial d i s t r i bu t i on  
(Bishop, Fienberg and Holland (1975)). To ob- 
ta in  the complete data l i ke l ihood,  we s tar t  
with equations (3),  (18), and (19), which are 
the p robab i l i t i es  of persons being captured 
or not captured wi th in captured households. 
We then recognize tha t ,  since household 
events are independent between households, 
the products iX i jksc jX i j k s ,  kXi jk 
jX js ,  and kXk~ are votal  counts ofSp~rsons- 
who have par t l cu la r  character is t ics  (e .g.  
iX i i ks  is the to ta l  number of persons matched 
in ~ household observed to have j persons in 
the f i r s t  capture, k persons in the second 
capture, and s persons actual ly  in the household). 

An i n t u i t i v e  approach to the der ivat ion 
can be seen by simply examining the quant i t ies 
being estimated. Equation (30) attempts to 
estimate Pl+s, the proport ion of cases in 
households of size s who are captured in the 
f i r s t  capture e f f o r t ,  regardless of t he i r  
status in the second capture. This can be seen 
by examination, where the numerator is the 
(estimated) number of persons captured in 
the f i r s t  sampling fo r  households of t rue size 
s, while the denominator is the to ta l  of a l l  
persons in households of size s. 

t t 
t 7. jX i j ks  + 7. jX js  

Pl+s = i j k  j 
t t 

7. sXijks + ~ sXjs 
i j k  j 

(30) 

t t 
t 7. kXijks + ~ kXks 

P+Is = i j k  
t t 

Z sXi jk l  + 7 sXjs 
i j k  k 

(31) 

t t t 
t 7 Xi jks + 7. Xjs + ~ Xk s 

R s = i j k  j 
t t t 

Xijks  + ~. Xjs + 7:. Xks 
i jks is ks 

(32) 

To estimate Pl ls we only have data avai lable 
from the Xii  k and not the row (Xjs) or 
column (Xks. S~riables involv ing only one 
capture. Yet to make f u l l  use of data in 
the tab le ,  the denominator of the ra t io  must 
use the data from the Xjs and Xks One could 
establ ish a three dimensional tabl'e which is 
only p a r t i a l l y  complete and i te ra te  to a solut ion 
for  the P l ls ,  Pl+s, and P+Is at each step 
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of the EM algor i thm, as recommended in Bishop, 
Fienberg, and Holland (1975), but th i s  is 
unnecessary. An equivalent procedure is to 
a l locate the m and m..k to var iables 
Xi jks using theJproport ions calculated in the 
previous i t e ra te  of the algor i thm. This is 
done in the same way as E(X i iks imi j  k) fo r  
var iables Yi jks and Zi j 'ks,  where Yij'ks is the set 
of variables which are the proport ional  a l locat ion  
of the calculated X s, as i f  the households 
had been observed tJwice and Zi jks bears the 
same re la t ionsh ip  to  Xks. 

Using these "raked" values, we should be 
able to estimate the values as: 

t t t 
t 7. i(Xijks + Yijks + Zijks) 

Plls : i j k  (35) 
t t t 

7, s(Xijks + Yijks + Zijks) 
ijk 

Obvious modi f icat ions can be made fo r  the 
MLE's of P11s, Pl+s, and P+ls when res t r i c t i ons  
are put on the model, e.g. independence wi th in  
households or homogeneity across household 
sizes. 

The algori thm is completed by estimating 
the to ta l  number of households using the 
t r a d i t i o n a l  dual system estimate: 

N H = l~mijk+zm.j.) lT.mijk+7,m..k)/17mijk) (36) 
" jk j " jk k ' j k  

and 
Np = N H ZsR (37) 

s s 

For models in which 

Pl ls = Pl+sP+ Is (38) 

or P11. = Pl+.P+I. (39) 

both independence models, the EM algorithm 
rapid ly  converges to a single correct solut ion 
no matter what s ta r t i ng  points are used fo r  
the algor i thm. The model described by the 
r e s t r i c t i o n  in (36) is independence wi th in  
household size groups, demonstrated ea r l i e r  
to lead to biases because of the heterogeneri ty 
of the capture p r o b a b i l i t i e s .  The interdepend- 
ence of the values Rs,Pl+s,P+l s makes i t  
impossible to d i r e c t l y  estimate the population 
size except through use of i t e r a t i v e  procedures. 
In the case of the r e s t r i c t i o n  described in 
(37) where a l l  the capture p robab i l i t i es  are 
equal fo r  a l l  household sizes, the EM algorithm 
and the t r a d i t i o n a l  dual system estimator both 
give unbiased estimates of the population 
size. 

Unfor tunate ly ,  estimates are not so easi ly  
obtained fo r  the f u l l  model involv ing no 
res t r i c t i ons  on the P l l s ,  or the reduced model 
where 

Pl ls = P l I .  f ° r  a l l  s. (40) 

When the r e s t r i c t i o n  of independence is removed 
from the model, there is too much indeterminancy 
in the model fo r  there to be a single so lu t ion .  
The EM algorithm always converges, but to 
d i f f e ren t  sets of f i na l  parameter values fo r  
d i f f e ren t  s ta r t ing  points .  Another way of look- 
ing at the convergence of the EM algorithm is 
that  there is a ridge in the l i ke l ihood of equal- 
ly l i k e l y  points that  sa t i s f y  the algor i thm. 
The r e s t r i c t i o n  of independence serves to 
i den t i f y  a single point on the r idge. 
Conclusions and Future Research 

The t r a d i t i o n a l  dual system estimator does 
well under a c lus ter ing model at estimating 
the to ta l  population size i f  a l l  of the assump- 
t ions about independence hold and capture 
probabi l i tes  are homogeneous across household 
size categories. I f  person misses are clustered 
wi th in households and wi th in household capture 
rates d i f f e r  by households s ize,  the t r ad i t i ona l  
dual system estimates can be biased and a bet ter  
(unbiased) estimate can be produced using the 
EM algor i thm. Models which allow corre la t ions 
between wi th in household misses show that 
the t r ad i t i ona l  dual system estimator is biased, 
but the parameters in these models are not 
est imable. 

The model developed above does not allow for  
var ia t ion in the capture p robab i l i t i es  between 
demographic or geographic subgroups. This can 
be an especia l ly  d i f f i c u l t  problem because 
persons with d i f f e r i n g  charac te r i s t i cs  can be 
in the same household, and one i f  forced to model 
the d i s t r i bu t i on  of these person charac ter is t i cs  
fo r  each housing uni t  of a pa r t i cu la r  size. This 
should be the next step attempted in developing 
a comprehensive model. 
Acknowledgement S 

The authors wish to thank Gary Chase, Bob Fay, 
Dan Horvi tz,  and Ken Pollock fo r  suggestions 
and examples presented in th i s  paper. 
Bibl iography 

Wittes, Janet T. (1970) Estimation of Popula- 
t ion  Size" The Bernoul l i  Census. Unpublished 
Ph.D. d i sse r ta t i on ,  Harvard Un ivers i ty .  

Bishop, Yvonne M., Stephen E. Fienberg, and 
Paul W. Holland (1975) Discrete Mu l t i va r ia te  
Analysis. The MIT Press, Cambridge, Mass. 

Seber, G.A.F (1982) The Estimation of Animal 
Abundance, MacMillen Publishing Co., Inc. New 
York N.Y'. 

Hook, Ernest B., Susan G. Albright, and 
Philip K. Cross (1980) "Use of Bernoulli Census 
and Log-Linear Methods for Estimating the Preval- 
ence of Spina Bifida in Livebirths and the Com- 
pleteness of Vital Record Reports in New York 
State," American Journal of Epidemiology, ll2, 
pp. 750-758. 

Hook, Ernest B. and Regal, Ronald R. (1982) 
"Va l i d i t y  of Bernoull i  Census, Log-Linear, and 
Truncated Binomial Models fo r  Correcting fo r  
Underestimates in Prevalence Studies," American 
Journal of Epidemiology, 116, pp. 168-176. 

S ta t i s t i ca l  Pol icy Working Paper I" Report 
on S ta t i s t i c s  fo r  Al locat ions of Funds. U.S. 
Department of Commerce, Off ice of Federal S ta t i s -  
t i c a l  Policy and Standards, Washington D.C. 1978. 

465 



Table I" Observed Data For Household/Person Population Estimates 

F i rs t  Source 

Housin 9 • Out In 

I Out 

i 

I 
In 

Persons 

{m. .k  } 

0 1 2 3 4 5 

{ m . j .  } 

{m i j k  } 

Table 2" 

Household 
size (~ 

Examples of Bias in Tradi t ional  Dual System Estimation When Person 
Misses are Clustered by Household and Within Household 

Captures are Independent 

e set I Set 2 Set 3 
s pl+s p+ls p1+s p+ls pl+s p+ is 

0 .05 
1 .15 
2 .20 
3 .15 
4 .13 
5 .10 
6 .07 
7 .06 
8 .04 
9 .03 

i0 .01 
i i +  .01 

.98 .98 .98 .68 .68 .68 

.95 .95 .95 .71 .71 .71 

.92 .92 .92 .74 .74 .74 

.89 .89 .89 .77 .77 .77 

.86 .86 .86 .80 .80 .80 

.83 ,83 .83 .83 .83 .83 

.80 .80 .80 ,86 .86 .86 

.77 .77 .77 .89 .89 .89 

.74 .74 .74 .92 .92 .92 

.71 .71 .71 .95 .95 .95 

.68 .68 .68 .98 .98 .98 

I ZOs sPl+s SOssP+Is I 

I _ XOsSPl+sP+ls 
= 3.631 3.691 3.628 

~:%s = 3.660 3.660 3.660 

Relative Bias 
( l i ne  1 / l ine  2) 

99.2% 100.9% 99.1% 
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