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Int roduct ion 
The topic of overlapping or mul t ip le  frames 

in sample surveys has been invest igated by 
Hartley (1962, 1974), R. Cochran (1967), Ful ler  
and Burmeister (1972), Lund (1968) and Al i  
(1967). In these invest igat ions the object ive 
was to make inference to the union of two or 
more overlapping frames under the assumption that 
one frame by i t s e l f  does not cover the ent i re  
inference population of in te res t .  D i f fe rent  
estimators were proposed under various assump- 
t ions whether domain and frame sizes are known 
or unknown. 

This research u t i l i z e s  the previous work to 
address a somewhat d i f f e ren t  problem, that of 
making inference to each of two d i f f e ren t  popu- 
la t ions when the two sampling frames overlap. 
One sampling plan is to conduct two separate 
sample surveys, one for  each sampling frame, 
ignoring the fac t  that  the in tersect ion  of the 
two frames is nonempty. However, by recognizing 
the overlap new sampling plans and corresponding 
estimators can be developed such that the same 
or bet ter  precision is obtained for  the two 
point estimates of in te res t  at a cost not exceed- 
ing that  of conducting two separate sample 
surveys. This procedure is cal led integrated 
mul t ip le frame sampling, since the two separate 
sample surveys are integrated into one survey. 

Example 
The federal government mandates per iodic 

qua l i t y  control checks to determine what percen- 
tage of AFDC rec ip ients and what percentage of 
Food Stamp (FS) rec ip ients have an error  ~over- 
payment) in the i r  monthly benef i t  payment. 
Or ig ina l l y  each agency conducted i t s  own sample 
survey using i t s  own frame of benef i t  rec ip ients .  
When a rec ip ien t  was selected into e i ther  
sample, an extensive invest igat ion was under- 
taken of the rec ip ien t ' s  income sources, with 
the information col lected by AFDC s imi la r  to 
that col lected by FNS (Food Nut r i t ion  Service). 
Prel iminary data from Georgia indicated that i t  
took 6.2 hours to co l l ec t  data for  a FS rec ip i -  
ent, 7.3 hours for  an AFDC rec ip ien t ,  and 9.4 
hours to co l l ec t  both AFDC and FS information 
for  a rec ip ien t  receiving both benef i ts .  Thus, 
i f  a rec ip ien t  benefi ts from both programs, a 
combined AFDC/FNS data co l lec t ion  e f f o r t  could 
be done in less time than two separate inves t i -  
gations on the same person. This reduces res- 
pondent burden as well as reducing cost of the 
surveys and/or increasing precis ion.  In Georgia 
in 1981 there were about 230,000 FS rec ip ients  
and about 90,000 AFDC rec ip ients ,  with the 
in tersec t ion  of these two frames containing 
about 69,000 rec ip ients .  Thus, 77% of the AFDC 
recip ients also received Food Stamps and 30% of 
the FS rec ip ients  also received AFDC. With such 
a substant ial  overlap, i t  is reasonable to 
expect that  an integrated survey would y ie ld  
greater precision and/or reduced cost. 

Assumptions 
Let A and B denote two sampling frames with 

a nonempty in tersec t ion  as shown in Figure I .  

Figure 1 

N a and N~ are the sizes of frames A and B, res- 
p~'ctively. Frames A and B form three nonempty 
mutually exclusive and exhaustive domains a, ab, 
and b of sizes N a, Nab and N b, respect ively.  

Thus, a contains units that can be measured only 
on a t t r i bu te  A, b can be measured only on a t t r i -  
bute B and ab can be measured on both a t t r i bu tes  
A and B. 

This paper assumes that a l l  frame and domain 
sizes are known. Further, i t  is assumed that  
sampling can be done from each of the three 
domains a, b, and ab. (Work in process considers 
other s i tuat ions where the three domains cannot 
be s t r a t i f i e d  and/or where domain sizes are not 
known. ) 

Two Separate Surveys 
Under the assumptions above, and assuming that 

the reciprocals of the three stratum sizes are 
neg l ig ib le ,  the best sampling plan for  frame A 
alone is s t r a t i f i e d  random sampling (with s t rata 
a and ab) using Neyman a l loca t ion .  A s im i la r  
statement holds for  frame B with st rata b and ab. 
Thus, the integrated methods developed in this 
paper w i l l  be compared to two independent s t r a t i -  
f ied random samples based on Neyman a l locat ion 
with f ixed cost functions given by 

C A = cAn A and C B = cBn B ( I )  

where C A and C B are the to ta l  survey budgets for  

survey A and B; c A and c B are the costs of 

co l lec t ing  information on units sampled from 
frame A and frame B; and n A and n B are the to ta l  

sample sizes for  frames A and B. 
The point estimate for  the mean of a t t r i bu te  

A in frame A is 

YAst = WaYa + WAabYAab (2) 
with variance 

V(YAst) = W2a Sa( l - fa) /na+ W2am SAab2 x 

( l , fAab)/nAa b (3) 

where 

Wa = Na/NA" WAab = Nab/NA; fa = na/Na" fAab = 
n a 

nAab/Nab ; Ya = ~' Yi/na for  YiEa; and 
i - l  

nAab 
YAab = ~ Yi/nAab for  Yi eab (4) 

i=l 

Further, S~ is the stratum variance for  domain 

a and S2ab is the stratum variance with respect 
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to a t t r i bu te  A in domain ab. The point  estimate 

and i t s  variance V(YBs t) are defined YBst 
analogously. 

Integra ted Survey 
As an a l te rna t i ve  to select ing two indepen- 

dent s t r a t i f i e d  samples based on Neyman a l loca-  
t ion,  consider the fo l lowing algori thm for  an 
integrated survey. 
Step I" Determine n a and n b as i f  two indepen- 

dent s t r a t i f i e d  samples with Neyman 
a l loca t ion  are to be taken using the 
fo l lowing Neyman formula: 

na = CANaSa/CA(NaSa + NabSAab) (5) 

n b = CBNbSb/C B(Nbs b + NabSBa b) (6) 

Step 2: Define 

mAa b = (CA-cAna)/CAa b (7) 

mBa b = (CB-CBnb)/CBa b (8) 

where CAa b = CA(l+kA), k A >__ 0 (9) 

and CBa b = CB(l-kb), k B >__0 (I0) 

In equations (9) and ( I0 ) ,  CAa b is the cost 

of select ing a un i t  from stratum ab when 
sampling with respect to frame A as i f  two inde- 
pendent samples are to be drawn and then 
measuring the variable of i n te res t  from both 
frame A and frame B. k A is the proport ionate 

increase over c A in co l lec t ing  information about 

units from both frames. CBa b and k B are defined 

in an analogous manner. Most l i k e l y  CAa b w i l l  

equal CBa b even though k A and k B are unequal; 

however, equal i ty  of CAa b and CBa b is not 
assumed here. 
Step 3" Select a sample of size n a from stratum 

a, a sample of size n b from stratum b, 

and a sample of size (mAab+mBab) from 
stratum ab, remembering to measure the 
variables of in teres t  from both frame 
A and frame B. 

Note that  th is  scheme uses the tota l  budget 
of the two separate surveys in the de f i n i t i on  of 
the sample sizes for  the overlap domain ab in 
(7) and (8).  Using th is  algori thm to determine 
sample sizes, the point estimate for  the popula- 
t ion mean for  the a t t r i bu te  of in te res t  from 
frame A is given by: 

and 

YlAst = WaYa + WAabYlAab 

with variance 

V(~iast) = W 2 2( l_fa + W 2 S 2 a Sa )/na Aab Aab 

( 1 - flAab ) / (mAab+mBa b) 

( l l )  

(12) 

The point estimate YlBst and i ts  variance 

V(YlBst) are defined analogousiy. ~'IAab and 

YlBab are the sample means from stratum ab for  

the a t t r i bu te  of in te res t  from frame A and frame 
B, respect ive ly ,  each based on (mAa b + mBa b) 
uni ts .  
Theorem I" a.) V{YlAs t) < V(YAst) i f f  

Proof" 

(mAa b + mBa b) 3_ nAa b (13) 

b.) V(YlBs t) <__ V(YBst) i f f  

(mAa b + mBa b) >__nBa b (14) 

Can be shown by comparing the variance 
formulae to each other. 

Corol lary I" a.) V(YlAs t) <_V(YAs t) i f f  

nBab/(l+k B) 3_ kAnAab/(l+k A) (15) 

b.) V(YiBs t)  <__ V(YBs t) i f f  

nAab/(l+k A) 3_ kBnNab/(l+k B) (16) 

Proof" Subst i tute (7) and (8) and the 
calculated values of nAa b and nBa b 

from Neyman a l locat ion into (13) and 
(14). 

Theorem 2- Let CAa b = k CBa b where k>O. I f  

kAk B <__ 1 then V(YlAst) <__ V(YAs t) and 

V(YlBst) <__ V(YBs t)  i f f  

kAC A <_ nBa b < c A (17) 

kCB kBC k nAab B 

Proof" Use coro l la ry  1. 
Thus, theorem 2 can be used to determine i f  an 

integrated survey w i l l  give greater precision 
than two separate surveys at the same cost. For 
example, l e t  A and B be the FS and AFDC frames, 
respect ive ly .  Ear l ie r  we noted that NA=230,O00; 

NB=90,O00; Na=161,O00; Nb=21,O00; Nab=69,000; 

CA=6.2, CB=7.3, and CAab=CBab=9.4 (or k = I ) .  
Each agency's survey cost is f ixed by a federal 
mandate that n A = n B = 1200, resu l t ing  in 

CA=7440 hours and CB=8760 hours. Past experience 

indicates that  S 2 - 0.166 and S 2 - 214 for  a ab " 
frame A and S .096 and S ab .104 for  frame B. 

Using two independent surveys y ie lds V(YAst )= 

.000150 and V(YBst) = .000085. Using (9) and 

( I0 ) ,  k A = .52 and k B = .29. Since kAk B <__ I ,  
kAC A n 

and since 0.44 = < Bab _ 
c B nAa b 

c A 928 < 2.367 < = 2.93, 
392 kBC B 
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a gain in precision is guaranteed for the 
integrated survey, y ie ld ing 

V(Ylast) = .000121 and V(YlBs t) = .000082. The 
percentage of re la t ive  reduction in variance at 
equal cost is 19.3% for  frame A and 3.5% for 
frame B. 

Modified Integrated Survey 
Consider the example above with k A and k B now 

assuming the hypothetical values of 0.74 and 
0.48. With k = I ,  CA/kBCB = 1.76 and kACA/C B = 

0.65. Hence with nBab/nAa b = 2.367, inequal i ty  

(17) f a i l s  to hold. With these new values of 
k A and k B, mAa b and mBa b can be calculated and 

mAa b + mBa b = 853. Thus, with nAa b = 392 and 
= 928, i t  is easy to see that when sampling nBab 

with respect to frame A, the integrated plan 
yields a sample size substant ia l ly  larger for  
stratum ab than that of the s t r a t i f i e d  sample 
using Neyman a l locat ion.  On the other hand, 
when sampling with respect to frame B, the over- 
lap stratum is "undersampled" when using the 
integrated plan as opposed to that of the 
s t r a t i f i e d  sample using Neyman a l locat ion.  In 
this event, a modif icat ion to the integrated 
plan may be made in which not al l  of the 
(mAa b + mBa b) = 853 units from stratum ab are 
used to measure both variables. Since only 392 
units are needed for the variable of in terest  
from frame A, the savings in measuring both 
variables on 392 units instead of 853 units may 
allow the sampler enough resources to sample the 
addit ional needed units from stratum ab for  the 
variable of in terest  with respect to frame B. 

Thus, consider the fol lowing algorithm" 
Step I- Compute a l l  values of n a, n b, nAa b, 

and nBa b as i f  two independent s t r a t i -  

f ied samples based on Neyman al locat ion 
are to be taken. 

2- Set m = min ~'nAa b, nBab" ~_ (18) Step 
l 

and define m as 

m'= max ~nAa b, mBab~-m (19) 
Step 3" Select (m + m ) units from stratum ab 

in which for  m of these units both 
I 

variables are measured and for  m units 
only measure the variable of in terest  
from the "undersampled" frame. To 
ensure al l  units in the ab stratum are 
selected with equal p robab i l i t y ,  

m I select (m + ) units with a single 
random sample and then select a subset 

I 

at random of size m from these (m + m ) 
units.  

With the above modified algorithm, the point 
estimate for  the population mean for the 
variable of in teres t  from frame A is given by" 

~W + WAa b 'A, I b l  aYa YM b i f  m = nAa 

YMAst . . . .  (20) 
- i f m nBab~ ~WaY a + WAa b YMAab 

with variance" 

~W2S2(l_fa ) 2 ' ml  a a /na + WAab S2ab ( l - f  ab)/ 

V(YMAst )=II i f  m = nAa b i i  
~2S2(l_fa) 2 b ~  a /na + WAab S~ab (I fMAa 

L , 
(m + m ) i f  m = nBa b 

_I "-(21) 
where YMAab is the sample mean for stratum ab 

computed from the m units in which the variable 
of in terest  from frame A was measured and 

I l 

y . .  , is the sample mean for stratum ab computed 
f ~ D t h e  (m + m') units in which the variable 
of in teres t  from frame A was measured. 

I 

fMAab is the sampling f ract ion based on m units 
and f~l MBst is the sampling f ract ion based on 

(m + m') units from stratum ab. The estimate 

YMBst and i t s  va r i ance  V(YMBst) are  def ined  

analogously. 
Theorem 3" The precision of the estimated popu- 

lat ion means under the modified 
integrated sampling plan w i l l  always 
be greater than or equal to the 
precision of two independent 
s t r a t i f i e d  samples based on Neyman 
al locat ion i f f  

m' >_ nAa b - nBa b (22) 

Proof" can be shown by comparing variance 
formulae to each other. 

As an example, consider the hypothetical 
values of .74 and .48 for ~A an~ k B with k = I .  
Using the previous values r t is FS/AFDC 
example and the modified integrated survey 
y ie lds m = 392 and InAa b - nBabl = 1392 - 9281 = 

I 

536. Thus, using m = 392 and m = 536 there 
is a total  reduction of 1608 case worker hours 
over two independent s t r a t i f i e d  samples based 
on Neyman a l locat ion.  

Conclusion 
Under certain condit ions, i t  is shown that 

integrat ing two simultaneous independent sample 
surveys into a single integrated sample survey 
can resul t  in greater precision at the same cost 
or equivalent precision at reduced cost. The 
sample sizes for  the par t icu lar  integrated 
schemes are defined in terms of cost and 
variance parameters of the two separate surveys. 
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