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Introduction

The topic of overlapping or multiple frames
in sample surveys has been investigated by
Hartley (1962, 1974), R. Cochran (1967), Fuller
and Burmeister (1972), Lund (1968) and ATi
(1967). In these investigations the objective
was to make inference to the union of two or
more overlapping frames under the assumption that
one frame by itself does not cover the entire
inference population of interest. Different
estimators were proposed under various assump-
tions whether domain and frame sizes are known
or unknown.

This research utilizes the previous work to
address a somewhat different problem, that of
making inference to each of two different popu-
lations when the two sampling frames overlap.
One sampling plan is to conduct two separate
sample surveys, one for each sampling frame,
ignoring the fact that the intersection of the
two frames is nonempty. However, by recognizing
the overlap new sampiing plans and corresponding
estimators can be developed such that the same
or better precision is obtained for the two
point estimates of interest at a cost not exceed-
ing that of conducting two separate sample
surveys. This procedure is called integrated
multiple frame sampling, since the two separate
sample surveys are integrated into one survey.

Example

The federal government mandates periodic
quality control checks to determine what percen-
tage of AFDC recipients and what percentage of
Food Stamp (FS) recipients have an error ?over-
payment) in their monthly benefit payment.
Originally each agency conducted its own sample
survey using its own frame of benefit recipients.
When a recipient was selected into either
sample, an extensive investigation was under-
taken of the recipient's income sources, with
the information collected by AFDC similar to
that collected by FNS (Food Nutrition Service).
Preliminary data from Georgia indicated that it
took 6.2 hours to collect data for a FS recipi-
ent, 7.3 hours for an AFDC recipient, and 9.4
hours to collect both AFDC and FS information
for a recipient receiving both benefits. Thus,
if a recipient benefits from both programs, a
combined AFDC/FNS data collection effort could
be done in less time than two separate investi-
gations on the same person. This reduces res-
pondent burden as well as reducing cost of the
surveys and/or increasing precision. In Georgia
in 1981 there were about 230,000 FS recipients
and about 90,000 AFDC recipients, with the
intersection of these two frames containing
about 69,000 recipients. Thus, 77% of the AFDC
recipients also received Food Stamps and 30% of
the FS recipients also received AFDC. With such
a substantial overlap, it is reasonable to
expect that an integrated survey would yield
greater precision and/or reduced cost.

Assumptions

Let A and B denote two sampling frames with

a nonempty intersection as shown in Figure 1.
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N, and N, are the sizes of frames A and B, res-
pectively. Frames A and B form three nonempty
mutually exclusive and exhaustive domains a, ab,
and b of sizes Na’ Nab and Nb’ respectively.

Thus, a contains units that can be measured only
on attribute A, b can be measured only on attri-
bute B and ab can be measured on both attributes
A and B.

This paper assumes that all frame and domain
sizes are known. Further, it is assumed that
sampling can be done from each of the three
domains a, b, and ab. (Work in process considers
other situations where the three domains cannot
be stratified and/or where domain sizes are not
known.)

Two Separate Surveys

Under the assumptions above, and assuming that
the reciprocals of the three stratum sizes are
negligible, the best sampling plan for frame A
alone is stratified random sampling (with strata
a and ab) using Neyman allocation. A similar
statement holds for frame B with strata b and ab.
Thus, the integrated methods developed in this
paper will be compared to two independent strati-
fied random samples based on Neyman allocation
with fixed cost functions given by

CA = ¢y and CB = cg"p (1)
where CA and CB are the total survey budgets for
survey A and B; p and cg are the costs of

collecting information on units sampled from
frame A and frame B; and Ny and ng are the total
sample sizes for frames A and B.

The point estimate for the mean of attribute
A in frame A is

Ypst waya * wAabyAab (2)

with variance
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(1_anb)/nAab (3)
where

Wy = Na/Mas Mgy = Nap/Mas Ty = na/Mys Taap =

. la

nAab/Nab A =1;1 y;/n, for yea; and

) "Aab

Yaab =.Z] yi/nAab for Ys eab (4)

]:

Further, Sg is the stratum variance for domain

a and Siab is the stratum variance with respect



to attribute A in domain ab. The point estimate

Ypst and its variance V(yBst) are defined

analogously.
Integrated Survey
As an alternative to selecting two indepen-
dent stratified samples based on Neyman alloca-
tion, consider the following algorithm for an
integrated survey.

Step 1: Determine Ny and ny as if two indepen-
dent stratifiedsamples with Neyman
allocation are to be taken using the
following Neyman formula:

Na = A aS /c ( ¥ NabSAab) (5)
M, = CpN Sb/CB( b5 * NapSgan)  (6)

Step 2: Define
b = (CaA=CA"S Cpap (7)

and
Mgap = (CgCgMp)/ Cap, (8)

where Chab = cA(1+kA), kA >0 (9)

and Cgap = Cgl1-Kp)s kg 20 (10)

In equations (9) and (10), Cpap IS the cost

of selecting a unit from stratum ab when
sampling with respect to frame A as if two inde-
pendent samples are to be drawn and then
measuring the variable of interest from both
frame A and frame B. kA is the proportionate

increase over Ca in collecting information about

units from both frames. gab and kB are defined

in an analogous manner. Most likely Cpab will

equal Cgab €Ven though kA and kB are unequal;
however, equality of Caab and Cpap 1S not

assumed here.

Step 3: Select a sample of size Na from stratum

a, a sample of size L from stratum b,
and a sample of size <mAab+mBab) from

stratum ab, remembering to measure the
variables of interest from both frame
A and frame B.

Note that this scheme uses the total budget
of the two separate surveys in the definition of
the sample sizes for the overlap domain ab in
(7) and (8). Using this algorithm to determine
sample sizes, the point estimate for the popula-
tion mean for the attribute of interest from
frame A is given by:

Yiast = Ya¥a * HpabY1aab (1)
with variance
- _ 2 2 2 2
V(yIAst) - wa Sa(]-fa)/na * NAab SAab X

(1= L pan)/ (Mg ¥ ) (12)
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The point estimate &I and its variance

Bst

V(yIBst) are defined analogousiy. Y1Aab and

yIBab are the sample means from stratum ab for

the attribqte of interest from frame A and frame
Eﬁizg?pect1ve1y, each based on (mAab + mBab)
Theorem 1: a.) V(¥ pey) < V(¥pqq) 17F

(Maap * Mgap) > Mgy (13)

b.) Vlyppey) =< Vipsy) 17f

(14)

(Maab * Mgab) = Ngap

Proof: Can be shown by comparing the variance
formulae to each other.
Corollary 1: a.) V(yIAst) §_V(yASt) iff
ngap/(1+kg) 2 Kangan/ (1K) (15)
.=
b.) V(¥ipet) < V(¥pgy) iff
Mpat/ (1kp) 2 kgnygp/ (1+kg) (16)
Proof: Substitute (7) and (8) and the
calculated values of Naab and NBab
froT Neyman allocation into (13) and
14).
Theorem 2: Let Chab = k CBab where k>0. If
kpkg < 1 then V(yIAst) (yAst) and
V(¥1pst) = Viggy) 1F
kAcA < Mgap < ¢ (17}
kc
B Naab chBk
Proof: Use corollary 1.

Thus, theorem 2 can be used to determine if an
integrated survey will give greater precision
than two separate surveys at the same cost. For
example, let A and B be the FS and AFDC frames,
respectively. Earlier we noted that NA=230,000;
NB=90,000; Na=161,000- Nb=21 000; Nab=69,000;
cA=6.2, cB=7.3, and Crab=Cpap=2-4 (or k = 1).
Each agency's survey cost is fized by a federal
mandate that np =g = 1200, resulting in

CA 7440 hours and C =8760 hours. Past experience
indicates that 52 0 166 and bA b = 214 for

frame A and SE 2 .09 and S2 .104 for frame B.

Bab -
Using two independent surveys yields V(y, )=

.000150 and V()'/B t) = .000085. Using (9) and
(10), k .52 and k .29. Since kAkB <1,
n
and since 0.44 = A AA =2 ﬁE§9-=
B Aab
928 < 2.367 < A = 2.93,
392 k



a gain in precision is guaranteed for the
integrated survey, yielding

V(¥{pgy) = 000121 and V(yp ) = .000082. The

percentage of relative reduction in variance at
equal cost is 19.3% for frame A and 3.5% for
frame B.
Modified Integrated Survey
Consider the example above with kA and kB now

assuming the hypothetical values of 0.74 and
0.48. With k =1, cA/chB = 1.76 and kAcA/cB

0.65. Hence with nBab/nAab =

(17) fails to hold.
kA and kB’ Maab and m

2.367, inequality

With these new values of
Bab can be calculated and

Maab + Meab = 853. Thus, with Mpab = 392 and
NBab - 628, it is easy to see that when sampling
with respect to frame A, the integrated plan

yields a sample size substantially larger for
stratum ab than that of the stratified sample
using Neyman allocation. On the other hand,
when sampling with respect to frame B, the over-
lap stratum is "undersampled" when using the
integrated plan as opposed to that of the
stratified sample using Neyman allocation. In
this event, a modification to the integrated
plan may be made in which not all of the

(mAab + mBab) = 853 units from stratum ab are

used to measure both variables. Since only 392
units are needed for the variable of interest
from frame A, the savings in measuring both
variables on 392 units instead of 853 units may
allow the sampler enough resources to sample the
additional needed units from stratum ab for the
variable of interest with respect to frame B.
Thus, consider the following algorithm:

Step 1: Compute all values of Na> Mhs Nagpe
and Ngab 25 if two independent strati-
fied samples based on Neyman allocation
are to be taken
Step 2: Set m = min {nAab’ nBab} (18)
and define m'as
m = max { Aab’ mBagg (19)
Step 3: Select (m+m 'Y units from stratum ab

in which for m of these units both
variables are measured and for m units
only measure the variable of interest
from the "undersampled” frame. To
ensure all units in the ab stratum are
selected with equal probability,

select (m + m') units with a single
random sample and then select a subset
at random of size m from these (m + m )
units.

With the above modified algorithm, the point
estimate for the population mean for the
variable of interest from frame A is given by:

]

WaYa * Waab YMaab ifm =

) "Aab
‘yMASt = _ _ ot L V (20)
Wa¥a * Wpap yMAab ifm=

with variance:
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vG/MAst)=

2 2 '

2.2
WySa(1=Fa)/ng * Waap Snap (1=Fpan)/m

ifm= Nnab

2.2
N S (] f )/ iab Siab

(m+m ) ifms=

*H (-Fugap)/

, "Bab
where yMAab is the sample mean for stratum ab

computed from the m units in which the variable
of interest from frame A was measured and

(21)

y Aab is the sample mean for stratum ab computed
fu 2°the {m + m ) units in which the variable
of interest from frame A was measured.

fMA b is the sampling fraction based on m units

and f&ést is the sampling fraction based on

(m+m') units from stratum ab. The estimate

yMBst and its variance V(yMBst) are defined

analogously.
Theorem 3: The precision of the estimated popu-
lation means under the modified
integrated sampling plan will always
be greater than or equal to the
precision of two independent
stratified samples based on Neyman
allocation iff

M > Maab ~ "Bab

can be shown by comparing variance
formulae to each other.

As an example, consider the hypothetical
values of .74 and .48 for k, and kB with k =
Using the previous values for this~ FS/AFDC
example and the modified integrated survey
yields m = 392 and |nA b ~ MBa b| = 1392 - 928} =

536. Thus, using m = 392 and m = 536 there
is a total reduction of 1608 case worker hours
over two independent stratified samples based
on Neyman allocation.
Conclusion
Under certain conditions, it is shown that
integrating two simultaneous independent sample
surveys into a single integrated sample survey
can result in greater precision at the same cost
or equivalent precision at reduced cost. The
sample sizes for the particular integrated
schemes are defined in terms of cost and
variance parameters of the two separate surveys.
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