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R o y a l l  and He rson  ( 1 9 7 5 )  d e m o n s t r a t e  t h a t  a 
n o n - r a n d o m ,  b a l a n c e d  samp le  c o u p l e d  w i t h  an 
e x p a n s i o n  e s t i m a t o r  f o r m s  a b i a s - r o b u s t  s t r a t e g y  
f o r  e s t i m a t i n g  a f i n i t e  p o p u l a t i o n  t o t a l  u n d e r  a 
p o l y n o m i a l  r e g r e s s i o n  m o d e l ;  t h a t  i s  t o  s a y ,  t h e  
s t r a t e g y  i s  u n b i a s e d  no m a t t e r  wha t  v a l u e s  t h e  
p a r a m e t e r s  o f  t h e  mode l  t a k e .  S c o t t ,  B r e w e r ,  and 
Ho ( 1 9 7 8 )  p o i n t  o u t  t h a t  t h e r e  a r e  many 
b i a s - r o b u s t  s t r a t e g i e s  u n d e r  such a m o d e l .  They 
a d v i s e  c o n c e n t r a t i n g  on t h e  b e s t  l i n e a r  u n b i a s e d  
(BLU) e s t i m a t o r  g i v e n  a samp le  w i t h  p a r t i c u l a r  
p r o p e r t i e s .  

C u m b e r l a n d  and R o y a l l  ( 1 9 8 1 )  o b s e r v e  t h a t  a 
~ - b a l a n c e d  m e a n - o f - r a t i o s  (mo r )  s t r a t e g y  i s  
r o b u s t  u n d e r  a second  o r d e r  p o l y n o m i a l  mode l  
( f r o m  h e r e  on t h e  p r e f i x  " b i a s "  w i l l  be 
e l i m i n a t e d  f r o m  t h e  t e r m  " b i a s - r o b u s t " ) .  They 
n o t e  t h a t  u n d e r  a p a r t i c u l a r  e r r o r  s t r u c t u r e  t h i s  
s t r a t e g y  is b e t t e r  t h a n  t h e  a l t e r n a t i v e  o f f e r e d  
by SBH. Ne w i l l  see t h a t  u n d e r  t h e  same e r r o r  
s t r u c t u r e  t h e  ~ - b a l a n c e d  mot s t r a t e g y  i s  i n  f a c t  
o p t i m a l  ( h a s  t h e  min imum v a r i a n c e )  among e q u a l l y  
r o b u s t ,  l i n e a r  e s t i m a t i o n  s t r a t e g i e s .  I n  
a d d i t i o n ,  an i n t u i t i v e  j u s t i f i c a t i o n  o f  

~ - b a t a n c i n g  c o n d i t i o n s  i s  a d v a n c e d .  
S e c t i o n  1 p r o v i d e s  a m o t i v a t i n g  e x a m p l e .  

S e c t i o n  2 d e v e l o p s  t h e  b a s i c  mode l  and t h e o r t i c a l  
r e s u l t s .  S e c t i o n  5 e x t e n d s  t h e  mode l  t o  a l l o w  
a d d i t i o n a l  a u x i l i a r y  v a r i b l e s ,  w h i l e  s e c t i o n  
i n t r o d u c e s  a more g e n e r a l  e r r o r  s t r u c t u r e .  
S e c t i o n  5 d i s c u s s e s  t h e  a s y m p t o t i c  p r o p e r t i e s  o f  
a s y s t e m a t i c  ~ p s  samp le  d rawn f r o m  a s i z e  o r d e r e d  
l i s t .  

1. A MOTIVATING EXAMPLE 
Robus t  mor s t r a t e g i e s  a r e  d e v e l o p e d  h e r e  with 

a different type of application in mind from that 
usually found in the literature. To demonstrate 
this difference, we contrast the example given in 
the introduction of Royall and Herson with one of 
our own. In R-H, a sample of hospLtals is chosen 
to estimate the number of patient-days provided 
by a population of hospitals. The number a beds 
in each hospital is known. The authors propose a 
robust superpopulation model where the number of 
patient-days in each hospital is a function of 
the number of beds in that hospital plus a random 
error term. Eventially the specification of the 
e r r o r  t e r m s  i s  assumed t o  be a r b i t r a r y ;  b u t  i n  
the i n i t i a l ,  mot ivat ing formula t ion the er rors  
have v a r i a n c e s  propor t iona l  t o  t h e  r e s p e c t i v e  
number of hosp i ta l  beds. T h i s  i s  not an 
unreasonable assumption when the number of 
pat ient -days in a p a r t i c u l a r  hosp i ta l  i s  a sum of 
independent random var iab les  - -  the number of 
pat ient -days in each of the h o s p i t a l ' s  beds. Our 
m o t i v a t i n g  examp le  c o n c e r n s  a q u a n t i t y - w e i g h t e d  
a v e r a g e  p r ~ c ?  f o r  a d e s i g n a t e d  c o m m o d i t y  mold  by 
a p o p u l a t i o n ' o f  r e t a i l e r s .  Each r e t a i l e r  s e l l s  
e v e r y  u n i t  o f  t h e  c o m m o d i t y  a t  t h e  same p r i c e ,  
a l t h o u g h  p r i c e s  may d i f f e r  among r e t a i l e r s .  I f  
an a v e r a g e  c o m m o d i t y  p r i c e  i s  e s t i m a t e d  based  on 
a samp le  o f  r e t a i l e r s ,  a r o b u s t  mode l  m i g h t  
assume each  r e t a i l e r ' s  p r i c e  i s  a f u n c t i o n  o f  h e r  
( h i s )  q u a n t i t y  p l u s  a random e r r o r  t e r m .  I t  i s  
n o t  u n r e a s o n a b l e  t o  suppose  i n  t h i s  case  t h a t  t h e  
e r r o r  t e r m s  a r e  i n d e p e n d e n t  and i n d e n t i c a l l y  
d i s t r i b u t e d .  I n  t h e  h o s p i t a l  e x a m p l e ,  an 
a g g r e g a t e  t o t a l ,  p a t i e n t - d a y s ,  i s  t o  be e s t i m a t e d  
n o t  a w e i g h t e d  a v e r a g e .  T h i s  d i f f e r e n c e  be tween  
t h e  two e x a m p l e s  i s  more a p p a r e n t  t h a n  r e a l ,  
h o w e v e r .  The e s t i m a t e d  number o f  p a t i e n t - d a y s  
d i v i d e d  by t h e  known t o t a l  number  o f  h o s p i t a l  
beds r e s u l t s  in  an e s t i m a t e  o f  t h e  w e i g h t e d  
a v e r a g e  o f  p a t i e n t - d a y s  p e r  bed .  The w e i g h t s  i n  
t h i s  case  a r e  t h e  p e r c e n t a g e  number o f  beds i n  
each h o s p i t a l .  These w e i g h t s  a r e  ( i n  p r i n c i p l e )  
m u l t i p l i e d  by t h e  ( a v e r a g e ) n u m b e r s  o f  
p a t i e n t - d a y s  p e r  bed i n  t h e  r e s p e c t i v e  h o s p i t a l s  
and t h e n  summed. The r e a l  d i f f e r e n c e  be tween  t h e  
two e x a m p l e s  i s  t h a t  i n  t h e  h o s p i t a l  e x a m p l e ,  t h e  
number o f  p a t i e n t - d a y s  p e r  bed may v a r y  among t h e  
beds i n  t h e  same h o s p i t a l ,  b u t  i n  t h e  p r i c e  
e x a m p l e ,  each r e t a i l e r ' s  p r i c e  a p p l i e s  t o  h e r  
e n t i r e  q u a n t i t y  s o l d .  As a r e s u l t ,  i t  i s  
r e a s o n a b l e  t o  assume t h a t  t h e  v a r i a n c e  o f  t h e  
number o f  p a t i e n t - d a y s  p e r  h o s p i t a l  i s  d i r e c t l y  
p r o p o r t i o n a l  t o  t h e  number  o f  beds i n  t h a t  
h o s p i t a l .  On t h e  o t h e r  hand ,  i t  i s  r e a s o n a b l e  t o  

assume t h a t  t h e  v a r i a n c e  o f  a r e t a i l e r ' s  r e v e n u e  
( h e r  p r i c e  t i m e s  h e r  q u a n t i t y )  i s  p r o p o r t i o n a l  t o  
t h e  p Ruare  o f  h e r  q u a n t i t y .  

2.  THE BASIC MODELS 
2 . 1  P r e l i m i n a r i e s  

L e t  P be a f i n i t e  p o p u l a t i o n  o f  N u n i t s ,  
whe re  each u n i t  i has a t t a c h e d  t o  i t  a v a l u e  c l ; ,  
unknown b e f o r e  s a m p l i n g ,  and a known w e i g h t  h i ; ,  
~ .~ ;=1.  The p. rob lem i s  t o  e s t i m a t e  t h e  w e i g h t e d  
a v e r a g e ,  A=Z"w ;¢ I : ,  w i t h  a s a m p l e ,  S, o f  n u n i t s  
and a l i n e a r  e s t { m a t o r ,  ~ = Z s a ; c i ; .  .The  a ;  may be 
f u n c t i o n s  o f  S. 

B e f o r e  p r o c e d i n g  t h e  r e a d e r  s h o u l d  be awa re  
t h a t  t h e  f o r m u l a t i o n  above  d i f f e r s  m a r k e d l y  f r o m  
t h e  s t a n d a r d  one i n  t h e  l i t e r a t u r e .  The u s u a l  

~ r o b l e m  i s  t o  e s t i m a t e  a p o p u l a t i o n  t o t a l ,  
= Z " y ; ,  when each u n i t  i has a t t a c h e d  t o  i t  two 

v a l u e s  y ;  and x ; ,  and o n l y  t h e  l a t t e r  i s  known 
f o r  a l l  u n i t s .  To t r a n s l a t e  f r o m  t h a t  n o t a t i o n  
t o  o u r s ,  one can l e t  q ; = y ; / x ; ,  w ; = x ; / Z N x ; ,  and 
A = t / Z N x ; .  The a d v a n t a g e  o f  t h e  n o t a t i o n ' u s e d  
h e r e  w i l l  be made c l e a r  i n  t i m e .  

I n  c l a s s i c a l  s a m p l i n g  t h e o r y ,  t h e  u n i t s  i n  
t h e  samp le  a r e  r a n d o m l y  s e l e c t e d  v i a  a s a m p l i n g  
d e s i g n ,  D. A s a m p l i n g  d e s i g n  c o n s i s t s  o f  a s e t  o f  
p o s s i b l e  s a m p l e s ,  ~I>, and t h e  p r o b a b i l i t i e s  ( a l l  
p o s i t i v e )  o f  r a n d o m l y  s e l e c t i n g  each e l e m e n t  o f  • ~P 
t h a t  s e t .  In a non random s a m p l i n g  d e s i g n ,  D , 
St  i s  t h e  s o l e  e l e m e n t  o f  ~ I .  

A c o u p l e ,  ( ~ = ~ ;  a ;  c~;, ])-) d e f i n e s  a 
es t ime t~o r~  s t r a t e q y - .  .We say t h i s  s t r a t e g y  i s  
~ n b i a s e d  i f  E[[T.sa;q.i-AIS.I=O f o r  a l l  $68o .  An 
u n b i a s e d  e s t i m a t i o n  s t r a t e g y ,  (A,  D ) ,  i s ^ b e t t e r _  
t h a n  an a l t e r n a t i v e  u n b i a s e d  s t r a t e g y ,  ~A"= D ' ) ,  
when t h e  c o n d i t i o n a l  v a r i a n c e , _  E = L ( i ~ ' - A ) = I S ] ,  f o r  
a11_. S £ ~ o ' i S  no g r e a t e r  t h a n  E ~  ( ' /~ ' -A)  IS ~ o r  an~ 
S-(-,~n'- ~ s t r a t e g y  i s  o p t i m a l  among a c l a s s  o f  
s t r a t e g i e s  i f  i t  i s  b e t t e r  t h a n  a l l  o t h e r  
s t r a t e g i e s  i n  t h e  c l a s s .  No te  t h a t  " u n b i a s e d "  
and " v a r i a n c e "  a r e  d e f i n e d  w i t h  r e s p e c t  t o  t h e  
random o," v a l u e s  and n o t  t h e  s a m p l i n g  
p r o b a b i  I i t i  es .  

I n  t h i s  p a p e r ,  we speak  o f  t h e  o p t i m a l  
e s t i m a t i o n  s t r a t e g y  u n b i a s e d  u n d e r  a p a r t i c u l a r  
mode l  r a t h e r  t h a n  t h e  b e s t  l i n e a r  u n b i a s e d  (BLU) 
e s t i m a t o r .  The f o r m e r  i s  a much s t r o n g e r  
c o n c e p t ;  an o p t i m a l  s t r a t e g y  i s  b e t t e r  t h a n  a l l  
o t h e r  c o u p l e s  o f  an e s t i m a t o r  and a samp le  
d e s i g n ,  w h i l e  a BLU e s t i m a t o r  need o n l y  be 
" o p t i m a l "  g i v e n  a p a r t i c u l a r  s a m p l e .  

2.2 Royal1' s Strategy 
Royall (1970) shows that  i f  the eL; are 

independent and i d e n t i c a l l y  d i s t r i b u t e d  ( i i d ) ,  
t ~ n  ~n opt imal ,  l i n e a r  unbiased s t ra tegy ,  
('A" , D ~ ) ,  o b t a i n s  by r e l , a b e l i n g  t h e  u n i t s  so t h a t  
WZ>w;I>...>W~, l e t t i r ~ g  ~t>Wcontain t h e  s i n g l e  
sample, S I = ' ~ l , 2  . . . . .  n.~, and 

N '~ : g~ ,,a; ~;  * 2~ w S g s  C; / , ,  • 
N o t i c e  t h a t  t h e  BLU e s t i m a t o r  g i v e n  any  

samp le  t a k e s  on t h e  same f o r m  as a b o v e .  I n  an 
o p t i m a l  s t r a t e g y ,  h o w e v e r ,  ~ o ~ m a y ~ c o n t a i n  only 
samples in which min~Ew;)> maxlEwiJ. 

The problem w1"th Royall- ' s - s t r a t e g y  is  tha t  
i t  is  not very robust.  I f  the cL;were not 
i d e n t i c a l l y  d i s t r i b u t e d ,  f o r  example i f  ~ach q_~ 
were correlated with its respective w i, -A-~ 
would not be unbiased given the sample in x~ 

2.3 A More Robust Model 
L e t  us expand  R o y a l l ' s  s p e c i f i c a t i o n  o f  t h e  cl; 

s l i g h t l y :  
q.; -" ~ o + b ~ / ;  + /-;  , ( 2 . 1 )  

whe re  t h e  ~ ;  a r e  i n d e p e n d e n t  and i d e n t i c a l l y  
d i s t r i b u t e d  random v a r i a b l e s .  No te  t h a t  n o t h i n g  
i s  l o s t  by a s s u m i n g  E(F- ; )=O.  

The e x p a n s i o n  o f  t h e  b a s i c  mode l  t o  ( 2 . 1 )  i s  
more intuitive than the usual expansion in the 
standard notation. When the initial model is 
expressed as y i : b x i + ~ , ,  the obvious mathematical 
extension is  to add a constant term, a: 
y;=a+bxi+~L ;. Unfor tunate ly ,  there is  no 
convenient s tory  attached to a non-zero i n te rcep t  
i n many cases. For example, suppose y ; i s the 
revenue co l l ec ted  by r e t a i l e r  i from sales of a 
d e s i g n a t e d  c o m m o d i t y ,  w h i l e  x "  i s  t h e  q u a n t i t y  o f  

i 
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t h e  c o m m o d i t y ,  s o l d  by i .  A n o n - z e r o  i n t e r c e p t  
l i t e r a l l y  me,ins t h a t  on a v e r a g e  e i t h e r  e r e t a i l e r  
w i t h  no q u a n t i t y  w i l l  c o l l e c t  a p o s i t i v e  r e v e n u e  
o r  a t h r e s h o l d  q u a n t i t y  i s  needed b e f o r e  a 
r e t a i l e r  can c o l l e c t  a s ing le  d o l l a r  from sales.  

U s i n g  t h e  same examp le ,  b ~ < ( > ) 0  in  ( 2 y l )  
s i m p l y  s t a t e s  t h a t  as t h e  t e l  i v e  q u a n t i  s o l d  
by a r e t a i l e r ,  w;, i n c r e a s e s ,  h e r  p r i c e ,  on 
average ,  d e c r e a s e s  ( i n c r e a s e s ) .  In e q u a t i o n  
( 2 . 1 ) ,  t h e  o r i g i n a l  model  of a c o n s t a n t  p r i c e  
among r e t a i l e r s  (g ive  or take a random e r r o r ) ,  
has been extended to a l low f o r  economies or 
diseconomies of s c a l e .  

2 .4  The M e a n - o f - R a t i o s  S t r a t e g y  
For  e L i n e a r  e s t i m a t i o n  s t r a t e g y  t o  be 

b i a s - r o b u s t  unde r  t h e  e x t e n d e d  model ( 2 . 1 )  - t h a t  
i s ,  u n b i a s e d  f o r  e v e r y  s e t  o f  b K v a l u e s  - t h e s e  
two c o n d i t i o n s  must  be s a t i s f i e d  f o r  e l i  SE~: 
AI. ~ ; a ; : l ;  
A2 ~ ' ,  a i w ; - z w w ;  " T  

p l : I m a z i t y  i s  a t t a i n e d  among t h e  c l a s s  o f  
s t r a t e g i e s  o b e y i n g  b o t h  A1 and A2 when ~ 

: E C(I~;(; 'z"w:~.;  l" ): ] 
0"~ (i"S ~i l -  I " w : ' )  ( 2 . 2 )  

i s  m i n i m i z e d  ( t h e  l a s ~  s~ep clepends on A2 ) .  L e t  
us c a l l  t h e  e x p r e s s i o n  i n  t h e  l a s t  l i n e  o f  ( 2 . 2 )  
tRVN . ~% 

Consid~ar t h e  s t r a t e g  (A =~$c l ' / n  D) where  
f o r  a l l  S E ~ o ,  }"..Sw ;'/n=ZWw; ~'. ~Pl~e s~:ra~:egy 
s a t i s f i e s  b o t h  c o n s t r a i n t s  and r e s u l t s  i n  a V 
v a l u e  of (Te~(I/n -Zw; ) .  Th~s v a l u e  ~s equa l  t o  
t h e  minimum v a l u e  V a t t a i n s  unde r  t h e  s i n g l e  
c o n s t r a i n t  A1; t h e r e f o r e ,  i t  a l s o  must be t h e  
minimum unde r  t h e  dua l  c o n s t r a i n t s  A1 and A2. 

Le t  us e x p l o r e  why t h e  o p t i m a l ,  l i n e a r ,  
r o b u s t  s t r a t e g y  d e s c r i b e d  a.bove i s  r e s t r i c t e d  t o  
samples  s a t i s f y i n g Z s w ; / n = Z " w ;  z .  The m i n i m i z a t i o n  
o f  t h e  l a s t  l i n e  o f  ( 2 . 2 ) ~ c o n s t r a i n e d  by A1 a l o n e  
r e s u l t s  i n  t h e  e s t i m a t o r  AH=~$ci ; /n  c o u p l e d  w i t h  
~nv  sample d e s i g n .  The a d ~ f i t i o n a l  c o n s t r a i n t  A2 
does n o t  a f f e c t  t h e  e s t i m a t o r  o n l y . t h e  a l l o w a b l e  
samp les .  R e c a l l  t h a t  we a r e  e s t i m a t i n g  a 

~l~t i g h t e d  a v e r a g e ,  A=zNw;cL~, y e t  t h e  e s t i m a t o r ,  
, . i s  a s t r a i g h t  a r i t h m e t i c  a v e r a g e .  When each 

ci; ~s c o r r e l a t e d  w i t h  t h e  a u x i l i a r y  v a r i a b l e ,  w~, 
i t  i s  e v i d e n t  t h a t  t h e  a v e r a g e  o f  t h e  sampled w; 
s h o u l d  equa l  t h e  w e i g h t e d  a v e r a g e  o f  t h e  
popula t ion w~ In other  words,~_sw~/n=~Nw; Z 
This insight does not come easiIy using the" 
standard notation. For example, CumberIand and 
Royall impose the following odd Iooking, 
restriction on the sample: ~x~/n -N'~x'~:%=0 (p. 
3 5 7 ) .  

We c a ~ l  any s t r a t e g y  c o n t a i n i n g  t h e  
e s t i m a t o r  ~ : ~ $ c l ' / n  a mean -9_ . f - r a t i o s  s t r a t e g y .  
The name d e r i v e s  ' f r o m  t h e  f a c t  t h a t  i n  t h e  
s t a n d a r d  n o t a t i o n ,  c ~ ' = y ; / x ' .  One f a m i l i a r  mot 
s t r a t e g y  i s  t h e  H o r v i t z - T h o m p s o n  ( 1 9 5 2 ) ,  i n  which 
sampled un i t~  are chosen randomly, w i thout  
r e p l a c e m e n t ,  w i t h  p r o b a b i l i t i e s  p r o p o r t i o n a t e  t o  
t h e  w ; ;  i .  , p r ( i E S ) = ~  ' =nw" Note  t h a t  z~ps 
samples  wi~i ~ a v e r a q e  s a t i s f y ~ s w ; / n = ~ r ~ w "  ( t h e  
s e l e c t i o n  p r o b a b l i t y  W e i g h t e d  ev.erage o f  Zs (w~ /n )  
o v e r  a l l  t h e  p o s s i b l e  s a m p l e s , Z N ( w ; / n ) p r ( i E 5 ) ,  
e q u a l s ~ W w ; ~ ) .  Tha t  i s  whyl~.samples s a t i s f y i n g  
t h i s  c o n d i t i o n  a r e  c a l l e d  _ . - b a l a n c e d  on t h e  w ; .  

3. EXTENSIONS 
I t  i s  a s i m p l e  m a t t e r  to  e x t e n d  t h e  a n a l y s i s  

o f  t h e  p r e v i o u s  s e c t i o n  t o  a l l o w  f o r  a d d i t i o n a l  
e x p l a n a t o r y  v a r i a b l e s .  To s i m p l i f y  m a t t e r s ,  l e t  
us say t h a t  z ;  is e l o n e  a d d i t i o n a l  a u x i l i a r y ;  

i . e . ,  q-; - b o + ~ ° ¢ ~ ; + ~ > =  ~ ;  +6;, (3 l )  
where E(~I)=0, and the E~ are i i d .  Then (~M' D) 
is  optima- among l i n e a r  robust es t imat ion  
s t r a t e g i e s  when ~(~b is  non;empty, and SE~_ only i f  

and ~ l  Z ; / ~  : ~ ' N  ~ / t Z ; .  ( 3 . 2 )  
As b e f o r e  t h e  minimum v a r i a n c e  a l i n e a r ,  

r o b u s t  s t j ~ a t e g y  can a t t a i n  i s  ~E ( 1 / n  -~ w; ) .  
C l e a r l y  (-A~t, D) i s  r o b u s t  and h~s a v a r i a n c e  
equa l  t o  t h e  minimum p o s s i b l e  v a r i a n c e .  A sample 
~ n ~ D  i s  s a i d  t o  be 1T -ba lanced  w i t h  r e s p e C t s t O  
t h e  w; and t h e  z~.  I t  s h o u l d  now be o b v i o u  t h a t  
no m a t t e r  how many a u x i l i a r i e s  a r e  added to  t h e  
w ; ,  t h e r e  is an o p t i m a l ,  l i n e a r ,  r o b u s t  s t r a t e g y  
when a sample l ~ - b a l a n c e d  %j~th r e s p e c t  t o  e v e r y  
a u x i l i a r y  e x i s t s .  I t  i s  (A~a, D) ,  where  c o n t a i n s  
o n l y  s a m p l e s ~ ' - b a l a n c e d  witl~" r e s p e c t  t o  a l l  t h e  
a u x i l i a r i e s  ( i n c l u d i n g  t h e  w ' ) .  

Note that 11"ps sampling with the w; as the 
measure of size will o__nn average (the selection 
probability weighted average) produce a 
iT-balanced sample with respect to every possible 
auxiliary variable. As a result, the 
Horvitz-Thompson strategy is on average the 
optimal, linear robust estimation strategy given 
any specification of the non-random part of the q~ 
providing that the random parts are identically 
distributed. Compare this with Godambe (1955) 
where it is shown that the Horvitz-Thompson 
strategy has the least variance on average among 
linear, design-unbiased estimators (estimators 
that on average equal the value they estimate) 
when the c~; are iid. 

Finally, observe that if the z;-1/w~ in 
(3.1), the model can be expressed in the standard 
notation as ~ -~X; ~Cy,;~t~?.; , 

where E(?Z; ) :O,  E ( r ~ l ~ ) - ~ ( z X ; R .  T h i s  i s  the form 
analyzed in Cumbe and and oyaI . They required 
samples belT-balanced on the x~ (w~) and the I/x" 
( I/w~ ). 

4. A MORE GENERAL ERROR STRUCTURE 
In this pdper the standard problem ~f 

estimating a population (P) total, t=~ y;, based 
on a sample  (S) of u n i t s ,  where a u x i l i a r y  
q u a n t i t i e s ,  x ; ,  a r e  known f o r  a l l  u n i t s  has been 
t r a n s m u t e d  i n t o  e s t i m a t i n g  a w e i g h t e d  a v e r a g e ,  
A:~Nw~¢~;, where w'~:x',/ZWx3, and c~=y~/x;. The 
results can be easily translated into standard 
form as f o l l ows  Suppose the ; are speci f i e d  by 

where  t h e  ~/; a r e  random v a r i a b l e s  w i t h  mean z e r o .  
The m e a n - o f - r a t i o s  (mor )  e s t i m a t o r ,  

en 
~"X k Z~ X ;J 'V~  : ~ N x ; 3 ; j : 0 , 2 .  ( 4 . 2 )  

If t h e  ~C', a r e  i n d e p e n d e n t ,  and t h e  v4ar iance 
o f  each e r ( o r  te rm s a t i f i e s  Va r (QZ ; )=kx ; ' ;  t hen  t h e  
mor e s t i m a t o r  c o u p l e d  w i t h  a nonrandom sample 
o b e y i n g  ( 4 . 2 )  f o r m s  a s t r a t e g y  o p t i m a l  among a l l  
l i n e a r  e s t i m a t i o n  s t r a t e g i e s  t h a t  a r e  u n b i a s e d  no 
matter what the parameter values. Moreover, i f  
the are indendent, and 

Var(?L;)=kix~+k~x~ ; k~, k2>_0 (q .3)  
t hen  t h i s  mor s t r a t e g y  i s  b e t t e r  t han  t h e  
e x p a n s i o n  e s t i m a t o r  c o u p l e d  w i t h  a b a l a n c e d  
sample o f  any p o s t i v e  o r d e r .  ( a  sample ,  S.  i s  
b a l a n c e d  o f  o r d e r  J i f  ~ [ s x ; = / n : Z ~ N x ; J / N  f o r  
j:l ..... J). 

The error structure in (4.3) serves a broad 
range  o f  a p p l i c a t i o n s .  I t  has a g e n e r a l  
e x p l a n a t i o n ,  w h i c h  we w i l l  d e m o n s t r a t e  u s i n g  t h e  
h o s p i t a l  example  in  R o y a l l  and He rson .  

The number o f  p a t i e n t - d a y s ,  y~', i n  h o s p i t a l  
i i s  t h e  sum o f  t h e  number o f  p a t i e n t - d a y s  in  
each bed in  t h e  h o s p i t a l ,  y ; ~ ,  where  Z~'_-~y ~ = y ' .  
Each of t h e  y ; ~  i s  i t s e l f  t h e  sum of a d e t e r m i n e d  
te rm and two i n d e p e n d e n t  random e r r o r  te~rms w i t h  
means o f  z e r o .  The f i r s t  e r r o r  t e r m ,  E ~ ,  v a r i e s  
i n d e p e n d e n t l y  o v e r  t h e  beds in  h o s p i t a l  i and has 
v a r i a n c e  k~.  The second, 'E ' ,~ ,  i s  t h e  same f o r  
e v e r y  bed in  i and has v a r i a n c e  kz .  The v a r i a n c e  
in  t h e  number o f  p a t i e n t  days in  h o s p i t a I  i i s  
t hen  

V a r ( y , ) : V a r ( Z ' ; Y ~  )+Var(ZX;" L b" k z ;  % • ~ . ; ~ + x ; £ ;  =k~.x, ,+  • . 
T h i s  i s  t h e  v a r i a n c e  o f  9l; e x p r e s s e d  ~n ( 

T h i s  pape r  o f f e r s  no e m p i r i c a l  v e r i f i c a t i o n  
o f  its a s s e r t i o n  t h a t  r o b u s t  mor s t r a t e g i e s  a r e  
b e t t e r  t han  R o y a l l - H e r s o n  s t r a t e g i e s  f o r  a b road  
range  o f  a p p l i c a t i o n s .  For  t h a t ,  t h e  r e a d e r  i s  
d i r e c t e d  to  two a r t i c l e s  by R o y a l l  and Cumber land  
(R and C, 1981, and C and R, 1981). The r e s u l t s  
there, when analyzed, strongly suggest that 
r o b u s t  mor i s  t h e  s u p e r i o r  s t r a t e g y  f o r  
e s t i m a t i n g  t o t a l s  in  t he  s i x  p o p u l a t i o n s  
i n v e s t i g a t e d .  ( R o y a l l  and Cumber land  compute 
r a t i o  e s t i m a t o r s  based on u n r e s t r i c t e d  s i m p l e  
random samples  and n e a r l y  b c l a n c e d  samples  f o r  
t h e  s i x  p o p u l a t i o n s ,  w h i l e  Cumber land  and R o y a l l  
compute m e a n - o f - r a t i o  e s t i m a t o r s  based on 
u n r e s t r i c t e d  PPS a n d  n e a r l y  T l ' -ba lanced  s a m p l e s ) .  
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5. SYSTEMATICI~PS SAMPLING 
One c o n v e n i e n t  way t o  d raw a samp le  w i t h o u t  

r e p l a c e m e n t  b u t  w i t h  p r o b a b i l i t i e s  p r o p o r t i o n a t e  
t o  the W; iS  by  s y s t e m a t i c  ps s a m p l i n g  (Madow, 
1 9 4 9 ) .  I n  t h i s  s e c t i o n ,  we w i l l  c o n f i n e  o u r  
a t t e n t i o n  t o  s y s t e m a t i c  ps s a m p l e s  d rawn f r o m  a 
p o p u l a t i o n  o r d e r e d  by a s c e n d i n g  x v a l u e s .  
C o n s i d e r  thQ p o s s i b l e  D=T.cx~/n v a l u e s  f o r  t h e  
samp le  d e s i g n  u n d e r  c o n s i d e r a t i o n .  R e l a b e l  t h e  
u n i t s  so t h a t  x t < . . . < _ x  w, and l e t  x~ k and xu t~ be 
r e s p e c t i v e l y  t h e - x  val~Jes o f  t h e  k t h  s y s t e m a t i c  
d raws  o f  t h e  s a m p l e s  w i t h  min imum and maximum D 
v a l u e s  (Do and Du ) .  O b s e r v e  t h a t  
B1. xL 1 =x$,  
B2. Xu"=XN# a n d  
B3. x u k ~ x 6  K e ~ f o r  k = l , . . . , n - 1 .  
Therefore 

,_. < ,  ,>  
oecomes a r b i t r a r i l y  l a r g e ,  t:he As t h e  samp le  

maximum d i f f e r e n c e  b e t w e e n  p o s s i b l e  D v a l u e s  
t e n d s  t o w a r d s  z e r o .  

I n  o r d e r  t o  a n a l y z e  t h e  a s y m p t o t i c  
p r o p e r t i e s  o f  o u r  s a m p I i n g  d e s i g n ,  i t  i s  
n e c e s s a r y  t o  l e t  b o l l ,  t h e  samp le  ( n )  and t h e  
p o p u l a t i  on (N)  become a r b i  t r a r i  l y  l a r g e .  S i n c e  
t h e  w depend  on t h e  samp le  s i z e ,  we must  
r e - e x p r e s s  ( 2 . 1 )  as  

q_ ; :~=+~o~X ;  ~ - i  J ( 5 . 2 )  
w h e r e  t h e  E; a r e  i i d  ( f o r  s i m p l i c i t y ' s  sake 
o n l y ) .  

Under  r e a s o n a b l e  b o u n d i n g  c o n d i J L i o n s  
n ~ N w i Z < B z < . l ) ,  t h e  b i a s  o f - A ' l v l i s  o f  (Ix;l<Btz; ( I E C R ~ - A ) I _ < I b ~ ( x , - x s ) / n l ) ,  w h i l e  i t s  o r d e r  n -  

s t a n d a r d  d e v i a t i o n  i s  o f  o r d e r  n-Z/~ 
( ¢ f ~ ( ~ n ~ N w i ~ ) / n ) .  As n becomes arbitrarily 
~ a r g e ,  t h e r e f o r e ,  t h e  c o n t r i b u t i o n  o f  t h e  b i a s  o f  
"A~ t o  i t s  mean s q u a r e d  e r r o r  t e n d s  t o w a r d  z e r o .  
A c c o r d i n g l y ,  we say  t h a t  a samp le  f r o m  t h i s  
d e s i g n  i s  a s v m p t o t i c a l l v . l T - b a l a n c ~ d .  

I t  i s  p o s s i b l e  t o  ex~cend t h e  model  i n  ( 5 . 2 )  
t o  a l l o w  more g e n e r a l  e x p r e s s i o n s  f o r  t h e  e r r o r  
s t r u c t u  Tha t  i s  l e f t  . f o r  a n o t h e r  t i m e .  
Insteadr~et i n  r us r e p l a c e  b~x~ by a f i n i t e  1 ea 
c o m b i n a t i o n  o f  bounded  m o n o t o n i c  t r a n s f o r m a t i o n s  
of t h e  x ; ;  i .  e . ,  o ; _ ~ > o + ~ j ~ ± ~ j ~ _ _  @ E ' ,  ( 5 . 3 )  
where h:;.>h:; fo r  i ' > i  and Ih.;.l<% As n 
becomes arb~Jirar~ly large, the cont r ibu t ion  of 
the bias of'A'~ to i t s  ~ean squared error  again 
tends toward zero (IE(-A~-A)I_<Z~Ib~(h~N-h;~)/nl.) 
Thus a systematic Tfps sample from a x-ordered 
l i s t  is asymptotically1~-balanced on. a l l  l i near  
combinations of bounded monotonic transformations 
of the x ; .  

The model-based asymptotic propert ies of the 
mor e s t i m a t o r  c o u p l e d  with a s y s t e m a t i c  Tips 
samp le  f r o m  a s i z e  o r d e r e d  l i s t  do n o t  depend on 
t h e  samp le  h a v i n g  a random s t a r t  p o i n ~ -  Any 
s ta r t  p o i n t  H o u l d  do.  By c h o o s i n g  a s ta r t  p o i n t  
r a n d o m l y ,  th fs  e s t i m a t i o n  s t r a t e g y  becomes d e s i g n  
u n b i a s e d  ( b i a s - r o b u s t  on a v e r a g e  g i v e n  any"  
a d d i t i o n a l  a u x i l i a r y  v a r i a b l e ) .  Unfor tunate ly ,  
t h e  s t r a t e g y  i s  n o t  a s y m p t o t i c a l l y  d e s i g n  
c o n s i s t e n t  ( a d c )  i n  t h e  I s a k i - F u l t e r  ( 1 9 8 2 ) '  
s e n s e .  (The  e s t i m a t i o n  s t r a t e g y  i s  adc ,  
t r i v i a l l y ,  i n  t h e  sense  o f  Brewer, 19"79, b e c a u s e  
i t  i s  d e s i g n  u n b i a s e d . )  

For  an e s t i m a t i o n  s t r a t e g y  based  an a random 
s a m p l i n g  d e s i g n  t o  be a d c ,  i t s  mean s q u a r e d  e r r o r  
must  t e n d  t o w a r d  z e r o  ( i n  d e s i g n  p r o b a b i l i t y )  as 
n g rows  a r b i t r a r i l y  l a r g e  no m a t t e r  how t h e  Cl ~ 
a r e  s p e c i f i e d .  To see why t h e  mor s t r a t e g y  u n d e r  
c o n s i d e r a t i o n  i s  n o t  a d c ,  c o n s i d e r  t h e  f o l l o w i n g  
s p e c i f i c a t i o n  o f  t h e  c l ' :  

,I.',= ~, , . ' ,~*x;  ÷ c ( - 1 " ) ;  * E , ,  • ( 5 . 4 )  
whe re  t h e  F.~ a r e  i i d ,  I c l > O ,  and x ; = l  - 2"1 . L e t  
n g row a r b i t r a r i l y  ~ a r g e  h o l d i n g  N/n  a t  an even 
i n t e g e r  v a l u e .  A=TWx~ cl.t/~rWx; c o n v e r g e s  t o  bo+b ~(. 
~A~M-A c o n v e r g e s  e i t h e r  t o  c o r  - c  d e p e n d i n g  on t h e  
r a n d o m l y  chosen  s t a r t  ~ . ¢ i n t .  C o n s e q u e n t l y  t h e  
mean squared error of converges o c rather 
than to zero. 
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