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This paper presents a method of comparing 
r isks of death af ter  the onset of a chronic 
disease when onset time is unknown. Using a 
simple two-step compartment model or primary- 
secondary decrement model of chronic disease and 
death, tes t  constra ints for  equal i ty  of 
mor ta l i t y  rates are formulated. The procedure 
adjusts for  di f ferences in onset and prevalence 
rates of d i f f e ren t  chronic condit ions and/or 
d i f f e ren t  populations. S ta t i s t i ca l  procedures 
are based upon large sample resul ts  commonly 
used in categorical  data analysis.  The 
methodology is i l l u s t r a t e d  using U.S. mul t ip le-  
cause mor ta l i t y  data.  

I .  INTRODUCTION 
In th is  paper we present a method for  test ing 

di f ferences in the r isks of death from various 
acute condit ions af ter  the onset of one of 
several possible chronic diseases when the time 
of onset of those chronic i l lnesses is 
unknown. This method is based upon the simple 
compartment m o d e l  representat ion of the 
morbidi ty-mortal  i t y  process i 11 ustrated in 
Fi gure 1. 

In Figure i we view the onset of chronic 
disease as an i r reve rs ib le  t r ans i t i on  of an 
indiv idual  from the well state to one of K 
chronic i l lness states. The indiv idual  remains 
in th is  chronic i l lness state un t i l  he dies of 
some immediate cause of death. Under  most 
scenarios of the disease process, one would 
expect that cause speci f ic  mor ta l i t y  rates for  
these immediate causes of death depend on the 
par t i cu la r  underlying chronic disease condit ion 
( i . e . ,  the chronic disease state the indiv idual  
is in j us t  before death). Therefore, 
comparisons of observed mor ta l i t y  patterns 
between cohorts, p a r t i c u l a r l y  e lder ly  cohorts 
where chronic disease is prevalent,  must account 
for  any d i f f e ren t i ab le  d i s t r i bu t i on  of chronic 
condi t ions.  This adjustment is to remove 
apparent di f ferences in the mor ta l i t y  r isks of 
the immediate or acute causes which are 
a t t r ibu ted to the di f ferences in underlying 
chronic i l lness prevalence and not to true 
di f ferences in the r isks of the immediate causes 
of death. In a s imi lar  fashion, standard 
mor ta l i t y  ra t ios  are calculated to adjust 
mor ta l i t y  r isks for  the ef fects of i den t i f i ab le  
exogenous fac tors .  

This method w i l l  be useful for  l i f e  table 
studies of the e lder ly  when comparisons of 
mor ta l i t y  rates of d i f f e ren t  cohorts is desired 
when neither the prevalence or incidence rates 
of any chronic disease in the cohort is known. 
I t  is assumed, at death, that the i den t i t y  of 
the underlying chronic disease, i f  there is one, 
can be determined. Such s i tuat ions often arise 
in mor ta l i t y  studies of human populations where 
the d i s t r i bu t i on  of chronic i l lness  in the 
population is general ly unknown. For example, 
diabetes may inf luence the r isk  of myocardial 
i n fa rc t i on ,  and diabetes may be reported as an 
associ ated cause of death on the death 

c e r t i f i c a t e .  However in comparing the r isks of 
myocardial i n fa rc t i on  between two small 
geographic areas, i t  is necessary, using 
standard primary-secondary decrement procedures, 
to know the d i s t r i bu t i on  of diabetes in the 
populat ion. With the proposed method 
comparisons can be made using only the 
information on diabetes reported at the time of 
death. 
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FIGURE i .  Compartment Model 

Representation of Chronic Disease 

Prel iminar ies 
For a theoret ica l  cohort of ind iv iduals  

followed through time for  a spec i f ic  chronic 
disease, indexed by i ,  we define the fo l lowing:  
k = index for  age of indiv idual  or time in 

the study 
N k = expected number of ind iv iduals  in the 

well state at the beginning of Year k 
( i . e . ,  number aged k) 

Mik = expected number of ind iv iduals  with 
chronic i l lness  i at beginning of Year k 

nik = expected number of ind iv iduals  dying with 
chronic i l lness  i during Year k ( i . e . ,  
between ages k and k + i )  

qk~i = p robab i l i t y  that an ind iv idual  in the 
well state at the beginning of Year k 
w i l l  die with "chronic i l l ness"  i before 

i the beginning of Year k + 1 
mrk = p robab i l i t y  that  a person in the well 

state at the beginning of Year k w i l l  
enter the chronic disease state in the 
next m years (whether he dies with the 
chronic disease or l ives with disease) 

i p robab i l i t y  that  a person in chronic mqk = i l l ness  state i at the beginning of Year 
k w i l l  die in the next m years. 

For convenience we wr i te :  
1 = r~ • 

i r k  ~ 
i i 

lqk = qk ; and 

Qk = p robab i l i t y  that a person in the well 
state at the beginning of Year k w i l l  
leave the well state due to e i ther  death 
or any chronic disease during the 
in terva l  k to k + 1. 
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Model 
In th is  section we consider a s ingle chronic 

condi t ion.  Therefore, for  notat ional  s i m p l i c i t y  
we suppress the argument i designating the 
pa r t i cu la r  chronic condi t ion.  The expected 
number of deaths with chronic i l l ness  i during 
Year k i . e . ,  n k, consists of a l l  those who were 
in i l~ness state ." at the beginning of the 
in terva l  and died plus a l l  who were in the well 
state at time k and died with chronic i l l ness  ~i 
in one year. In symbols 

(% 

nk = Mk qk + Nk qk " ( I )  

S im i la r l y ,  the expected number of deaths with 
chronic i l l ness  i for  a two-year span is 
comprised of the fo l lowing:  

M k 2q k = expected number of those 
chron ica l l y  i l l  at time k who 
die wi th in  two years 

(% : 
Nk qx expected number of those well 

at k who die wi th in  one year 
with the chronic i l l ness .  

N k ( r k -  q~)qk+l = expected number well at time 
k who get i l l  before k + 1 
but die between k + 1 and k + 
2 

(% 
Nk(l - Qk)qk+ I = expected number well at time 

k who stay well un t i l  k + i 
but die with chronic i l l ness  
i before k + 2. 

Thus, 
nk + Mk+l = Mk 2qk + Nk k 

(% + (1 - ek)q~+l~ (2) + (rk - qk)qk+l 

S im i la r l y ,  

n k + nk+ 1 + nk+ 2 

[q(% + (r - q(% (% = Mk 3qk + Nk k k k) 2qk+l 
(% (% 

+ (1 - Qk)qk+l + (1 - Qk ) (1 - Qk+l)qk+2 (3) 

( 1  - Qk) ( r k + l  - qk+ l )qk+  " 

Throughout th is  paper we w i l l  be using par t ia l  
sums of the type given in ( i ) ,  (2) and (3). We 
consider k to be a f ixed time point  for  the rest  
of th is  paper. In addi t ion,  we w i l l  need the 
fo l lowing assumptions. (% 

Assumption I.  For j = O, I or 2, qk+j is 
such that  

(% = 0 qk+j 

Assumption I I .  For 0 < t < 3 the fo l lowing 
hold 

i)  t rk  = t /3  3rk 

i i )  3- tqk+t  = t /3  3qk" 

Assumption I means that  persons w i l l  not die 
immediately a f te r  the onset of a chronic 
condi t ion.  I f  an ind iv idua l  dies in the year 
the chronic condi t ion is i n i t i a t e d ,  we w i l l  
assume that  th is  condi t ion is not noted as a 
chronic condi t ion re lated to death. I t  may be 
an acute analogue to the chronic condi t ion such 
as an i n i t i a l  stroke or coronary event. This 
assumption seems appropriate for  the in tent  of 

examining mor ta l i t y  patterns among the 
ch ron ica l l y  i l l .  

The f i r s t  part of Assumption I I  is usual ly 
referred to as the uniform t r ans i t i on  rate.  
Th i s means that  the ex.p.ect ed number of 
ind iv idua ls  enter ing the i ~n" chronic i l l ness  
state in a f rac t ion  of the three-year in terva l  
is equal to that corresponding f rac t ion  of the 
to ta l  number of ind iv idua ls  enter ing the chronic 
disease state during the three-year period. 

Part ( i i )  of Assumption I I  is commonly 
referred to in the actuar ia l  l i t e r a t u r e  as the 
Balducci hypothesis (see e.g . ,  Batten 1978). 
The Balducci formulat ion does assume a l oca l l y  
decreasing hazard rate although the long-term 
hazard can be e i ther  increasing or decreasing. 
For human populations the Balducci hypothesis 
has b e e n  found to provide an adequate 
approximation of death rates for  short periods 
of t ime. 

Applying Assumption I to Equations ( i ) ,  (2) 
and (3), with modi f icat ions to the subscripts 
used, we have 

nk+2 = Mk+2 qk+2 (4) 

nk+l + nk+2 = Mk+2 2qk+1 + Nk+l rk+l  qk+2 (5) 

nk + nk+l + nk+2 = Mk 3qk + Nk rk 2qk+l 

+ Nk+l rk+l  qk+l" (6) 

To s imp l i f y  these expressions, note the 
fo l lowing hold: 

Mk+ I = M k + N k r k - n k 

Mk+ 2 = M k + N k 2rk - n k - nk+ 1 

Nk+l = Nk (1 - Qk) 

Nk+ 2 = N k (1 - Qk) (1 - Qk+l)" 

Note that by d e f i n i t i o n  of t rk  we have 

Nk+ I r k +  I = N k (I - Qk) rk+l  

= N k r k 

and s i m i l a r l y  

Nk+2 rk+2 = N k r k. 

Using these equations and Assumption I I ,  
Equations (4), (5) and (6) may be rewr i t ten as 

nk+ 2 = (M k - n k - nk+l) ~ 3q k + ~ B3q k (7) 

nk+l + nk+2 = (Mk - nk)-~ 3qk + B 3qk (8) 

nk + nk+l + nk+2 = Mk 3qk + B 3qk, (9) 

where B = N k r k. 

Comparison of Risks 
The hypothesis that two chronic diseases, 

indexed i and j ,  give the same r isk  of death 
during the Years k, k + I ,  and k + 2 is the same 

i 
as the hypothesis H O" 3qk = 3 qJ when 
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Assumptions I and I I  hold. One cannot simply 
compare the number of deaths with each chronic 
disease to test  H n. however, since the 
parameters r and M would be expected to be 
d i f fe ren t  for the d i f fe ren t  chronic i l lnesses.  
This is due to possible differences in 
population d is t r ibu t ions  or chronic disease 
onset rates. Equations (7), (8) and (9) do 
provide a method of test ing H 0 as fol lows. 
Solving Equation (9) for Mik and Mjk  and 
Equation (8) for  B i and Bj and subst i tuzlng into 
Equation (7) we have that i f  H 0 is true then 

( n i k -  2nik+l + nik+2)(njk - njk+l) = 

(njk - 2njk+l + njk+2)(nik - n ik+ l ) .  (10) 

Mul t ip ly ing and recombining terms we have that ,  
i f  H 0 is true, then subject to sampling 
v a r i a b i l i t y  
n ik(n jk+ l  - njk+2) - nik+l (njk - njk+2) 

+ njk+2 (njk - njk+l) = O. (11) 

Define the vector 

n = (nik,  n ik+l ,  nik+2 , njk , njk+l  , njk+2 )T 

and the mai~rix 

I 
O 0 0 0 1 -1~ 
0 0 0 - i  0 1 

X = 0 0 0 I - I  0 
0 - I  i 0 0 0 . 

~ I 0 - i  0 0 0 
i - I  0 0 0 0 

Let ~ denote the estimate of n Using a 
f i r s t  order Taylor expansion of f'(~) defined 
as the l e f t  hand side of the Equat ion~( l l ) ,  

f(~) - f (n) = ( xn )T (~ -  n) . (12) 

From (12) we have that the variance of f (~)  is 
given by 

Var( f (~))  = (Xn) T (Var ~)(X n) . (13) 

Rewriting u the hypothesis H 0 as H~: f(n) = 0 
we may se the Wald method given in Stroud 
(1971) to test the hypothesis (also see Tol ley 
and Manton, 1983). 

As an example, we compare the cancer 
mor ta l i t y  rates of white males in Minnesota with 
those of North Carolina. The data is from death 
ce r t i f i ca tes  for the years 1975, 1976 and 
1977. Table 1 gives the number of deaths for 65 
year old cohort followed for three years. 

Table I 

NUMBER OF DEATHS WITH CANCER 
NOTED ON DEATH CERTIFICATES FOR 

THE 65-YEAR OLD COHORT 
( WH I TE HAL ES ONLY) 

Year Age Minnesota North Carolina 

1975 65 97 114 

1976 66 118 109 

1977 67 124 159 

Using formula (14) we have f(~) =-1080 where 
i indicates North Carolina and j indicates 
Minnesota. However, f (~)  is highly 
var iable.  Using Equation (13), we approximate 
the standard deviation for th is  example as 
799. The resulti,ng on~ degree of freedom chi-  
square test  of H is X~ : 1.83. The data show 
no reason to re ject  equal mor ta l i t y  experience 
for cancer vict ims in Minnesota as compared with 
North Carolina 
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