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I n t r o d u c t i o n  

B e g i n n i n g  in  the l a t e  1 9 6 0 ' s ,  the  spe- 
c i a l  p rob lems o f  d e r i v i n g  e s t i m a t e s  f o r  
smal l  a reas  or  domains f rom sample su rveys  
have r e c e i v e d  i n c r e a s i n g  a t t e n t i o n .  Prac-  
t i c a l l y  a l l  a t t e m p t s  to d e r i v e  such e s t i -  
mato rs  have been e i t h e r  ad hoc approaches  
f o r  s p e c i f i c  p rob lems or  a t t e m p t s  to a p p l y  
l a r g e - s a m p l e  s a m p l i n g  t h e o r y  to p rob lems 
o f  smal l  samp les .  L i t t l e  emphasis has 
been p laced  on the a s s u m p t i o n s  u n d e r l y i n g  
these  methods or on the  i n t e r r e l a t i o n s h i p s  
among them. 

P r e v i o u s  e x a m i n a t i o n s  o f  the  v a r i o u s  
smal l  area e s t i m a t i o n  t e c h n i q u e s  have 
m e r e l y  l i s t e d  the  v a r i e t y  o f  t e c h n i q u e s  
t h a t  are in use.  In t h i s  paper  I have 
c o h e r e n t l y  o r g a n i z e d  the d i f f e r e n t  e s t i -  
m a t o r s ,  showing where c e r t a i n  methods can 
be v iewed as t r i v i a l  i z a t i o n s  or  g e n e r a l i -  
z a t i o n s  o f  o t h e r s "  some f a l l  s i m p l y  i n t o  
a r e g r e s s i o n  f r a m e w o r k ,  o t h e r s  do n o t .  
From t h i s  o r g a n i z a t i o n  a c l e a r e r  u n d e r -  
s t a n d i n g  o f  the  p r e s e n t  t e c h n i q u e s  and 
t h e i r  i n t e r r e l a t i o n s h i p s  w i l l  h o p e f u l l y  
d e v e l o p ,  as w i l l  an o p t i m a l  path  t oward  
the  f u r t h e r  g e n e r a l i z a t i o n  o f  e x i s t i n g  
e s t i m a t o r s .  

Symptomat i c  A c c o u n t i n g  Techn ique  

The Symptomat i c  A c c o u n t i n g  Techn ique  
(SAT) is  a s i m p l e  a d d i t i v e  l i n e a r  model 
f o r  the  change in  the  v a r i a b l e  o f  i n t e r e s t .  
A t y p i c a l  example o f  the  SAT ( e x c l u d i n g  
m i g r a t i o n  f o r  s i m p l i c i t y )  i s  to assume 
t h a t  : 

P o p u l a t i o n  a t  t ime  t + i  = P o p u l a t i o n  a t  
t ime  t + B i r t h s  - Dea ths .  

Th is  can be r e w r i t t e n  as a s i m p l e  case o f  
m u l t i v a r i a t e  r e g r e s s i o n  

Y : XB + E E N ( O ,  2 1 )  

Y. = P o p u l a t i o n  g row th  in  area j f rom t ime  
J t to t ime  t + i ,  
X = (_XI,X2) = n x 2 d e s i g n  m a t r i x ,  

X l j =  B i r t h s  in  area j f rom t ime  t to t + i ,  

X2 i  Deaths in  area j f rom t ime  t to t + i  

B : (B_I,B_2)' , 

j = 1,2 . . . . .  n , 
Y , X I , X  2 ,_  and _E are  n x I column v e c t o r s .  

I t  i s  t r i v i a l  to show t h a t  under  an 
a s s u m p t i o n  such as t h a t  made by SAT, i . e .  

Y. = X - X 
j l j  2 j  

the  l e a s t  squares  r e g r e s s i o n  e s t i m a t e ,  

B = ( X ' X ) - I x ' y ,  based on t hese  two 
s y m p t o m a t i c  v a r i a b l e s  i s -  

B__ = ( B I , B 2 ) '  = ( I , - I ) '  . 

Wh i le  t h i s  r e s u l t  is  not  p a r t i c u l a r l y  
i n f o r m a t i v e  on i t s  own, when v iewed f rom 
t h i s  p e r s p e c t i v e  the SAT i s  seen to be 
n o t h i n g  more than a r e s t r i c t e d  case o f  the  
m u l t i v a r i a t e  s y m p t o m a t i c  r e g r e s s i o n  method.  

V i t a l  Rates 

Bogue (1950)  sugges ted  a g e n e r a l i z a t i o n  
o f  the  SAT known as the  v i t a l  r a t e s  t e c h -  
n ique  wh ich  uses the changes in  b i r t h  and 
dea th  r a t e s  r a t h e r  than the  raw v a l u e s  o f  
the  changes .  Th is  method assumes t h a t  the  
r a t i o  o f  the  b i r t h  (o r  dea th )  r a t e  f o r  a 
g i ven  smal l  area to the b i r t h  ( o r  d e a t h )  
r a t e  f o r  the l a r g e r  r e g i o n  rema ined  c o n s t a n t  
s i n c e  the l a s t  census .  I f  such r a t e s  have 
been s t a b l e  or  f a l l i n g  s i n c e  the l a s t  
census then t h i s  a s s u m p t i o n  o f  a c o n s t a n t  
r a t i o  may be a c l o s e  a p p r o x i m a t i o n  to 
r e a l i t y .  For examp le ,  i f  b i r t h  r a t e s  
t h r o u g h o u t  the r e g i o n  had f a l l e n  by an 
ave rage  o f  ten p e r c e n t ,  then  a c o n s t a n t  
r a t i o  would be p r e s e r v e d  i f  the  r a t e  had 
f a l l e n  the most in  t hose  smal l  a reas  w i t h  
the h i g h e s t  b i r t h  r a t e s  and l e a s t  in  t hose  
a reas  t h a t  a l r e a d y  had smal l  r a t e s .  I f  
however ,  the  r a t e s  are r i s i n g ,  a c o n s t a n t  
r a t i o  would r e q u i r e  a reas  w i t h  h igh  r a t e s  
to  grow even f a s t e r  than b e f o r e  w h i l e  a reas  
w i t h  s m a l l e r  than  ave rage  r a t e s  would have 
to f a l l  even f a r t h e r  beh ind  the  norm. To 
quo te  Bogue, "The smal l  amount o f  s p e c i f i c  
e v i d e n c e  a v a i l a b l e  i n d i c a t e s  t h a t  the  r e -  
ve rse  o f  t h i s  a s s u m p t i o n  is  t r u e . "  

The v i t a l  r a t e s  e s t i m a t e  o f  the  p o p u l a -  
t i o n  t o t a l  f o r  l o c a l  area 1 a t  t ime  t i s -  

( 1 ) Po P l t  

where B 
I t  

BR 
I t  

: B /BR 
I t  I t  

= number o f  b i r t h s  in  l o c a l  
area 1 f rom t ime  t - I  to t ,  

= b i r t h  r a t e  in  l o c a l  area 1 
f rom t ime  t - I  to t .  

The number o f  b i r t h s ,  B I+ ,  is  a v a i l a b l e  
f rom h o s p i t a l  or  l o c a l  ~ c o r d s ,  the  b i r t h  
r a t e ,  B R I t ,  however ,  must be e s t i m a t e d .  

The v i t a l  r a t e s  t e c h n i q u e  a s s u m p t i o n  o f  a 
c o n s t a n t  r a t i o  o f  b i r t h  r a t e s  ove r  t ime  

(2)  BR I t / B R  : BR /BR s t  I t - I  s t - I  

where BR s t  
= b i r t h  r a t e  in  s t a t e  s (wh i ch  

c o n t a i n s  l o c a l i t y  I )  f rom 
t ime  t - 1  to t ,  

can be r e w r i t t e n  as 

(3)  BRI t  : ( B R s t / B R s t _ I ) B R I t _ I  

Th is  i s  how the  v i t a l  r a t e s  t e c h n i q u e  
e s t i m a t e s  BR 1 and in  t u r n  Pop . 

The v i t a l  ~a tes  t e c h n i q u e  a ~ u m e s  t h a t  
no knowledge is  ga ined  abou t  s t a t e  s or i t s  
l o c a l i t i e s  by e x a m i n i n g  o t h e r  s t a t e s ;  
t h e r e f o r e ,  i t  i s  a p p r o p r i a t e  to d e v e l o p  a 
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s e p a r a t e  u n i v a r i a t e  r e g r e s s i o n  model f o r  
each s t a t e •  One p o s s i b l e  u n i v a r i a t e  re -  
g r e s s i o n  model f o r  each s t a t e  would be 

(4)  Y1 = B X 1 + e I 

where Y 
1 

= BR X 
I t  1 

and W l = NI/N 

E(e~) : 0 

V ( e l )  : 

= BR 
I t - I  

s 

2 
Xl/W l , 

This  v a r i a n c e  assumpt ion  has a l o g i c a l  
bas is  in t h a t  i t  i m p l i e s  l o c a l i t i e s  w i t h  
l a r g e  b i r t h  r a t e s  w i l l  be most v a r i a b l e  
as w i l l  those  l o c a l i t i e s  w i t h  s m a l l e r  
p o p u l a t i o n s ,  N . I f  we make the a d d i -  
t i o n a l  assumpt lon  t h a t  the r e l a t i v e  s i zes  
o f  the d i f f e r e n t  l o c a l i t i e s ,  N~/N , have 
not  changed from t ime t - I  to t ' ,  tBen the 
w e i g h t e d  l e a s t  squares e s t i m a t e  o f  B i s "  

Y I X I / ( X I / W  1 ) WIY 1 
1 s 1 s 

( 5 )  B = 

WIXI x / ( x I / w  I ) l s 
1 s 

= BR /BR 
st  s t - I  " 

Th is  leads  to a r e g r e s s i o n  e s t i m a t e  o f  

(6)  BRI t  = B X 1 = (BR /BR )BR 
• st  s t - I  l t - I  " 

This  is  the same e s t i m a t e  found in equa- 
t i o n  ( 3 ) .  T h e r e f o r e ,  under the model 
d e s c r i b e d  by e q u a t i o n  (4)  the v i t a l  r a t e s  
t e c h n i q u e  is  s i m p l y  the we igh ted  l e a s t  
squares s o l u t i o n  to u n i v a r i a t e  sympto-  
ma t i c  r e g r e s s i o n .  

Bogue sugges ts  d e r i v i n g  two e s t i m a t e s  
o f  the p o p u l a t i o n ,  one us ing  b i r t h  r a t e s  
and the o t h e r  us ing  death  r a t e s ,  and then 
a v e r a g i n g  the e s t i m a t e s .  As w i t h  the  SAT 
t h i s  is  j u s t  a s p e c i a l  case o f  symptomat i c  
r e g r e s s i o n ,  here t a k i n g  the s imp le  average 
o f  u n i v a r i a t e  r e g r e s s i o n s .  

The Un i ted  S t a t e s  Bureau o f  the Census 
( 1 9 7 4 , 1 9 8 0 )  c u r r e n t l y  averages  t h r e e  d i f f -  
e r e n t  methods to d e r i v e  i t s  p o p u l a t i o n  
and per c a p i t a  income e s t i m a t e s  f o r  s t a t e s ,  
c o u n t i e s ,  and s u b - c o u n t y  a r e a s .  These 
methods are m u l t i v a r i a t e  symptomat i c  
r e g r e s s i o n ,  a d m i n i s t r a t i v e  r e c o r d s ,  and 
component method I I .  The f o u r  symptomat i c  
v a r i a b l e s  used in the r e g r e s s i o n  e q u a t i o n  
f o r  p o p u l a t i o n  are school  e n r o l l m e n t s ,  
number o f  Federa l  Income Tax r e t u r n s ,  car  
r e g i s t r a t i o n ,  and s i z e  o f  work f o r c e .  
Both a d m i n i s t r a t i v e  r e c o r d s  and component 
method I I  are compos i t e  methods us ing  
symptomat i c  a c c o u n t i n g  t e c h n i q u e s  to t r a c k  
b i r t h s ,  d e a t h s ,  and the  e l d e r l y  and v i t a l  
r a t e s  me thodo logy  to t r a c k  m i g r a t i o n s  at  
the s u b - c o u n t y  l e v e l .  These are modern 
day a p p l i c a t i o n s  o f  the  c o m p o s i t e  method 
f i r s t  sugges ted  by Bogue and Duncan ( 1 9 5 9 ) .  
J u s t  as each o f  these  methods has been 
shown to be a form o f  r e g r e s s i o n ,  so to 
are the Bureau o f  the  Census'  c o m b i n a t i o n  
methods.  

S c h m i t t  and C r o s e t t i  (1954)  g e n e r a l i z e d  
Bogue 's  v i t a l  r a t e s  method i n t o  a m u l t i -  
v a r i a t e  f r amework .  The u n i v a r i a t e  r e g r e s ~  
s ion  i n t e r p r e t a t i o n  o f  v i t a l  r a t e s  shown 
in e q u a t i o n s  ( 3 ) - ( 6 )  can be s i m i l a r 1 y  
g e n e r a l i z e d  to the m u l t i v a r i a t e  s e t t i n g .  

Symptoma.t ic R e g r e s s i o n  

The m u l t i v a r i a t e  symptomat i c  r e g r e s s i o n  
method uses the model 

Y = X B + E E N(__O, ) 

where Y . ,  i = 1 , 2  . . . . .  N are  the r a t i o s  f o r  
the dependent  v a r i a b l e  o f  the most r e c e n t  
census to the p r e c e e d i n g  census ,  and X . . ,  
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j = l , 2  . . . . .  p a re  the r a t i o s  f o r  the p 
symp toma t i c  v a r i a b l e s  o f  the most r e c e n t  
census to the preceeding,  census ,  ~o d e r i v e  
l e a s t  squares e s t i m a t e s  B = X ' X - I x ' y ,  
f o r  B. 

Then the e s t i m a t e s  Y* = X* B are  found 
where X* are  the r a t i o s  f o r  t h e  p sympto-  
ma t i c  v a r i a b l e s  o f  t h e i r  p r e s e n t  v a l u e s  to 
t h e i r  va lues  a t  the t ime o f  the most r e c e n t  
census .  Th is  e s t i m a t e  o f  change Y~* is  

then m u l t i p l i e d  by the most r e c e n t  census 
va lue  f o r  the smal l  area to g i ve  the 
symptomat i c  r e g r e s s i o n  e s t i m a t e  o f  the  
p r e s e n t  t o t a l  f o r  smal l  area i .  M u l t i v a r -  
i a t e  r e g r e s s i o n  on a se t  o f  symptomat i c  
v a r i a b l e s  can t h e r e f o r e  be seen as a gen- 
e ra l  f ramework  from which the symptomat i c  
a c c o u n t i n g  t e c h n i q u e ,  v i t a l  r a t e s ,  and 
symp tomat i c  r e g r e s s i o n  t e c h n i q u e  are  a l l  
s p e c i a l  cases .  

Sample Reg ress ion  

One o f  the ma jo r  drawbacks o f  the symp- 
t o m a t i c  r e g r e s s i o n  t e c h n i q u e  is  t h a t  i t  
assumes a c o n s t a n t  r e l a t i o n s h i p  between the 
i n d e p e n d e n t  and dependent  v a r i a b l e s  r e a c h -  
ing back to the census p r e c e e d i n g  the most 
r e c e n t  one. Th is  i s  a s u f f i c i e n t  but not  
necessa ry  c o n d i t i o n  f o r  the sample r e g r e s -  
s ion  method i n t r o d u c e d  by E r i c k s e n  ( 1 9 7 3 ) .  
E r i c k s e n ' s  method a l so  makes use o f  the 
most r e c e n t l y  a v a i l a b l e  data in the form 
o f  a sample from s e l e c t e d  smal l  a r e a s .  The 
sample r e g r e s s i o n  method can be w r i t t e n  as 
the f o l l o w i n g  m u l t i p l e  r e g r e s s i o n  e q u a t i o n "  

_Y : X B + E__ E__ N(_O, ) 

where Y . ,  i = 1 , 2  . . . . .  n are  the r a t i o s  o f  
1 

the sample e s t i m a t e  in area i to the 
p r e v i o u s  census va lue  f o r  area i .  X i j '  
j = l , 2  . . . . .  p are  r a t i o s  f o r  the p sympto-  
ma t i c  v a r i a b l e s  o f  t h e i r  p r e s e n t  va lues  
to t h e i r  p r e v i o u s  census va lues  in area i .  
The l e a s t  squares  e s t i m a t e s  o f  B are then 
used a long  w i t h  the X . . ,  to compute the 

1j 
e s t i m a t e s  f o r  a l l  d e s i r e d  smal l  a r e a s .  
I n s t e a d  o f  r e l y i n g  on the c o n s i s t e n c y  o f  
the r e l a t i o n s h i p  between the X and Y s i nce  
the census be fo re  l a s t ,  t h i s  o n l y  assumes 
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t h a t  the r e l a t i o n s h i p  ho lds  ac ross  a l l  
a reas i s i nce  the l a s t  census .  The sample 
r e g r e s s i o n  method a l so  depends upon the 
r e p r e s e n t a t i v e n e s s  o f  the t w o - s t a g e  samp- 
l i n g  p r o c e s s ,  choos ing  a sample o f  n a~reas 
and then samp l ing  w i t h i n  those  a reas .  Th is  
l ess  r e s t r i c t i v e  se t  o f  assump t i ons  c l e a r l y  
shows the sample r e g r e s s i o n  method to be 
one more g e n e r a l i z a t i o n  in the r e g r e s s i o n  
approach to smal l  area e s t i m a t i o n .  

S y n t h e t i c  E s t i m a t i o n  

H o l t ,  Smi th ,  and T o m b e r l i n  (1979)  t r i e d  
to show t h a t  us ing  a p r e d i c t i o n  approach 
s y n t h e t i c  e s t i m a t i o n  can be p laced  in the 
genera l  l i n e a r  models f ramework  w i t h  

(7)  V i j k  = Bj + e i j  k 

= k th  e lement  o f  smal l  area i where Y i j k  and subgroup j ,  

B. = mean va lue  f o r  a l l  o f  
J subgroup j ,  2 

- e r r o r  term d i s t r i b u t e d  N(O, ) ,  ei j k  
i = 1,2 . . . . .  I ,  
j = 1 ,2  . . . . .  J, and 
k = 1,2 . . . . .  N . .  . 
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Th is  is  the s i m p l e  one-way a n a l y s i s  o f  
v a r i a n c e  model which makes the a s s u m p t i o n ,  
j u s t  l i k e  s y n t h e t i c  e s t i m a t i o n ,  t h a t  the 
expec ted  va l ue  o f  a l l  e lements  b e l o n g i n g  
to a subgroup j w i l l  be e q u a l ,  r e g a r d l e s s  
o f  the smal l  area i t  comes f rom.  Under 
model (7) the l e s t  l i n e a r  unb iased  
e s t i m a t e  (BLUE) o f  B. is  

J 

B. = y = Y i j k  / n . .  
J "J" i k s i lJ 

where k s denotes  those  e lements  in the  
sample and n . .  denotes  the number o f  
sampled e lements  in smal l  area i and 
subgroup j .  

The BLUE o f  the average in smal l  area i 
i s  g i ven  by 

(8)  Y i . .  = ( n i j  ( Y i j .  - Y . j . )  
J 

+ N ~ )IN j i j  . j .  i .  " 

Th is  i s  not  the s y n t h e t i c  e s t i m a t e .  The 
s y n t h e t i c  e s t i m a t e  is  the  l a s t  term in 
e q u a t i o n  ( 8 ) .  Unless t h e r e  are no sampled 
data from smal l  area i ( i n  wh ich  case the 
f i r s t  term in (8)  i s  equal to ze ro )  the 
two e s t i m a t o r s  w i l l  d i s a g r e e .  Using the 
p r e d i c t i o n  app roach ,  t h e r e f o r e ,  does not  
lead to the s y n t h e t i c  e s t i m a t o r  excep t  in  
an ex t reme case.  R a t h e r ,  the  best  l i n e a r  
unb iased  e s t i m a t e  is  to use the  observed  
data d i r e c t l y  and the s y n t h e t i c  e s t i m a t e  
o n l y  to p r e d i c t  the nonsampled v a l u e s .  

Levy (1978)  a t t e m p t e d  to d e m o n s t r a t e  how 
s y n t h e t i c  e s t i m a t i o n  can be put in  a 
m u l t i v a r i a t e  r e g r e s s i o n  f ramework  w i t h  the  
subgroup means be ing the  unknowns e s t i m a t e d  
from the sample.  The i n d e p e n d e n t  v a r i a b l e s  
in t h i s  r e g r e s s i o n  a re  then the P . . ,  the i j  

p o p u l a t i o n  p r o p o r t i o n s  w i t h i n  the smal l  
a rea .  I f  each subgroup c r o s s - c l a s s i f i c a -  
t i o n  ( e . g . ,  30 to 40 year  o l d  b lack  males)  
is  v iewed as a s e p a r a t e  symptomat i c  v a r i a b l e  
then the s y n t h e t i c  e s t i m a t o r  is  seen as a 
l i n e a r  c o m b i n a t i o n  o f  symptomat i c  v a r i a b l e s :  

= P B + P B + P B + 
i . .  i l  1 i2 2 i3 3 " ' "  

In o r d e r  to d e r i v e  the s t a n d a r d  s y n t h e t i c  
e s t i m a t e  from such an e q u a t i o n  r e q u i r e s  
each r e g r e s s i o n  c o e f f i c i e n t ,  B , to be 
equal to the sample average fo# subgroup 
c r o s s - c l a s s i f i c a t i o n  j .  Th is  i s  the  l e a s t  
squares e s t i m a t e  o n l y  i f  i n s t e a d  o f  the 
p o p u l a t i o n  p r o p o r t i o n s  P~j,~ the i n d e p e n d e n t  
v a r i a b l e s  were t r e a t e d  a i n d i c a t o r  v a r i a b l e s  
d. whose va l ue  depended upon whe the r  or  not  
a J g i v e n  e lement  was from subgroup j .  

1 i f  X is  such t h a t  j '  = j 
d j ,  = 0 o t h e r w i s e .  

An o r d i n a r y  l e a s t  squares r e g r e s s i o n  equa- 
t i o n  o f  t h i s  form 

Y i j k  = dlB1 + d2B2+ d3B3 + " ' "  

would r e s u l t  in  the l e a s t  squares e s t i m a t e  
J 

= d y = y 
Y i j k  j ' = l  J' "J '  " "J" " 

The r e g r e s s i o n  e s t i m a t e  o f  the average 
in smal l  area i ,  Y i . . '  would then be equal 

to the  s y n t h e t i c  e s t i m a t e "  
1 I J 

= Y i j k  = ~ N y Y i . .  ~ii j , k  i j = l  i j  . j .  

( 9 )  : P . .  
j = l  1J . j  • 

T h e r e f o r e  we can o n l y  d e r i v e  the s y n t h e -  
t i c  e s t i m a t e  from o r d i n a r y  l e a s t  squares 
when we r e g r e s s  the Y i j k  on a se t  o f  dummy 

v a r i a b l e s ,  not  d i r e c t l y  on the p o p u l a t i o n  
p r o p o r t i o n s  (as Levy s u g g e s t e d ) .  Th is  shows 
the s y n t h e t i c  e s t i m a t o r  to be e q u i v a l e n t  to 
a form o f  the p o s t - s t r a t i f i e d  e s t i m a t o r  

o f t e n  used in a p p l i e d  s t a t i s t i c s  Y i j k  = Y . j ,  
( e . g . ,  in i m p u t a t i o n  f o r  nonresponse in  a 
s t a t e  w i t h  few r e s p o n d e n t s ,  i m p u t i n g  the  
r e g i o n a l  a v e r a g e . )  The d e r i v a t i o n  o f  the 
s y n t h e t i c  e s t i m a t o r  from t h i s  r e g r e s s i o n  
e q u a t i o n  depended upon us ing  o r d i n a r y  l e a s t  
squa res .  Th is  homogene i ty  o f  the v a r i a n c e s  
ac ross  subgroups is  e s s e n t i a l  y e t  is  unmen- 
t i o n e d  in any o f  the l i t e r a t u r e  on s y n t h e t i c  
e s t i m a t i o n .  

S y n t h e t i c  e s t i m a t i o n  uses past  census data 
o n l y  to d e t e r m i n e  the p r o p o r t i o n a l  decomp- 
o s i t i o n  o f  each smal l  area i n t o  the d i f f e r -  
ent  subg roups .  I t  d o e s n ' t  use any a u x i l i a r y  
v a r i a b l e s  and t h e r f o r e  d o e s n ' t  make any 
assumpt ions  about  h i s t o r i c a l  c o r r e l a t i o n s  
~mong v a r i a b l e s .  The s y n t h e t i c  e s t i m a t e ' s  
r e s t r i c t i v e  assumpt ions  are  t h a t  the average 
response  f o r  a g i ven  subgroup is  the  same 
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in eve ry  smal l  area and t h a t  the  w e i g h t s  
PI~j have remained c o n s t a n t  s ince  t hey  were 

l a s t  measured.  As a r e s u l t  o f  these  assump- 
t i o n s ,  the s y n t h e t i c  e s t i m a t o r  tends to 
u n d e r e s t i m a t e  l a r g e  d e v i a t i o n s  from the 
o v e r a l l  average t h a t  occur  in some smal l  
a r e a s .  Two a d j u s t m e n t s  to the s t a n d a r d  
s y n t h e t i c  e s t i m a t o r  have been proposed to 
make i t  more s e n s i t i v e  to these  d e v i a t i o n s .  

Composi te  E s t i m a t o r s  

S c h a i b l e ,  B rock ,  and Schnack (1977)  and 
S c h a i b l e  (1978a ,1978b )  sugges t  a compos i t e  
e s t i m a t o r  us ing  a we igh ted  average o f  both 
the s y n t h e t i c  e s t i m a t e  and the s imp le  
i n f l a t i o n  e s t i m a t e  

J 
= N y IN 

- i . .  j = l  i j  i j .  i .  

f rom the sample where the w e i g h t s  are i n -  
v e r s e l y  p r o p o r t i o n a l  to the mean square 
e r r o r s  o f  the two e s t i m a t e s .  Th is  method 
is  now be ing used a t  the N a t i o n a l  Center  
f o r  Hea l t h  S t a t i s t i c s  to c a l c u l a t e  s t a t e  
l e v e l  d i s a b i l i t y  e s t i m a t e s .  A prob lem w i t h  
t h i s  method is  t h a t  i f  no members o f  the 
sample come from a p a r t i c u l a r  smal l  area 
then i t s  compos i t e  e s t i m a t e  is  s i m p l y  equal 
to the s y n t h e t i c  e s t i m a t e .  

Fay and H e r r i o t  (1979)  show an e x c e l l e n t  
example o f  a p p l y i n g  an e m p i r i c a l  Bayes 
t e c h n i q u e  to the problem o f  smal l  area 
e s t i m a t i o n .  P r e v i o u s l y  the Un i ted  S ta tes  
Bureau o f  the  Census had s u b s t i t u t e d  c o u n t y  
e s t i m a t e s  f o r  unknown va lues  w i t h i n  a 
c o u n t y .  They proposed and have imp lemented 
a J a m e s - S t e i n  e s t i m a t i o n  p rocedu re  to im- 
prove these  e s t i m a t e s .  They d e r i v e  two 
s e p a r a t e  e s t i m a t e s  f o r  the smal l  a rea ,  a 
sample r e g r e s s i o n  e s t i m a t e  based on past  
census symptomat i c  d a t a ,  and a d i r e c t  sample 
e s t i m a t e  based on the census '  t w e n t y  p e r c e n t  
sample in the  smal l  a rea .  An average l a c k  
o f  f i t  f o r  the r e g r e s s i o n  model was c a l c u -  
l a t e d  as was the sample v a r i a n c e  f o r  the 
t w e n t y  p e r c e n t  sample.  Using the i n v e r s e s  
o f  these  v a r i a n c e  e s t i m a t e s  as w e i g h t s ,  a 
combined James -S te i n  s t y l e  e s t i m a t o r  was 
used.  In o r d e r  not  to d e v i a t e  too f a r  from 
the sample e s t i m a t e  the f i n a l  e s t i m a t e  was 
c o n s t r a i n e d  to be w i t h i n  one s t a n d a r d  e r r o r  
o f  i t .  Th is  e s t i m a t o r  was e m p i r i c a l l y  
demons t ra ted  to be s u p e r i o r  to  the p r e v i o u s -  
l y  used c o u n t y  e s t i m a t e s .  Th is  approach  

ind N( ,D) was mode l l ed  w i t h  the  sample Y i i 

w i t h  i i n d .  N ( A , V ) ;  D, A, and V known 

c o n s t a n t s .  The s t r e n g t h  o f  a p rocedu re  
such as t h i s  is  in i t s  f l e x i b i l i t y ,  i f  some 
smal l  a reas appear  to d e v i a t e  f u r t h e r  from 
the r e g r e s s i o n  e s t i m a t e  than do o t h e r s ,  you 
s i m p l y  i n c r e a s e  the w e i g h t  g i ven  t h a t  sample 
e s t i m a t e .  Th is  compos i t e  e s t i m a t o r  is  
s i m i l a r  to t h a t  sugges ted  by S c h a i b l e  but 
here t h e y  have r e p l a c e d  the s y n t h e t i c  e s t i -  
mate w i t h  a r e g r e s s  ion e s t i m a t e .  

S y n t h e t i c  Reg ress ion  

The o t h e r  a l t e r n a t i v e  Is to combine the 
s y n t h e t i c  e s t i m a t e  w i t h  the r e g r e s s i o n  
methods.  Levy (1971)  f i r s t  sugges ted  t h a t  
the p e r c e n t  d e v i a t i o n  o f  the  s y n t h e t i c  
e s t i m a t o r  from i t s  t r u e  va lue  cou ld  be 
mode l led  as the dependent  v a r i a b l e  in a 
symp tomat i c  r e g r e s s i o n  e q u a t i o n .  Th is  can 
not  be so l ved  d i r e c t l y  s i nce  the t r u e  v a l u e s ,  
and t h e r f o r e  the p e r c e n t  d e v i a t i o n s ,  are  
unknown. He sugges ts  e s t i m a t i n g  the 
r e g r e s s i o n  c o e f f i c i e n t s  based on c o l l a p s e d  
s t r a t a  o f  smal l  a reas and then us ing  those  
va lues  to r e v i s e  the s y n t h e t i c  e s t i m a t e s  
f o r  each smal l  a rea .  R e c e n t l y  N i c h o l l s  
(1977)  and Gonzalez and Hoza (1978)  have 
taken  the more d i r e c t  approach o f  s i m p l y  
i n c o r p o r a t i n g  the s y n t h e t i c  e s t i m a t o r ,  
a long  w i t h  the symp toma t i c  v a r i a b l e s ,  as 
i n d e p e n d e n t  v a r i a b l e s  in the sample r e g r e s -  
s ion  method.  These methods are  known as 
s y n t h e t i c  r e g r e s s i o n .  

Each o f  the e s t i m a t o r s  d i s c u s s e d  be fo re  
s y n t h e t i c  e s t i m a t i o n  i n v o l v e d  r e g r e s s i o n  
on a set  o f  c o n t i n u o u s  v a r i a b l e s  w h i l e  
s y n t h e t i c  e s t i m a t i o n  was shown to be 
r e g r e s s i o n  on a se t  o f  c a t e g o r i c a l  v a r i a -  
b l e s .  S y n t h e t i c  r e g r e s s i o n  can t h e r e f o r e  
be v iewed as a mixed c o n t i n u o u s / c a t e g o r i c a l  
r e g r e s s i o n  model .  

C o n c l u s i o n  

Th is  paper has d e s c r i b e d  the i n t e r r e -  
l a t i o n s h i p s  among the d i f f e r e n t  smal l  area 
e s t i m a t i o n  t e c h n i q u e s .  They can be v iewed 
in an h i e r a r c h i c a l  s t r u c t u r e  where each 
method b u i l d s  upon the o t h e r s  e i t h e r  by 
l o o s e n i n g  the  assump t i ons  or i n c l u d i n g  new 
sources  o f  i n f o r m a t i o n . T a b l e  I summarizes 
and F igu re  I p i c t o r i a l l y  d e m o n s t r a t e s  t h i s  
s t r u c t u r e  w i t h  each a r row  p o i n t i n g  towards  
the more genera l  t ype  o f  e s t i m a t o r .  Bogue 
(1950)  g e n e r a l i z e d  the SAT i n t o  the v i t a l  
r a t e s  t e c h n i q u e  by us ing  t h e  r a t e s  o f  
change s i nce  the p r e v i o u s  census .  We have 
d e m o n s t r a t e d  here how both the SAT and 
v i t a l  r a t e s  are s p e c i a l  cases o f  m u l t i -  
v a r i a t e  r e g r e s s i o n  on symptomat i c  v a r i a b l e s ,  
w i t h  v i t a l  r a t e s  us ing  a l ess  r e s t r i c t i v e  
set  o f  a s s u m p t i o n s .  C l e a r l y ,  symp tomat i c  
r e g r e s s i o n  is  a l so  a form o f  m u l t i p l e  
r e g r e s s i o n .  

We have shown how s y n t h e t i c  e s t i m a t i o n  
can be seen as a form o f  symp toma t i c  r e g r e s -  
s ion  on c a t e g o r i c a l  v a r i a b l e s  and i t s  
r e l a t i o n s h i p  to the commonly used p o s t - -  
s t r a t i f i e d  e s t i m a t o r .  E r i c k s e n  (1973 ,1974 )  
sugges ted  g e n e r a l i z i n g  the r e g r e s s i o n  
t e c h n i q u e s  to i n c l u d e  sample d a t a .  Th is  
enab led him to l oosen  the assump t i ons  
necessa ry  f o r  symp toma t i c  r e g r e s s i o n .  Th is  
sample r e g r e s s i o n  t e c h n i q u e  can be combined 
w i t h  s y n t h e t i c  e s t i m a t i o n  to deve lop  the 
s y n t h e t i c  r e g r e s s i o n  t e c h n i q u e s  o f  Levy 
(1971)  or  N i c h o l l s  (1977)  or  Gonzalez and 
Hoza ( 1 9 7 8 ) .  The sample r e g r e s s  ion t e c h -  
n ique  may a l so  be combined w i t h  the  d i r e c t  
sample e s t i m a t e  to d e r i v e  the compos i t e  
e s t i m a t o r  sugges ted  by Fay and H e r r i o t  ( 1 9 7 9 ) .  

412 



Combining the sample e s t i m a t e  w i t h  the 
s y n t h e t i c  e s t i m a t e  r e s u l t s  in the  compos i t e  
e s t i m a t o r  i n t r o d u c e d  by S c h a i b l e ,  B rock ,  
and Schnack (1977)  and S c h a i b l e  (1978a ,  
1978b) .  E v e n t u a l l y  we are l e f t  w i t h  j u s t  
two b u i l d i n g  b l o c k s :  s y n t h e t i c  r e g r e s s i o n  
and compos i t e  e s t i m a t o r s .  

For many smal l  a reas t h e r e  is  o f t e n  no 
sample a v a i l a b l e  to use in a compos i t e  
e s t i m a t o r .  The s y n t h e t i c  r e g r e s s i o n  

e s t i m a t o r  is  a lways  u s a b l e ,  but is  o n l y  
a p p r o p r i a t e  i f  a l i n e a r  r e l a t i o n s h i p  e x i s t s  
among the a v a i l a b l e  v a r i a b l e s .  N e i t h e r  o f  
t hese  methods w i l l  be p r e f e r a b l e  I00  pe r -  
cen t  o f  the t i m e .  More work is  n e c e s s a r y  
on b a l a n c i n g  the r e l a t i v e  advan tages  and 
d i s a d v a n t a g e s  o f  the d i f f e r e n t  methods in 
o r d e r  to deve lop  a c o n s i s t e n t  me thodo logy  
f o r  choos ing  the best  smal l  area e s t i m a t o r  
f o r  any p a r t i c u l a r  s i t u a t i o n .  
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Figure 1" Interrelat ionships Among Small Area 
Estimation Techniques 
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