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The B u r e a u  o f  Labo r  S t a t i s t i c s  (BLS)  
e s t i m a t e s  L a s p y r e s  p r i c e  i n d e x e s  f o r  a 
m u l t i t u d e  o f  c o m m o d i t y  and p r o d u c t  
c l a s s e s  u s i n g  c o m p l e x  r a t i o  f o r m u l a e  
and ,  where  p o s s i b l e ,  p r o b a b i l i t y  p r o p o r -  
t i o n a t e  t o  s i z e  (PPS) s a m p l i n g  d e s i g n s .  
H a l f  sampt-~ng t e c h n i q u e s  a re  e m p l o y e d  t o  
e s t i m a t e  th'e v a r i a n c e s  o f  t h e s e  i n d e x e s .  
The re  i s  l i t t l e  p r o o f ,  h o w e v e r ,  t h a t  
t h e s e  me thods  p r o d u c e  a c c u r a t e  measu res  
o f  s a m p l i n g  v a r i a n c e s .  T h i s  p a p e r  uses 
s u p e r p o p u l a t i o n  mode l s  t o  p r o v i d e  f o r m a l  
a n a l y s i s  and s u p p o r t  o f  BLS v a r i a n c e  
e s t i m a t i o n  p r o c e d u r e s .  

The s t a t i s t i c a l  l i t e r a t u r e ,  o f  
c o u r s e ,  i s  n o t  mute on t h e  s u b j e c t .  
H c C a r t h y  ( 1 9 6 6 )  i n t r o d u c e s  t h e  c o n c e p t  
o f  b a l a n c e d  h a l f  samp le  v a r i a n c e  e s t i -  
m a t i o n  and shows t h a t  i t  i s  e x a c t  f o r  
linea._______Er e s t i m a t o r s  w i t h  s i m p l e  random 
s a m p l i n g  w i t h i n  s t r a t a .  A h o s t  o f  
e m p i r i c a l  p a p e r s  s t u d y  t h e  use  o f  
M c C a r t h y ' s  t e c h n i q u e s  f o r  m e a s u r i n g  t h e  
v a r i a n c e  o f  . r a t i o  e s t i m a t o r s  u n d e r  t h e  
same s a m p l i n  9 d e s i g n .  These i n c l u d e  
F r a n k e l  ( 1 9 7 1 ) ,  K i s h  and F r a n k e l  ( 1 9 7 q ) ,  
Lemeshow and Levy  ( 1 9 7 8 )  and many 
o t h e r s .  

A f o r m a l  ana lys is  o f  c o m p l e x  e s t i -  
m a t o r s  i s  p r o v i d e d  by K r e w s k i  and Rao 
( 1 9 8 1 ) ,  who show t h a t  b a l a n c e d  h a l f  
samp le  v a r i a n c e  e s t i m a t i o n  has d e s i r e d  
p r o p e r t i e s  as t h e  number  o f  s t r a t a  a p -  
p r o a c h e s  i n f i n i t y .  Of more p r a c t i c a l  
i n t e r e s t  i s  t h e i r  ana lys is  when t h e  num- 
be r  o f  s t r a t a  i s  f i n i t e .  K r e w s k i  and 
Rao use a s u p e r p o p u l a t i o n  mode l  t o  
a n a l y z e  t h e  v a r i a n c e  e s t i m a t i o n  o f  r a t i o  
e s t i m a t o r s  a g a i n  w i t h  s i m p l e  random 
s a m p l i n g  w i t h i n  s t r a t a  ( see  a l s o  1 9 7 9 ) .  
T h e i r  s u p e r p o p u l a t i o n  work  d i f f e r s  f r o m  
t h e  a n a l y s i s  p r e s e n t e d  h e r e .  I t  i s  more 
B a y e s i a n  and i s  l i m i t e d  t o  t h e  c o m b i n e d  
r a t i o  e s t i m a t o r  w i t h  s i m p l e  random 
s a m p l i n g  w i t h i n  s t r a t a .  I n  a d d i t i o n ,  
K r e w s k i  and Rao s p e c i f y  random v a r i a b l e s  
in  a way t h a t  l e a d s  t o  some m i s l e a d i n g  
r e s u l t s  when a p p l i e d  t o  p r i c e  i n d e x  
e s t i m a t o r s .  N e v e r t h e l e s s ,  a s p e c i a l  
case  o f  t h e i r  r e s u l t s  a r e  c o m p a r a b l e  t o  
a s p e c i a l  case  o f  t h e  r e s u l t s  f o u n d  
h e r e .  

1. INTRODUCTION 
BLS d e s i g n s  i t s  s a m p l i n g  p r o c e d u r e s  

t o  f a c i l i t a t e  h a l f  samp le  v a r i a n c e  c a l -  

c u l a t i o n s .  When t h e  p r i c e  i n d e x  f o r  a 
p a r t i c u l a r  p o p u l a t i o n  o f  c o m m o d i t i e s  ( o r  
p r o d u c t s )  i s  d e s i r e d ,  t h e  p o p u l a t i o n  i s  
f i r s t  s t r a t i f i e d ,  u s u a l l y  by g e o g r a p h -  
i c a l  r e g i o n ,  and t h e n  two p r i m a r y  
s a m p l i n g  u n i t s  a re  chosen  f r o m  each 
s t r a t u m  t h r o u g h  some f o r m  o f  PPS 
s a m p l i n g .  In  o r d e r  t o  i n t r o d u c e  t h e  
c o n c e p t  o f  a s u p e r p o p u l a t i o n  mode l  in  
t h e  most  s t r a i g h t f o r w a r d  m a n n e r ,  we 

b e g i n  in  S e c t i o n  2 w i t h  a p r i c e  i n d e x  
f o r  a homogenous p o p u l a t i o n  o f  com- 
m o d i t i e s  t h a t  i s  e s t i m a t e d  based  on a 
w i t h o u t  r e p l a c e m e n t  PPS samp le  o f  two 
c o m m o d i t y  u n i t s .  

We e x t e n d  t h i s  s i m p l e  a n a l y s i s  t p  
s u b s a m p l i n 9  in  S e c t i o n  3 and t o  s t r a t -  
i f i e d  p o p u l a t i o n s  in  S e c t i o n  4.  P r o b a -  
b i l i t y  s a m p l e s  a re  d rawn w i t h  wha t  a re  
assumed t o  be o p t i m a l  measu res  o f  s i z e  
in  t h e  f i r s ~  f o u r  s e c t i o n s .  As a 
r e s u l t ,  t h e i n d e x  e s t i m a t o r s  have a 
l i n e a r  f o r m  n o t  much d i f f e r e n t  f r o m  t h a t  
in  t h e  c l a s s i c a l  h a l f  s a m p l i n g  l i t e r a -  
t u r e  ( see  M c C a r t h y ) .  N e v e r t h e l e s s ,  
s i n c e  s a m p l i n g  i s  p r o p o r t i o n a t e  t o  s i z e ,  
h a l f  samp le  v a r i a n c e  e s t i m a t o r s  a re  n o t  
in  g e n e r a l  u n b i a s e d  r e l a t i v e  t o  t h e  
s a m p l i n g  d e s i g n .  T h i s  i s  where  t h e  
s u p e r p o p u l a t i o n  mode l  comes i n :  t h e s e  
v a r i a n c e  e s t i m a t o r s  a re  shown t o  be 
n e a r l y  m o d e l - u n b i a s e d  ( " n e a r l y "  b e c a u s e  
a f i n i t e  p o p u l a t i o n  c o r r e c t i o n  f a c t o r  i s  
o m i t t e d ) .  

In  S e c t i o n  5, t h e  a s s u m p t i o n  o f  o p -  
t i m a l  measu res  o f  s i z e  in  PPS s a m p l i n g  
i s  d r o p p e d .  T h i s  f o r c e s  t h e  i n d e x  e s -  
t i m a t o r  i n t o  r a t i o  f o r m .  A r b i t r a r y  h a l f  
samp le  v a r i a n c e  e s t i m a t o r s  a re  shown t o  
be n e a r l y  m o d e l - u n b i a s e d  f o r  a s e p a r a t e  
r a t i o  e s t i m a t o r  i f  and o n l y  i f  t h e  
s u p e r p o p u l a t i o n  mode l  i s  e x t e n d e d  t o  
i n c l u d e  a n o t h e r  random v a r i a b l e .  A 
d i r e c t  e s t i m a t o r  o f  t h e  s a m p l i n g  v a r i -  
ance i s  i n t r o d u c e d  and shown t o  be more 
m o d e l - e f f i c i e n t  t h a n  a " f u l l y  b a l a n c e d "  
h a l f  samp le  v a r i a n c e  e s t i m a t o r .  In  
S e c t i o n  6, a d i r e c t  v a r i a n c e  e s t i m a t o r  
( w h a t  K r e w s k i  and Rao c a l l  t h e  " l i n e a r -  
i z a t i o n  e s t i m a t o r " )  p r o v e s  t o  be 
m o d e l - b i a s e d  downward  f o r  a c o m b i n e d  
r a t i o  e s t i m a t o r  when t h e  number  o f  
s t r a t a  i s  s m a l l  o r  a few  s t r a t a  a re  
r e l a t i v e l y  l a r g e .  In  a d d i t i o n ,  t h e  
f u l l y  b a l a n c e d  h a l f  samp le  v a r i a n c e  
e s t i m a t o r  t u r n s  o u t  a l s o  t o  be m o d e l - -  
b i a s e d  d o w n w a r d ,  b u t  l e s s  so and o n l y  
when t h e  s t r a t a  a re  n o t  o f  e q u a l  s i z e .  

2. THE HORVITZ-THOMPSON ESTIMATOR 
AND PP5 SAMPLING 
The s i m p l e s t  t y p e  o f  p r i c e  i n d e x  i s  a 

l o n g  t e r m  r e l a t i v e  f o r  a p o p u l a t i o n  o f  N 
u n i t s  ( c o m m o d i t i e s  o r  ~ r o d u c t s ) :  

R~ =( p~Q; ) / (~p.  Q0 ; )=~b ;  x; , 
where  P~ i s  t h e  p r i c e  o f  u n i t  i a t  

t i m e  s ,  
Q~ i s  t h e  q u a n t i t y  o f  i a t  0 

! 

( t h e  b a s e 0 P e r i o d ) ,  
b ;=p~  0 0 I Q ; / ~ P z ~  i s  i ' s  base 

e x p e n d i t u r e ,  ( r e v e n u e )  s h a r e ,  
and x; =P~/P; i s  i ' s  p r i c e  t r e n d .  

Suppose we w i s h  t o  e s t i m a t e  t h i s  
r e l a t i v e  based  on a ( p r o b a b i l i t y )  
s a m p l e ,  S, o f  two u n i t s .  Godambe ( 1 9 5 5 )  
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shows t l ~ t  no l i n e a r ,  u n b i a s e d  e s t i -  
m a t o r ,  R ; x , ,  where  E(R1;)=R ¢,  e x i s t s  
w i t h  min imum v a r i a n c e  f o r  a l l  p o s s i b l e  
v a l u e s  o f  t h e  x; ( p r i c e  t r e n d s ) .  How 
t h e n  can t h e  " b e s t "  e s t i m a t i o n  s t r a t e g y  
be d e t e r m i n e d ?  

Godambe s u g g e s t s  t h a t  t h e  x; be 
t r e a t e d  as i n d e p e n d e n t ,  i d e n t i c a l l y  d i s -  
t r i b u t e d  random v a r i a b l e s  f r o m  a 
s u o e r o o D u l a t i o r )  w i t h  mean u~ and v a r i -  
ance 9~- I t  i s  t h e n  p o s s i b l e  t o  f i n d  
t h e  ~ i n e a r ,  ~ e m p l i n g - u n b i a s e d  e s t i m a t o r  
( E ~ [ R ¢ - R ¢ ] = O )  w i t h  t h e  l e a s t  m o d e l - -  
e x p e c t e d  s a m p l i n g  v a r i a n c e .  I t  i s  t h e  
H o r v i t z - T h o m p s o n  (HT) e s t i m a t o r  in  
m e a n ; ~ f ~ r a t  l os  f o r m  I 

R = ~ b ; x ; s ; / E ( s ;  = ~ ' x , s ; / 2 ,  ( 2 . 1 )  
where  s;  i s  t h e  number o f  t i m e s  u n i t  i 

i s  in  t h e  s a m p l e ,  and 
E (s ;  ) = E ( s ; ¢ ) = 2 b  ; .  ( 2 . 2 )  

(Godambe n e v e r  s a i d  so e x p l i c i t l y ,  b u t  
i t  i s  n e c e s s a r y  t o  assume t h a t  no u n i t  
e x p e n d i t u r e  s h a r e ,  b ; ,  i s  g r e a t e r  t h a n  
1 / 2 . )  

E q u a t i o n  ( 2 . 2 )  i s  s a t i s f i e d  by many 
d i f f e r e n t  " w i t h o u t  r e p l a c e m e n t "  PPS 
s a m p l i n g  d e s i g n s .  Pe rhaps  t h e  s i m p l e s t  
t o  e x e c u t e  is  s y s t e m a t i c  PPS s a m p l i n g  
w i t h  t h e  b- as t h e  measures  o f  s i z e  I 

T h i s  d e s i g n  coup lec l  w i t h  t h e  HT e s t i -  
ma to r  f o r m  a s t r a t e g y  t h a t  i s  v e r y  p o p -  
u l a r  a t  BLS. Readers  u n f a m i l i a r  w i t h  
s y s t e m a t i c  PPS s a m p l i n g  a re  r e f e r r e d  t o  
Raj ( 1 9 6 8 ) ,  pp .  5 1 - 2 .  

The m o d e l - e x p e c t e d  s a m p l i n g  v a r i -  
ance o f  t h e  HT e s t i m a t o r  unde r  9_Q~( 
s a m p l i n g  p l ~  o b e y i n ~  (_~b 2) i s  

E~Var$ ( ) = 9 : ( 1 /  ; ; ) .  ( 2 . 3 )  
U n l e s s  we want  t o  d i s t i n q u i s h  b e t -  

ween d i f f e r e n t  s a m p l e s ,  we w i l l  assume 
t h a t  samp les  c o n s i s t  o f  t h e  f i r s t  two 
e n u m e r a t e d  u n i t s .  Le t  us suppose  f u r -  
t h e r  t h a t  u n i t  1 i s  in h a l f  samp le  A and 
u n i t  2 in  B. The e s t i m a t o r  o f  v a r i a n c e  
f r o m  e i t h e r  h a l f  samp le  i s  

Vat  A ( ~ t l s l  =s== l  ) = (Xl  - ~ ¢ )  ~ 
=(x~-x~)  z/~ 
= V ~ r l L ( R ¢ I ,  ) .  

NoticR~ t h a t  t h e  model  e x p e c t a t i o n  
o f  Va rA(  ~ l s ~ = s ~ = l )  i s  g / 2 .  S i n c e  
t h i s  i s  t r u e  f o r  e v e r y  p a i r  o f  samp led  
u n i t s ,  we c o n c l u d e  thx~~ 

E ~ [ V ~ r A ( t )  ]=g . ( 2 . ~ )  
What i s  m i s s i n g  f o r m  v a t  ( ' )  t o  make i t  
m o d e l - u n b i a s e d  i s  a f i n i A t e  p o p u l a t i o n  
c o r r e c t i o n  f a c t o r  ( 1 - 2 ~ b ;  ~ ) .  

Le t  us exam ine  t h e  a s s u m p t i o n s  o f  
ou r  s u p e r p o p u l a t i o n  model  t o  see w h i c h  
a re  r e a l l y  needed f o r  ou r  r e s u l t s .  I t  
i s  c e r t a i n l y  n e c e s s a r y  f o r  t h e  x .  t o  

t 

have a common mean. I f ,  in  a d d i t i o n ,  we 
assumed o n l y  t h a t  t h e  p r i c e  t r e n d s  have 
a common c o v a r i a n c e  ( c ) ,  t h e n  one c o u l d  
show t h a t  ^ ¢ 

E~E~; [ V a r  s ( R )  ] = Z ( b ; - 2 b .  a, )(9w; - c ) / 2  
and 
E, ET~h[Va~rK(R¢) ,aZtb; ( g , ; - c ) / 2 .  

e HT e s t i m  or  and w i t h o u t  r e p l a c e -  
ment PPS samp le  d e s i g n  may n o t  be o p t i -  
mal in  t h i s  c a s e .  N e v e r t h e l e s s ,  t h e  

model  e x p e c t a t i o n  o f  t h e  v a r i a n c e  e s t i -  
ma to r  has n e a r l y  no s a m p l i n g  b i a s  (a 
weaker  c o n d i t i o n  t h a n  nea r  m o d e l - u n -  
b i a s e d n e s s ) .  The f i n i t e  p o p u l a t i o n  c o r -  
r e c t i o n  f a c t o r  becomes a c o m p l i c a t e d  
e x p r e s s i o n  w h i c h  i s  l e f t  t o  t h e  r e a d e r  
t o  d e r i v e .  

I f  t h e  p o p u l a t i o n  i s  l a r g e  e n o u g ~  
and t h e  s h a r e s  s m a l l  enough t h a t  ~b;  i s  
n e a r l y  z e r o ,  t h e n  we can i g n o r e  f i n i t e  
p o p u l a t i o n  c o r r e c t i o n  e n t i r e l y .  T h i s  i s  
f o r t u n a t e  because  t h e  r e l a t i v e  s i z e s  o f  
t he  gx; a re  unknown .  Too keep t h e  n o t a -  
t i o n  in  t h i s  p a p e r  as s i m p l e  as p o s -  
s i b l e ,  we w i l l  assume a l l  9x~ =g~x f r o m  
now on.  T h i s  w i l l  a l s o  a l l o w  us t o  
speak o f  n e a r l y  m o d e l - u n b i a s e d  v a r i a n c e  
e s t i m a t o r s  r a t h e r  t h a n  e s t i m a t o r s  w i t h  
n e a r l y  no model  e x p e c t e d  s a m p l i n g  
b i a s e s .  

3. SU.BSAMPI. ING 
F i n i t e  p o p u l a t i o n  c o r r e c t i o n  becomes 

even more c o m p l i c a t e d  when t h e r e  i s  a 
m u l t i s t a g e  s a m p l i n g  d e s i g n ;  in  w h i c h  
c a s e ,  t h e  u n i t s  d i s c u s s e d  above a re  o n l y  
p r i m a r y  s a m p l i n g  u n i t s  ( c l u s t e r s  o f  
a c t u a l  p r i c i n g  u n i t s ) ,  and t h e  x; a re  
t h e m s e l v e s  HT e s t i m a t o r s  o f  p r i c e  r e l a -  
t i v e s .  To s i m p l i f y  t h e ~ . e x p o s t i o n ,  l e t  
us assume t h a t  each x ;=E 'b ; ,  x ~ ,  x," 

• o ;; P;i /P : ;  ' b;~o=P ' Q'? /}-p.O o:~ ~; s ' a . ~ - , 0  .~:3 ' and i 
t h e  number f r i c i n g  u n i t s  in  c l u s t e r  
i .  Suppose t h a t  two u n i t s  a re  s u b -  
samp led  f r o m  each samp led  c l u s t e r  so 
t h a t  

R't"='rb; ~ b; ,j x ; ; , 
and I~ :=~rx ;~  s;~ s : / 4 ,  

where  s;~ i s  1 i f  u n i t  i j i s  in  t h e  s u b -  
samp le  o f  c l u s t e r  i ,  and 
E (s ; ;  ) = E ( s ; ~ =  )=2b '~  . 

We can now b o r r o w  a d e v i s e  f r o m  
S c o t t  and S m i t h  (19 ( ;9 )  and c o n s i d e r  a 
s u p e r p o p u l a t i o n  model  in  w h i c h  t h e  x ; j  
w i t h i n  each i a re  i n d e p e n d e n t  random 

z v a r i a b l e s  w i t h  mean u; and v a r i a n c e  gx"  
These means,  h o w e v e r ,  a re  a l s o  i n d e p e n -  
d e n t  random v a r i a b l e s  w i t h  a common 
mean, u x ,  and v a r i a n c e ,  gz T • Thus w i t h  
r e s p e c t  t o  a l l  t h e  s u p e r p o p u l a t i o n  v a r i -  
a b l e s ,  t h e  p r i c e  t r e n d s  o f  u n i t s  f r o m  
w i t h i n  t h e  same c t u s t e r  have a c o r r e -  
l a t i o n  c o e f f i e n t  o f  9 / ( 9 x + g T  • 

We can t h e n  show t h a t  t h e  m o d e l - -  
~1 v a r i a n c e  ~ f  ~¢ i s  e x p e c t e d  sam i n g ~ ( 1 / 4  - b b;~ ) + 

E x V a r  S ( ) = g ~  ,~ 
g ~ ( 1 / 2  -Eb; ) ,  

w h i l e  t h e  m o d e l - e x p e c t a t i o n  o f  t h e  h a l f  
sample  v a r i a n c e  e s t i m a t o r  based on t h e  
f i r s t  s t a g e  o f  s a m p l i n g  a l o n e ,  g i v e n  
S11=S11=Szt =S IL =1 i S 

/ ~  + g ~ / 2  g~ 
I f  we assume t h a t I ~ b ; ;  i s  n e a r l y  z e r o ,  

t h e n  V ~ r A ( ' )  i s  n e a r l y  m o d e l - u n b i a s e d .  
The e x t e n s i o n  o f  t h i s  r e s u l t  t o  more 
c o m p l i c a t e d  s u b s a m p l i n g  schemes i s  
s t r a i g h t f o r w a r d .  
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~. STRATIFIED SAMPLING 
The BLS does no t  e s t i m a t e  many p r i c e  

r e l a t i v e  based on o n l y  two p r i m a r y  PPS 
s a m p l i n g  u n i t s .  Most o f  the  B u r e a u ' s  
index  c a l c u l a t i o n s  i n v o l v e  complex  
e s t i m a t i o n  f o r m u l a e .  In a d d i t i o n ,  
samples are o f t e n  chosen w i t h  s u b o p t i m a l  
measures o f  s i z e .  Let  us ease i n t o  the  
s u b j e c t  s l o w l y .  Suppose we have a popu -  
l a t i o n  o f  L s t r a t a  w i t h  N k u n i t s  in each 
each s t r a t t m  k.  Let  k i deno te  the  i t h  
u n i t  in the  k t h  s t r a t u m .  The long  te rm 
r e l a t i v e  9 f  . the p o p u l a t i o n  is  

R¢=~bk~.bk; x k; , _ 
• == O,  • 0 O where b~,~ Pk, Q~; /~Pkz QkZ , 

o • (~ 0 • and bk =~Px~ Qk~ / ~ P k ~ Q k ~  
Suppose two u n i t s  f rom each s t r a t u m  

are chosen v i a  w i t h o u t  r e p l a c e m e n t  PPS 
s a m p l i n g .  Let  the  xk; be i n d e p e n d e n t  
random v a r i a b l e s  w i t h  mean u k and v a r i -  
ance g~. I f 

~-Rl;=~bklXk; s k ; / 2 ,  ( 4 . 1 )  
t hen  

E~Var$ ( ¢ ' )=Zb~(1 /2  -~bk,  )gk .  
An a r b i t r a r y  h a l f  sample e s t i m a t o r  

o f  th~  s a m p l i n g  v a r i a n c e  is 
V~r A(..~l')=(ZbW~xW~ - R t l . )  

=]~b~(x l x - X ~  ):~/4 + ( 4 . 2 )  
{~sbkbL~ k l - X k l ) ( X l l - X 2 z ) / 4 .  

Wh i le  t h i s  k t i m a t o r  is  n e a r l y  model 
u n b i a s e d  when a l l  ~b k. k are n e a r l y  
z e r o ,  more e f f i c i e n t  n e a r l y  m o d e l - -  
u n b i a s e d  e s t i m a t o r s  may be d e r i v e d  by 
a v e r a g i n g  t o g e t h e r  v a r i a n c e  e s t i m a t o r s  
based on d i f f e r e n t  h a l f  samp les .  ( I n  
t h i s  p a p e r ,  model e f f i c i e n c y  w i l l  be 
measured by ( t h e  i n v e r s e  o f )  model v a r i -  
ance .  ^ A l t e r n a t i v e s  ~ e a s u r e s ,  such as 
E ~ [ ( V a r A ( ~ ¢ l ' ) - V a r ~ ( R C ) ) z ] ,  have been 
c o n s i d e r e d  by the  a u t h o r .  They do no t  
a f f e c t  t he  r e s u l t s  in the  s e q u e l . )  

McCar thy  (19(;(;) shows t h a t  an average  
o f  h a l f  sample v a r i a n c e  e s t i m a t o r s  is  
most e f f i c i e n t  when the  se t  o f  h a l f  
samples  on wh ich  t h e y  are based is 
o r t h o q o n a 1 1 v  ba la r t ce~  ( p s e u d o r e p l i -  
c a t i o n ) .  A s e t ,  T, o f  L '~L  h a l f  samples  
w i t h  t h i s  p r o p e r t y  can be c o n s t r u c t e d  
f rom a L ' x  L m a t r i x  o f  p l u s e s  and 
minuses w i t h  o r t h o g o n a l  co l umns ;  a p l u s  
( m i n u s )  in the  j t h  row and k t h  co lumn o f  
t he  m a t r i x  wou ld  p l a c e  u n i t  k l  ( k2 )  in 
h a l f  sample ~. See McCar thy  f o r  d e t a i l s  
on t h i s  p r o c e d u r e .  

When v a r i a n c e  e s t i m a t o r s  based on 
o r t h o g o n a l l y  b a l a n c e d  h a l f  samples  are 
a v e r a g e d ,  t he  c r o s s  te rms  ( t h e  bkb 1, 
k ~ l )  o f  ~(4 2) v a n i s h ~  

=~b k ( x kl -x  k2 ) z/ f , ,  ( ~. ~ ) 

d e c r e a s i n g  the  model v a r i a n c e  o f  the  
r e s u l t i n g  _ o r t h o q o n a l l y  b a l a n c e d  
sam__a~_p_J_e v a r i a n c e  e s t i m a t o r .  N o t i c e  t h a t  
in the  p r e s e n t  c o n t e x ~  o f  e s t i m a t i n g  the  
s a m p l i n g  v a r i a n c e  o f  R ~ in ( 4 . 1 ) ,  ( 4 . 3 )  
can be c a l c u l a t e d  d i r e c t l y  w i t h o u t  an 
o r t h o g o n a l  m a t r i x .  

5. ~UBOPTIMAL MEASURES ~_~ SIZE 
Q u i t e  o f t e n  BLS does no t  draw PPS 

samples w i t h  p e r f e c t  measures o f  s i z e .  
In the  P roduce r  P r i c e  Index  (PP I )  p r o -  
gram, base p e r i o d  revenue  sha res  are 
f r e q u e n t l y  a p p r o x i m a t e d  u s i n g  employment  
d a t a .  In the  Consumer P r i c e  Index  (CPI )  
p rog ram,  two r e l a t e d  bu t  d i f f e r e n t  
s t r a t a  are somet imes c o l l a p s e d  i n t o  a 
s i n g l e  " s t r a t u m "  f o r  v a r i a n c e  c a l c u -  
l a t i o n  p u r p o s e s .  In bo th  p r o g r a m s ,  
s h o r t  t e rm r e l a t i v e s  c o m p a r i n g  p r i c e  
l e v e l s  o f  a d j a c e n t  p e r i o d s  in t i m e ,  say 
p e r i o d s  t and t - l ,  are based on samples 
drawn in the  base p e r i o d  (0 )  r a t h e r  t han  
the  r e f e r e n c e  p e r i o d  ( t - l ) .  

5.1 The S i n q l e  S t r a t u m  Case 
Re tu rn  to  the  case o f  two sampled 

u n i t s  f rom a s i n g l e  s t r a t u m .  Let  B = 
poQo ; , and suppose t h a t  a se t  o f  D ; 

are used as measures o f  s i z e  to  draw a 
PPS s ~ p l e ~  Then 

=(~ ; v ; x ; ) / ( ~ D ; v ; ) ,  
and 

R¢=(Zv;  x; s; ) / ~ v  ;s" ) ,  
where v - = B . / D ,  , 
and E~ ( s ; ) = E  s ( s ;  2 ) = 2 D ~ / I D ~ .  

We a g a i n  l e t  the  x; be i n d e p e n d e n t  
and i d e n t i c a l l y  d i s t r i b u t e d  random v a r i -  
a b l e s .  N o t i c e  t h a t  the  model e x p e c t -  
a t i o n  o f  R $ is u x and i t s  model v a r i -  
ance is ~ b ; t g ~ .  Let  us assume the  
model s t a n d a r d  d e v i a t i o n ,  b~;~ g~, is  
n e a r l y  zero  so t h a t  R t can be t r e a t e d  
as n e a r l y  u x. Th i s  a s s u m p t i o n  w i l l  be 
weakened c o n s i d e r a b l y  in S e c t i o n  6. 

R a t i o  e s t i m a t o r s  l i k e  ~ t  are no t  
s a m p l i n g - u n b i a s e d .  We i g n o r e  t h i s  f a c t  
and c a l l  what are p r o p e r l y  ~amDl in9  mean 
s q u a r e d  e r r o r s  " s a m p l i n g  v a r i a n c e s "  
t h r o u g h o u t  t h i s  p a p e r .  

Not~ that 
ExEsI (R t - u ~ ) ~ I = E ~ E x [ ( R ~ - u ~ I  - )  ~1, 
I t  is  a s i m p l e  m a t t e r  to  show 

;.z) ~ /2 ,  ( 5 . 1 )  Varx ( R ¢ l s i  = s ~ = l ) = ( l + f  gx 
where f I ~ = ( v ~ - v S ) / ( v ; + ~ S ) .  

We wi no ( y e t )  t ake  the  s a m p l i n g  
e x p e c t a t i o n  o f  the  RHS o f  ( 5 . 1 ) .  I n -  
s t e a d ,  c o n s i d e r  t h i s .  Suppose ~here is 
a s a m p l i n g  v a r i a n c e  e s t i m a t o r ,  V, w i t h  a 
model e x p e c t a t i o n  n e a r l y  e q u a l a t o  the  
c o n d i t i o n a l  model v a r i a n c e  o f  R ¢ f o r  
ever~ samp le ;  i . e . ,  ~ l 

E ( V l ~ ; : s ~ : l ) : ( l + f ; ' ) 9 x / 2 ,  V i ~ j  (5~2)  
Nh~le V might not b~ a nearly model n- 
b i a s e d  e s t i m a t o r  of the  s a m p l i n g  v a r i -  
ance,  i t s  model e x p e c t a t i o n  has n e a r l y  
no s a m ~ n g  b i ~ s :  EsE ( ~ ' ) "  
EsEx| (R u~l') ] E~E$~(R ux)Z]. 

We now must f i n d  a 0 t h a t  obeys 
( ~ . 2 )  f o r  a l l  p o s s i b l e  s a m p l e s . ^  
V a r A ( - )  d o e s n ' t ;  n e i t h e r  does V a r B ( . )  ; 
however ,  t~e average  o f  ~hese two does :  

E ~ V a r ~ ( R ~ l ' ) = E x [ ( x i -  ) 
= ( 1 - 2 f l l  + f l Z  2 ) g x / 2 ,  ( 5 . 3 )  

and 
E~Var~ ( R t l  " 1= ( 1 + 2 f l ~ + f  1 ) g w / 2 ;  ( 5 . 4 )  

bu t  
A • 

E ( V ~ r A  +Vat ~ ) / 2 =  ( 1+~1; ) 'gx /2"  ( 5 . 5 )  
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T h i s  l a s t  v a r i a n c e  e s t i m a t o r  can be 
c o m p u t e d  d i r e c t l y "  

V~ro(RtJ'):(1+f,~)(xl-xt)~. 
An a l t e r n a t i v e  a p p r o a c h  t o  a n a l y z i n g  

t h e  t h r e e  v a r i a n c e  e s t i m a t o r s  in  t h i s  
case  i n v o l v e s  t r e a t i n g  t h e  v.  as i n d e -  
p e n d e n t ,  i d e n t i c a l l y  d i s t r i b u t e d  random 
v a r i a b l e s .  O b v i o u s l y ,  t h i s  t r e a t m e n t  i s  
n o t  a p p l i c a b l e  t o  " c o l l a p s e d  s t r a t a . "  
The s p e c i f i c a t i o n  in  such  cases  and t h e  
e x t e n s i o n - o ~  t h e  s u b s e q u e n t  a n a l y s i s  a re  
l e f t  t o  t h e  r e a d e r .  

I t  i s  easy  t o  see t h a t  unde r  t h e  
new model  t h e  f ; ~  have mean z e r o  and 
i d e n t i c a l  v a r i a n c e s ,  g=. b u t  a re  n o t  
i n d e p e n d e n t .  The m o d e ~ - e x p e c t e d  
s a m p l i n g  v a r i a n c e  o f  ~ ~ i s  
(1+ 9 ; ) 9 ~ / 2  , and t h e  t r e e  h a l f  samp le  
e s t i m a t o r s  above a re  x v - u n b i a s e d .  The 
p r e s e n c e  o f  an e x t r a  2 f ; ~  t e r m  in  ( 5 . 5 )  
and^ ( 5 . 4 )  mak~ t h e  mode l  v a r i a n c e s  o f  
V a r - ( . )  and Var  ( . )  l a r g e r  t h a n  t h a t  o f  
- ~- - V ~ r ~ (  ) .  (The m~del  v a r i a n c e s  need no 
l o n g e r  be c o n d i t i o n a l  on t h e  s a m p l e ,  
b e c a u s e  t h e  v.  a re  i d e n t i c a l l y  

I 
d i s t r i b u t e d ) .  

5 . 2  The S e p a r a t e  R a t i o  E s t i m a t o r  
Suppose t h e  p o p u l a t i o n  i s  d i v i d e d  

i n t o  L s t r a t a  as in  S e c t i o n  4 ,  b u t  now 
PPS s a m p l e s  o f  two u n i t s  f r o m  each 
s t r a t u m  a re  d rawn u s i n g  some D ~  in  

0 0 p l a c e  o f  B~I=Pk~ Q k~" In  t h i s  ub -  
s e c t i o n ,  we assume t h a t  ~ h i l e  a t  l e a s t  
some o f  t h e  u n i t  base p e r i o d  e x p e n -  
d i t u r e s  ( t h e  B~; ) a re  unknown ,  a l l  t h e  
~ r a t a  base p e r i o d  e x p e n d i t u r e s ,  t h e  Bk= 
~Bk; , are k n o w n .  

The l o n 9  t e r m  r e l a t i v e  can be e x -  
p r e s s e d  a ~  0 k? ¢ 
R t = [ b k ( ~ P ~ ;  Qk; ) / ( ~ P  , Q~ ) = [ b k R ~ ,  

where  b k = B k ~ B  ~ as in  S e c t i o n  4.  
The s e o a r a t e  r a t i o  e s t i m a t o r  of RC 

based  on t h e  s a m p l i n g  scheme d i s c u s s e d  

- b k ( [ X k ~  Vk ;Sk '  , )/(~Vk, SK;), 
where  Vk~ =B k~/Dk;, 

S k; =I if ki is in the sample of 
u n i t s  from s t r a t u m  k ,  and 

z D~;/~D~. E j C S k ; ) = E ( s ~ ;  )=2 
For  ou r  s u p e r p o p u l a t i o n  m o d e l ,  l e t  

t h e  Xk~ and t h e  v ~ i  be i n d e p e n d e n t  r a n -  
dom v a r i a b l e s  w i t h  r e p e c t i v e  ~ e a n s  and 

% . T h i s  v a r i a n c e s  u~k ,  9x and Uvk,  Uvkg~# 
i s  by no means t h e  most  g e n e r a l  mode l  
t h a t  can be used t o  a n a l y z e  h a l f  samp le  
v a r i a n c e  e s t i m a t i o n  t e c h n i q u e s .  I t  i s  
p o s s i b l e  t o  a l l o w  each s t r a t u m  t o  e x -  
h i b i t  i t s  own v a r i a n c e s  ( i . e . ,  gxk and 
g4k )  and r e t a i n  t h e  b u l k  o f  t h e  s u b -  

s e q u e n t  a n a l y s i s .  N e v e r t h e l e s s ,  t h i s  
s i m p l e  mode l  a v o i d s  much cumbersome and 
e x p o s i t i o n a l l y  u s e l e s s  n o t a t i o n .  The 
e x t e n s i o n s  t o  more g e n e r a l  f o r m s  w i l l  be 
left t o  t h e  i n t e r e s t e d  r e a d e r .  

As in  t h e  l a s t  s e c t i o n ,  we w i l l  
assume that f o r  each s t r a t u m  k ,  ~ gx i s  n e a r l y  z e r o  (bk;  = B k ; / B k ) .  

q u e n t l y ,  R t i s  n e a r l y  ~ d k u ~ k .  

The m ~ d e l - e x p e c t e d  s a m p l i n g  v a r i -  
ance o f  R~ . 

s ) = ~ b  ( 1 + 9 ~ ) 9 x / 2  Ex, v Va r$( R~ 
where  f ~ = ( V k l  - - V k z ) / ( V k ~  + V k z ) .  

The e s t i m a t o r  o f  t h i s  v a r i a n c e  based  on 
h a l f  samp le  A, t h e  h a l f  samp le  w i t h  a l l  

VarA ( R ~ i " )  = (~bkx~t  -Rs ) 
)~ = Z b ~ ( 1 - f  k (Xk l  - X k t  ) / 4  

+K~bkbL ( 1 - f ~ , ) ( 1 - f l ) ( x ~ l  - x k % ) ( x t ~  - x ~ % ) / 4 ,  
I t  i s  easy  t o  see t h a t  t h i s  e s t i m a t o r  

i s  mode l  u n b i a s e d .  N e v e r t h e l e s s ,  o t h e r  
model  u n b i a s e d  h a l f  samp le  e s t i m a t o r s  
e x i s t  w i t h  l e s s  mode l  v a r i a n c e .  

An a v e r a g e  o f  f u l l y  b a l a n c e d  h a l f  
samp le  e s t i m a t o r s ,  i . e . ,  n o t  o n l y  a re  
t h e  h a l f  s a m p l e s  o r t h o 9 o n a l l y  b a l a n c e d  
b u t  each s a m p l e d  u n i t  i s  in  e x a c t l y  h a l f  
o f  t h e  h a l f  s a m p l e s ,  w i l l  r e s u l t  in  t h e  
f o l l o w i ~ 9  t e s t i m a t o r :  

V~r rcRJ J ' ) = Z b ~ C l + f : ) C x k l - x k ~ )  / 4  + 
k~x~bk b l fk f~ .  (xk l  - x  v,~. ) ( x ~  -x%z ) 1 4 .  

For  a s e t  o f  L '  s a m p l e s  t o  be f u l l y  
b a l a n c e d ,  L '  must  e x c e e d  L. When L '  i s  a 
m u l t i p l e  o f  ~, i t  i s  a l w a y s  p o s s i b l e  t o  
c o n s t r u c t  a f u l l y  b a l a n c e d  o r t h o g o n a l  
ma t r  i x .  

The f u l l y  b a l a n c e d  h a l f  s a m p l e  
v a r i a n c e  e s t i m a t o r  has l e s s  mode l  v a r i -  
ance t h a t  any o t h e r  c o m b i n a t i o n  o f  h a l f  
samp le  e s t i m a t o r s .  N e v e r t h e l e s s ,  t h e r e  
i s  a n e a r l y  mode l  u n b i a s e d  s a m p l i n g  
v a r i a n c e  e s t i m a t o r  w i t h  l e s s  mode l  
v a r i a n c e :  

A 
VaroCA~: l "  ) = [ b l ~ ( 1 + f ~ ' )  (x v , , -x  kz )~ '14 .  ( 5 . 6 )  
Ne w i l l  c a l l  t h i s  t h e  d i r e c t  h a l f  samp le  ^/: 
v a r i a n c e  e s t i m a t o r  o f  R . 

5 . 3  A._p_n I n t r o d u c t i o n  t o  t h e  Comb ined  
R a t i o  E s t i m a t o r  

In  t h e  p r e v i o u s  s u b s e c t i o n ,  we 
assume t h a t  t h e  s t r a t u m  base p e r i o d  
e x p e n d i t u r e s ,  t h e  b k,  a re  known and 
can be used t o  e s t i m a t e  t h e  I on  9 t e r m  
r e l a t i v e .  Q u i t e  o f t e n  t h i s  i s  n o t  t h e  
c a s e .  I f  t h e  bk were e s t i m a t e d  u s i n g  
d a t a  ~ rom t h e  s a m p l e ,  

bK=DkZVki  s k ; / ( ~ D ~ v k ;  s~; ), 
t h e  l o n g  t e r m  r e l a t i v e  e s t i m a t o r  w o u l d  
be 

R~=[b~Rk 
= ( [ D k [ x k ;  vk; s ~ , ) / C ~ D k [ V k ~  sk; ) ( 5 . 7 )  

E q u a t i o n  ( 5 . 7 )  d e f i n e s  t h e  c o m b i n e d  
r a t i o  e s t i m a t o r  in  i t s  p u r e s t  f o r m .  

In  a c t u a l  p r a c t i c e ,  many p r i c e  
i n d e x  e s t i m a t o r s  e m p l o y  t h e  p r i n c i p l e s  
o f  b o t h  s e p a r a t e  and c o m b i n e d  r a t i o  
e s t i m a t i o n .  W h i l e  we w i l l  n o t  d e a l  w i t h  
such e s t i m a t o r s  h e r e ,  we can be c o n f i -  
d e n t  t h a t  t h e  p r o p e r t i e s  o f  v a r i a n c e  

e s t i m a t i o n  d i s c u s s e d  in  t h i s  p a p e r  e x -  
t e n d  t o  more c o m p l e x  i n d e x  e s t i m a t o r s .  

6. THE COMBINED RATIO ESTIMATOR 
The c o m b i n e d  r a t i o  e s t i m a t o r  in  

~5.7)  can be m e - e x p r e s s e d  as 

where  v~; =vK; /u~k  , 
and d ~ = D k U v k / [ D l & u , k .  

( 6 . 1 )  
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Le t  t h e  Xk; and t h e  Vk, be random 
v a r i a b l e s  w i t h  t he  same p r o p e r t i e s  as in  
S e c t i o n  5. Zn a d d i t i o n ,  l e t  t h e  s t r a t u m  
p r i c e  t r e n d  means,  t h e  u= k , be i n d e p e n -  
d e n t  random v a r i a b l e s  w i t h  mean ux and 

Z v a r i a n c e  9~.  
To h e l p  d e t e m i n e  when a s a m p l i n g  

v a r i a n c e  e s t i m a t o r  i s  n e a r l y  m o d e l - -  
u n b i a s e d ,  we w i l l  emp loy  t h r e e  s m a l l n e s s  
a s s u m p t i o n s .  These are  l i s t e d  b e l o w :  
At. Zdk;Z(--~ ~x+g+;)c1+gv~O f o r . a l l  k ;  
A2. ( 9 ~ + 9 ~ ) E ~ [ ( Z d k [ v k ~ - 1 1 ) 3 1  O, j > 2 ;  
A3. 9v~ ( g ~ + 9 ~ ) ~ d k  ~ ~0. 

A s s u m p t i b n  A1, a r e w o r d i n g  o f  ou r  
s t a n d a r d  n e a r n e s s  a s s u m p t i o n ,  i s  s u f f i -  
c i e n t  t o  i g n o r e  f i n i t e  p o p u l a t i o n  c o r -  
r e c t i o n .  A s s u m p t i o n  A2 a l l o w s  us t o  
expand r a t i o s  by a T a y l o r  s e r i e s  and 
t h e n  t r u n c a t e  h i 9 h e r  o r d e r  t e r m s .  Nhen 
d1=1 ,  ~ s s u m p t i o n s  A1 and A2 i m p l y  
E~[~b~; g~ ]~O ,  t h e  weaker  n e a r n e s s  
a s s u m p t i o n  p r o m i s e d  l a s t  s e c t i o n .  
A s s u m p t i o n  A3 w i l l  be d r o p p e d  in  Sub-  
s e c t i o n  6 . 2 .  N e v e r t h e l e s s ,  when t h e  
number o f  s t r a t a  i s  l a r g e  and each 
s t r a t u m  s h a r e  i s  r e l a t i v e l y  sma11, t h e  
a s s u m p t i o n  i s  v e r y  r e a s o n a b l e .  

N o t i c e  t h a t  when a l l  t h e  d k a re  
e q u a l ,  A s s u m p t i o n  A3 t r u n c a t e s  t e r m s  o f  
o r d e r  L -~ . Hhen A3 is  d r o p p e d ,  h o w e v e r ,  
A s s u m p t i o n  A2 does n o t  s i m p l y  a l l o w  t h e  
i n c l u s i o n  a l l  L -2  t e r m s  w h i l e  t r u n -  
c a t i n g  h i 9 h e r  o r d e r  t e r m s .  I t  a l s o  
e l i m i n a t e s  e x p r e s s i o n s  l i k e  
Ev[ ( V k ; - 1 )  ] / ~ Z .  

6.1 The Case When A s s u m p t i o n  A3 j j  Y ~ l i d  
Le t  us b e 9 i n  t h i s  s u b s e c t i o n  by 

s h o w i n g  t h a t  t h e  r e l a t i v e  R ¢ i s  n o t  
n e a r l y  u x under  A s s u m p t i o n  A1. W h i l e  
E~,%u ( R t ) = u ~ v . u '  Vat  (R~ )>~dkZg  Z 

_ Tt  a 
v a l u e  p o t e n t i a l l y X ' t ~ %  l a r g e  t o  
i g n o r e .  

On t h e  o t h e r  hand ,  i f  we t a k e  t h e  
e x p e c t a t i o n  and v a r i a n c e  o f  R ¢ w i t h  
r e s p e c t  t o  t h e  x k ,  and v~ ,  o n l y ,  we have 
E~,v (R~)=~dkUxk , w h i l e  
E ~,v [ ( R ~ £ d  u~k ) =1, and 
Ev, v,s [ ( R c - R ~ ) ( R t - [ d k u x k )  ] a re  b o t h  
n e a r l y  ze ro  unde r  A1 and A2. 

One can now emp loy  a l l  t h r e e  assump-  
t i o n s  t o  d e t e r m i n e  t h e  m o d e l - e x p e c t e d  
s a m p l i n g  v a r i a n c e  o f  t h e  comb ined  r a t i o  
e s t i m a t o r =  

EX, v, u V a ~  ( ~ ) ~ d k Z ( l + 9  ~ 1 9 ~ / 2  + 
~dk* ~ ~ / 2  (6 2) gv~ g~ " 

An a r b i t a r y  h a l f  samp le  e s t i m a t o r  i s  
n e a r l y  m o d e l - u n b i a s e d  under  A s s u m p t i o n s  
A 1 - A 3 . ,  The a v e r a g e  o f  o r t h o 9 o n a l l y  b a l -  
anced h a l f  s a m p l e s  p r o d u c e s  a v a r i a n c e  
e s t i m a t o r  w i t h  t h e  l e a s t  model  v a r i a n c e  
among a l l  p o s s i b l e  a v e r a 9 e s  o f  h a l f  

e s t i m a t o r s ~  s ~ m p l ~  . 
V a r o ( R c l . )  ~ d ~ [ v ~  (X~l -~d~u~) - ( 6 . 3 )  

v~ ( x k ~ - ~ d ~ u , k ) ]  ~ 4 ,  
The re  i s  a more d i r e c t  Nay t o  e s t i -  

mate t h e  s a m p l i n g  v a r i a n c e  o f  t h e  com- 
b i n e d  r a t i o  e s t i m a t o r  t h a t  i s  n e a r l y  
m o d e l - u n b i a s e d  unde r  A1-A3 and has as 
l i t t l e  model  v a r i a n c e  as V~r ( . ) .  o 

^¢ e 
R e p l a c e  ~dkUvk in  ( 6 . 3 )  by R c ,  t h e  vk; 

by vk; /u~  k ,  end t h e  dk by 
DkUvk~[  ~D~(v~ l  + v k ~ ) / 2  ]= ^ 
V~r~ (R~I " =(~Dk ~ [Vk, (Xv ,^ -R~)  - ( 6 . 4 )  

v ~ C x ~ - R ~ ) l ~ )  x 
(~Dk[  v~! +v k~/2  ] )  . 

The d i r e c t  v a r i a n c e  e s t i m a t o r  in  
( 6 . 4 )  can be shown t o  be i d e n t i c a l  t o  
what  K r e w s k i  and Rao c a l l  t h e  " l i n e a r -  
i z a t i o n  e s t i m a t o r "  and what  F r a n k e l  
c a l l s  t h e + " ~ a y l o r  s e r i e s  e s t i m a t o r . "  
The near  m o d e l - u n b i a s e d n e s s  o f  t h i s  
e s t i m a t o r  depends v e r y  much on Assump-  
t i o n  A3, as we s h a l l  see in t h e  n e x t  
s u b s e c t i o n .  

6 .2  The G e n e r a l  Case 
In t h i s  s u b s e c t i o n  w e  will abandon 

A s s u m p t i o n  A3 and d i s c o v e r  t h a t  w h i l e  
a r b i t r a r y  h a l f  samp le  e s t i m a t o r s  and 
b a l a n c e d  h a l f  samp le  e s t i m a t o r s  r e m a i n  
n e a r l y  m o d e l - u n b i a s e d  when t h e  s t r a t a  
s h a r e s  a re  e q u a l ,  t h e  d i r e c t  v a r i a n c e  
e s t i m a t o r  in  ( 6 . 4 )  i s  b i a s e d  downward .  

A f t e r  some t e d i o u s  c a l c u l a t i o n s ,  
one can e x p r e s s  t h e  m o d e l - e x p e c t e d  
s a m p l i n g  v a r i a n c e  o f  ~ as 

) - Z d ~ g v : + 3 / 4 ( Z d ~ )  ]X ~ . [ ~d k Y2 ( 1 + 9 ~  9 r e  ~wn 
A l s o  a f t e r  some w o r k ,  i t  can be s 

t h a t  
A 

( (  )+ Zdk+)9~ r~ c ) + - ~ g ~ . .  ( 6 , 5 )  
From ( 6 . 5 )  and A s s u m p t i o n  A1, w e  can 
c o n c l u d e  t h a t  an a r b i t r a r y  h a l f  samp le  
v a r i a n c e  e s t i m a t o r  is  n e a r l y  m o d e l - -  
u n b i a s e d  ( m o d e l - b i a s e d  downward )  i f  a l l  
t h e  s t r a t a  s h a r e s ,  t he  b k,  a re  ( n o t )  
e q u a l .  

Under  A s s u m p t i o n s  A1 -A3 ,  t h e  a v e r a g e  
o f  o r t h o g o n a l l y  b a l a n c e d  h a l f  samp le  
e s t i m a t o r s  m i n i m i z e s  t h e  model  v a r i a n c e .  
When A3 is  d r o p p e d ,  h o w e v e r ,  f u l l  b a l -  
ance p r o d u c e s  an e s t i m a t o r  w i t h  a 
s m a l l e r  model  v a r i a n c e .  A 

I t  r e m a i n s  t o  show t h a t  V a r D ( . )  i s  
n o t  m o d e l - u n b i a s e d .  In  f a c t ,  

E~,~,u v ~ ( ~  ~1- )~ E - ( ~ )  + 

T h i s  s a m p l i n 9  v a r i a n c e  e s t i m a t o r  is  
m o d e l - b i a s e d  downward even when a l l  
t h e  s t r a t a  s h a r e s  a re  e q u a l .  

6 . 3  The K r e w s k i - R a o  R e s u l t  
K r e w s k i  and Rao (1979 and 1981)  

r e s t r i c t  t h e i r  a t t e n t i o n  t o  s i m p l e  r a n -  
dom s a m p l i n g  w i t h  r e p l a c e m e n t .  In  a d d i -  
t i o n ,  t h e y  assume t h a t  t h e  v~; have 
Gamma d i s t r i b u ~ i o ~ s , t a ~ d  t h e  xx ;  have 
v a r i a n c e s  o f  9~+9~Vk; , O~ t~2 .  Conse -  
q u e n t l y ,  t h e  v~; and t h e  xk ;  a re  n o t  
i n d e p e n d e n t  when t ~ 2 .  C o n s t r a s t  t h i s  
w i t h  our  a n a l y s i s ,  in  w h i c h  t he  x~; and 
the  v~;  a re  a l w a y s  assumed to  be i n d e -  
p e n d e n t .  K r e w s k i  and Rao ' s  e x a c t  
r e s u l t s  c o n i c i d e  w i t h  our  a p p r o x i m a t i o n s  

when t h e  x~; have v a r i a n c e s  e q u a l  o n l y ~  z 
to  gx+g~ and t h e  s t r a t a  s h a r e s  a re  a11 
e q u a l .  
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I n  t h i s  p a p e r ,  we made a number  o f  
a s s u m p t i o n s  a b o u t  t h e  xk;  and t h e  vk; in  
o r d e r  t o  s i m p l i f y  t h e  c a l c u l a t i o n s  and 
t h e  t e r m i n o l o g y .  The g r e a t e r  mode!  b i a s  
( o r  m o d e l - e x p e c t e d  s a m p l i n g  b i a s )  and 
i n c r e a s e d  mode l  e f f i c i e n c y  o f  t h e  d i r e c t  
v a r i a n c e  e s t i m a t o r  r e l a t i v e  t o  t h e  f u l l y  
b a l a n c e d  v a r i a n c e  e s t i m a t o r  do n o t  
depend on most  o f  t h e s e  a s s u m p t i o n s ,  
o n l y  on t h e  i n d e p e n d e n c e  o f  t h e  x~; and 
v k ; .  The r e l a t i v e  b i a s  and e f f i c i e n c y  
o f  t h e  two v a r i a n c e  e s t i m a t o r s  a re  n o t  
i n v a r i a n t  u n d e r  K r e w s k i  and R a o ' s  m o d e l ,  
h o w e v e r ,  b e c a u s e  o f  a h y p o t h e s i z e d  d e -  
p e n d e n c y  b e t w e e n  t h e  vR; and x k ; .  T h i s  
r e l a t i o n s h i p  b e t w e e n  t h e  random v a r i -  
a b l e s ,  w h i l e  r e a s o n a b l e  f o r  many a p -  
p l i c a t i o n s ,  i s  i n a p p r o p r i a t e  f o r  t h e  
s t u d y  o f  p r i c e  i n d e x  e s t i m a t o r s .  

7. SUMMARy 
Le t  us r e v i e w  t h e  m a j o r  r e s u l t s  o f  t h i s  
p a p e r :  

1. Under  a p p r o p r i a t e  s u p e r p o p u l a t i o n  
m o d e l s ,  h a l f  samp le  t e c h n i q u e s  p r o d u c e  
n e a r l y  m o d e l - u n b i a s e d  e s t i m a t o r s  o f  t h e  
s a m p l i n g  v a r i a n c e  o f  p r i c e  i n d e x e s ;  
" n e a r l y , "  b e c a u s e  t h e s e  e s t i m a t o r s  a re  
s u b j e c t  t o  f i n i t e  p o p u l a t i o n  c o r r e c t i o n .  

2. The f i n i t e  p o p u l a t i o n  c o r r e c t i o n  
f a c t o r  depends  on t h e  s t i p u l a t i o n s  o f  
t h e  s u p e r p o p u l a t i o n  m o d e l .  Even u n d e r  
t h e  s i m p l e s t  o f  m o d e l s ,  t h e  f a c t o r  i s  
a m b i g u o u s  in  t h e  p r e s e n c e  o f  s u b -  
s a m p l i n g .  When s a m p l e s  a re  d rawn  w i t h  
s u b o p t i m a l  m e a s u r e s  o f  s i z e ,  i t  i s  c o n -  
v e n i e n t  t o  i g n o r e  f i n i t e  p o p u l a t i o n  c o r -  
r e c t i o n  e n t i r e l y .  

3. For  most  p r i c e  r e l a t i v e  ( i n d e x )  
e s t i m a t e s ,  i t  i s  p o s s i b l e  t o  p r o d u c e  a 
model  e f f i c i e n t ,  n e a r l y  m o d e l - u n b i a s e d  
s a m p l i n g  v a r i a n c e  e s t i m a t o r  d i r e c t l y  
w i t h o u t  u s i n g  an o r t h o g o n a l  m a t r i x .  The 
e x c e p t i o n  i s  when t h e  s t r a t u m  e x p e n d i -  
t u r e  s h a r e s  a re  unknown ,  and e i t h e r  t h e  
number o f  s t r a t a  i s  s m a l l  o r  a few  
s t r a t u m  s h a r e s  a re  r e l a t i v e l y  l a r g e  
( i . e . ,  when ~bw a can n o t  be i g n o r e d ) .  

4 .  I f  b a l a n c e d  s a m p l i n g  i s  n e c e s s a r y  t o  
p r o d u c e  a v a r i a n c e  e s t i m a t o r  t h a t  i s  
l e s s  m o d e l - b i a s e d  t h a n  t h e  d i r e c t  e s -  
t i m a t o r ,  t h e n  f u l l  b a l a n c e ,  where  each 
s a m p l e d  u n i t  i s  in  h a l f  o f  t h e  h a l f  
s a m p l e s  i s  more e f f i c i e n t  t h a n  s i m p l e  
o r t h o g o n a l  b a l a n c e .  

5. The f u l l y  b a l a n c e d  h a l f  s a m p l e  v a r i -  
ance e s t i m a t o r  i s  n e a r l y  m o d e l - u n b i a s e d  
f o r  t h e  c o m b i n e d  r a t i o  e s t i m a t o r  when 
t h e  s t r a t a  e x p e n d i t u r e  s h a r e s  a r e  e q u a l ;  
o t h e r w i s e ,  i t  has a t e n d e n c y  t o  be 

m o d e l - b i a s e d  d o w n w a r d ,  b u t  l e s s  so t h a n  
t h e  d i r e c t  h a l f  samp le  v a r i a n c e  e s t i -  
m a t o r .  
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