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I. INTRODUCTION 

In this paper, a new method for producing 
estimates from a multiple frame survey is pre- 
sented. The discussion in this paper is re~ 
stricted to sample designs where a stratified 
simple random sample is selected independently 
from each frame. The estimation technique out- 
lined, however, can be applied to more complex 
sample designs. It is assumed that units select- 
ed in more than one sample can be identified. 

Hartley (1962, 1974) developed an estimation 
technique for multiple frame sample designs. The 
approach suggested in this paper can provide es- 
timators with significantly smaller variances. 
Also, calculation of the weights does not re- 

quire that variances or covariances be estimated 
from the samples as does the Hartley approach. 
Finally, computationally and algebraically 
it is very easy to extend the method in this 
paper to any number of frames. The method of 
Hartley, however, rapidly become more complex as 
the number of frames is increased. 

In Sections 2 and 3, a method is given for 
producing estimates based on two independent 
stratified samples selected from the same frame. 
Then, in the following section it is shown how 
these results can easily be applied to a multi- 
ple frame sample design. Next, the estimators 
for multiple frame sample designs suggested by 
Hartley are discussed. Finally, a numerical 
example is given which indicates that the esti- 
mators developed in this paper may be better than 
those suggested by Hartley. 
2. ESTIMATOR BASED ON TWO STRATIFIED SAMPLES 

SELECTED FROM THE SAME FRAME 

In this section, it is assumed that two 
stratified simple random samples are selected 
independently from the same frame. These will 
be called Sample A and Sample B. The stratifi- 
cation of the two samples can be completely 
different. Let NAg equal the population size of 

stratum g of Sample A. Let nAg equal the sample 

size of stratum g of Sample A. NBh and nBh will 

represent the corresponding quantities for stra- 
tum h of Sample B. The N units in the frame can 
be cross-classified in terms of the strata of 
Sample A and of Sample B. Let Ng h equal the 

population size of the intersection of stratum 
g of Sample A and stratum h of Sample B. This 
intersection will be called cross-stratum gh. 
Also, let ng h represent the number of distinct 

units in cross-stratum gh that fall in at least 
one of the two samples. In addition, let Yghi 

equal the characteristic of interest for the 
i-th unit in cross-stratum gh. Then Ygh = 

N 
gh 

E and Y = Z E Y It is desired to 
i Yghi g h gh" 

estimate Y. The probability of a unit from 
cross-stratum gh being selected in at least one 
of the two samples is 

W -I ) (i - f ) where = gh = I - (I - fAg Bh fAg 

nAg/NAg and fBh = nBh/NBh" An unbiased estima- 

tor of Y is  the Horvitz-Thompson es t ima to r .  

YHT = E N y 
g h gh (2.1) 

where n gh 

= l (2 2) 
Ygh Wgh i yghi" 

The variance of YHT under this samgle design is 

Ngh 2 
- Wgh - I) Z Yghi V(YHT ) = Z Z ~ (Wg h i 

g h Wg h 

W 
- Z 'Z E Z ( _ tg,n, 

W - I) (Wg h -1) Ygh Yg'h'  
g h g' h '  ghg 'h '  

(2.3) 
where 

Wg h = i/ [I- (I- fAg) (I- fBh >] 

fAg = nAg/ (NAg - I) 

fBh = nBh/ (NBh - I) 

Wghg'h' = I/ [I - (I - fAgg, ) (I - fBhh' )] 

fAgg' = 

fag' if g' # g 

fAg if g' = g 

fBh' if h' # h 

and f = 
Bhh' * 

fBh if h' = h. 

These results can easily be extended to t in- 
dependent samples. 

An unbiased estimator of V(YHT) is given by 

v (YHT) 

Wg h (Wg h - I) ngh 2 

= E Y * ...... Y' Yghi 
g h (Wg h + 1 - Wg h) i 

(Wg,h, - (Wg h - I) - - 
- E I E E Wghg'h') Ygh Yg'h' 

g h g' h' Wg h Wghg,h , - W g , h  , (Wg h -1) 
(2.4) 

For sample designs more complex than strati- 
fied simple random sampling, the estimator Y T 
can still be used. The general form of the H 
estimated variance formulae for y (Cochran 

(1977), pp. 261) may have to be a~Tplied, however. 
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3. USE OF AUXILIARY INFORMATION 

Estimators with a smaller variance then YHT 
can be calculated using auxiliary information. 
In this section, the separate, combined and rak- 
ing ratio estimators will be examined. Let x 
equal the value of the auxiliary variable for ghi 
the i-th unit in cross-stratum gh. Also, Xg h 

Ng h n n 
gh gh 

= ~ = ~ x and = E i Xghi' xgh i ghi Ygh . Yghi" 
i 

If Xg h is known, the separate ratio estimator 
- X 

YRs = E E gh 
g h Xgh Ygh (3.1) 

can be used. An approximate variance formula can 

be found by substituting Ughi = Yghi - Rgh Xghi 
Ngh 

for Yghi and Ugh = E Ughi = 0 for Ygh in 

i 
equation (2.3) where Rg h = Ygh/Xgh. 

If X h is not known or some of the cross- 

strata sample sizes ng h are zero or close to 

zero, it may not by possible to use the separate 
ratio estimator. In this case, the combined 
ratio estimator 

A 

x 
YRc - - YHT (3.2) 

XHT 

could be applied with X = ~ E X An approx- 
g h gh" 

imate variance formula can be found by sub- 

stituting Ughi = Yghi - RXghi for Yghi and Ug h = 

N 

E gh for in equation (2 3) where i Ughi Ygh 

R = Y/X. 
In the situation where a separate ratio esti- 

mator cannot be used but X and X are known 
g. .h 

(summations over g and h are denoted by a dot), 
it may be possible to use a raking ratio esti- 
mator to achieve a lower variance than a com- 
bined ratio estimator would give. The raking 
estimation procedure (RREP) is an iterative 
process. The p-th interation raking ratio esti- 
mator of Y will be defined as 

A 

y(P) = ~ Y W (p) 
g h gh Ygh (3.3) 

where if the raking process starts with the 
rows X 

W (p'I) g" if i odd 
w(p) gh x(P-I) p s 

gh = g" (3.4) 

(p-l) X.h 
Wgh x(P_l) if p is even 

.h 

X (p-I) = W (p-I) and W (0) = I/ [ I (I ) 
gh gh Xgh gh - - fAg 

(I - fBh ) ] . 

For p even (using arguments similar to those 
given by Brackstone and Rao (1979)) 

A 

V (ykpJ) ~ V (E E w~P-lJ (Ygh- R x 
f N f N 

)) 
gh .h gh 

g h (3.5) 

Thus V(Y (p)) for even p where R.h = Y.h/X.h. V(Y (p-I)) 
cab be obtained from by substituting 
Ygh - R.h Xgh for Ygh in the latter. Similarly, 

for p odd 

V(Y (p)) ~ V (~ E w(P-I) 
gh (Ygh - R x ) (3 6) 

g h g" gh) 

where R = Y /X . Equations (3.5) and (3.6) 
g. g. g. 

can be applied repeatedly until the linearized 

expression contains the weight W (0) Then the 
- gh " 

variance formula V(YHT) (equation (2.3)) can be 

applied to the linearized data. In Section 6 
this is discussed further. 

In estimating the variance from a sample, con- 
sistent estimators of R and R are used in 

g. .h 
the linearization process. Also, the formula 

for the unbiased estimator of V(YHT) (equation 

(2.4)) is applied rather than the variance form- 

ula of YHT (equation (2.3)). 

Because the RREP is an iterative procedure, it 
is useful to know when it converges and what 
are the characteristics of the estimates to 
which it converges. Ireland and Kullback (1968) 
have studied this question. An extension of a 
result presented in their paper is as follows. 
Assume all ng h > 0. _ Then the RREP converges to 

the set of estimates X which minimizes the 
function gh 

2 E In (X 
) 

g h Xgh gh / )_ (3.7) 

subject to the constraints X = X for all 
- g. g. 

g and X.h = X.h for all h. 

4. APPLICATION OF THE RESULTS 
TO A MULTIPLE FRAME SAMPLE DESIGN 

In a two frame sample design (these will be 
called Frame A and Frame B), usually Frame A 
and Frame B each contains units the other frame 
does not have as well as units in common. In 
Section 2, it was assumed that two independent 
samples were selected from one frame• The 
situation of two independent samples selected 
from two frames can be accommodated by setting 
nAg = 0 for one stratum in Sample A of Section 2. 

This stratum will contain the units in Frame B 
that are not in Frame A. Similarly, for one 
stratum in Sample B, it is possible to set nBh 

= O. This stratum will contain the units in 
Frame A that are not in Frame B. 

It should be noted that if the Horvitz-Thomp- 

son estimator is used then E N ~0~ may not equal 
f N 

h gh 
NAg and E N~0jgh may not equal NBh. This is 

f N 

g 
because the cross-strata sample sizes ng h are 

random variables. For this reason, there are 
potential reductions in variance possible by 

using the ratio estimators YRs and Y(P) of 
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Section 3 with Xg h = Ng h. The reductions in 

variance will be demonstrated in the numerical 
example given in Section 6. 

5. STANDARD EXTIMATORS GIVEN IN THE LITERATURE 

In this section, a brief review will be 
given of the approach suggested in the litera- 
ture for producing estimates based on two in- 
dependent stratified samples selected from 
separate frames• Hartley (1962) suggested 
using the estimator 

T! 
• ~ ~ ~ 

Y = Ya + Yb + p Yab' + (l-p) Yab (5.1) 

where Y is the estimator based on Sample A for a 
the domain of units in Frame A not in Frame B. 

A! 

Similarly, Yab is the estimator based on Sample 

A for the domain of units in both Frame A and 

Frame B. For Ya and Yab' sampled_ units in stra- 

tum g are weighted by NAg/nAg• Yb is an estima- 

tor based on Sample B for the domain of units 
--I! 

in Frame B not in Frame A. Yab estimates the 

same_quantity_,,as Yab but is based on Sample B. 

For Yb and Yab ' sampled units in stratum, h are 

weighted by NBh/nBh. With estimator Y, it is 

assumed that sampled units which belong to both 
frames can be identified. It is also assumed 
that the number of units in the population 
which belong to both frames is not known. Dup- 
licate units which fall in both samples are 
not eliminated. Also p is chosen such that V(Y) 
is minimized• The value of p which achieves this 
is - - , ,  - - ,  

Cov (YB' Yab ) -Cov (Ya, Yab) 
(5.2) 

p = 

V (Yab) + V (Yab) 

Using this value of p, the minimum value of V(Y) 

is - p2 -' 
V (Y) = V (Y) + V (YB) - (V (Yab) + V(Yab)) a 

_ _ _,, (5.3) 

where YB = Yb + Yab" 

If N is known, then another estimator which 
gh 

can be considered is 

. N Ng h 
Y = Z ~ (PAgh gh + P YBgh) s g h nAg h YAgh Bgh nBg h 

(5.4) 
where nAg h equals the number of units selected 

in Sample A that fall in cross-stratum gh and 
YAgh equals the sum for the characteristic of 

interest for the units in Sample A that fall in 
cross-stratum gh. nBg h and YBgh have definitions 

similar to nAg h and YAgh" The sum of PAgh and 

PBgh equals one. V (Ys) is minimized if 

PAgh = DBh / (DAg + DBh) (5.5) 

where DAg = NAg (NAg - nAg)/ [nAg (NAg - I)] and 

DBh = NBh (NBh- nBh)/ [nBh (NBh- I)] . In the 

= 0 then = 0. Also if nBh = case where nAg PAgh ' . 

0 then PBgh = 0. The minimum value of V (Ys) is 

V (Ys) = Z Z Ag ( - i) S~ + D DBh Ng h h/(DAg DBh ) 
g h 

(5.6) 
N 
gh 2 

2 = Z (Yghi - Ygh ) /(Ngh - I) and Ygh = where Sg h i 

Ygh / Ngh. Using the numerical example in Section 

6, the variance of Y will be compared to the 
-- S 

variance of YRs" 

If N is not known or if some of the cross- 
gh 

strata sample sizes nAg h or nBg h are zero or . 

close to zero, it may not be possible to use Y . 
• S 

In that case, an estimator Yd can. be considered• 

It will have the same form as Y given in equation 
(5.1)• The weight NaAg/naAg , however, will 

replace NAg/nAg in the estimator Ya" NaAg i s  

the number of units in stratum Ag that do not 
belong to Frame B. naAg is the corresponding 

sample count• Similarly, the weight NabAg/nabAg 
--! 

will replace NAg/nAg in the estimator Yab where 

NabAg = NAg - NaAg and nabAg = nAg - naAg. 

Similar modifications will be made to the esti- 

mators Yb and Yab" Equation (5.2) gives the 

value of p which minimizes V(Yd). Using the 

numerical example inSection 6, the variance of 

Yd will be compared to the variance of the 
f \ 

raking ratio estimator Y~P#. 

6. AN EXAMPLE 

A simple numerical example constructed from 
artificial data is presented in Table I. In 
this example, both Sample A and Sample B have 
two strata• Units that belong to Frame B but 
not to Frame A are placed in stratum A3 with 
nA3 = 0. Similarly, units that belong to Frame 

A but not to Frame B are placed in stratum B3 
with nB3 = 0. 

Estimators which incorporate the same amount 
of information regarding population counts from 
Table i will be compared. The first group of 
estimators to be considered are those which 
require knowledge of only NAI , NA2 , NBI and NB2. 

The estimators Y, YHT and 20) belong to this 

group ,  y 20) r e p r e s e n t s  t he  t w e n t i e t h  i t e r a t i o n  

r a k i n g  r a t i o  e s t i m a t o r  where  X = NAg and X h g .  • 

= NBh and o n l y  the  f i r s t  two rows and columns of  

Tab le  1 had t he  RREP a p p l i e d •  The w e i g h t s  f o r  

-'y~20) were  c a l c u l a t e d  i t e r a t i v e l y  as f o l l o w s •  
L 
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TABLE i: ARTIFICIAL DATA FOR THE EXAMPLE 

Stratum 1 of Stratum 2 of Units that do not 
Total 

Frame B Frame B Belong to Frame B 

Nil = 87.0 NI2 = 63.0 NI3 = 30.0 NAI = 180.0 

Stratum i 
YII = 430.0 YI2 = 180.0 YI3 = ii0.0 hE Ylh  = 7 2 0 . 0  

of  

Frame A 2 2 2 2 
Z = 2 566.0 l = 635.0 Z Yl3i = 742.0 l = 3 943.0 
i Ylli ' i Yl2i i h,i Ylhi ' 

2 
SII = 

2 2 
5.1 S12 = 1.9 S13 = 11.7 hAl = 18.0 

N21 = 45.0 N22 = 30.0 N23 = 15.0 NA2 - 90.0 

Stratum 2 Y21 = 450.0 Y22 = 170.0 Y23 = i00.0 

of 
2 2 2 

Frame A iZ Y21i = 5,290.0 iZ Y22± = 1,115.0 iZ Y23i = 1,134.0 

Z - 720 0 Y2h - 
h 

2 
hliY2hi. = 7,539.0 

S 2 18 0 2 2 - 18 0 
21 = " $22 = 5.2 $23 = 33.4 nA2 _ . 

N31 = 18.0 N32 = 12.0 N33 = 0.0 NA3 = 30.0 

Units that 

Belong do not to Y31 = 170.0 Y32 = 70.0 Y33 = 0.0 Zh Y3h = 240.0 

Frame A 2 2 2 2 
iZ Y31i = 1,728.0 iZ Y32i -- 449.0 iZ Y33i -- 0.0 h,ZiY3h i = 2,177.0 

S 2 - 7 2 2 2 
31 - " $32 = 3.7 S33 = 0.0 nA3 = 0.0 

Total 

NBI = 150.0 NB2 = 105.0 NB3 = 45.0 N - 300.0 

gl Ygl = 1,050.0 gZ Yg2 = 420.0 gZ Yg3 = 210.0 ZY = I 6800 
g,h gh ' " 

2 2 2 
,ZiYgli - 9,584.0 .ZiYg2i = 2,199.0 .ZiY 

g g g g3i 
- 1,876.0 Z 2 -- 13 659 0 

g,h,iYghi ' • 

nBl = 53.0 nB2 = 21.0 nB3 = 0.0 
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For p odd W (p) = W (p-I) X /X (p-I)- for g = 1 2 
' gh gh g. g. 

and W (p) = W (p-I) for g = 3 For p even 
gh gh " ' 

W (p) = W (p-I) X h/X (p-I)- for h = 1 2 and W (p) = 
gh gh . .h ' gh 

W (p-I) for h = 3 The iterative process is car~ 
gh 

ried out to the twentieth iteration because there 

are significant reductions in the variance of --Y~P) 
z_ 

as a result Table 2 gives the variances (rather 
TABLE 2: VARIANCE OF ESTI~IATORS 

USING DATA FROM TABLE I 

Domain 

All Units in Those Units in 
Population Both Frame A 

and Frame B 

V (Y) 12,089.6 5,274.9 

V (YHT) 12, ,966.3 4 , 8 3 2 . 6  

v 11 ,242 .4  2 ,173 .2  

V (Yd) 9,045.6 3,700.4 

V (y~4)) 7,551.7 2,152.5 

V (Y) 7,663.5 2,318.3 
S 

V (YRs) 7,400.0 2,054.8 

than estimated variances) of the estimators Y, 

YHT and 20) .  The v a r i a n c e  of  Y 20) i s  s m a l l e r  

than  the  v a r i a n c e  of  the  o t h e r  e s t i m a t o r s .  I t  
i s  s i g n i f i c a n t l y  s m a l l e r  when the  e s t i m a t o r s  a r e  
r e s t r i c t e d  to  the  domain common to  b o t h  f r a m e s .  

The second group of estimatorsto be consid- 
ered are those which require knowledge of NabAl , 

NabA2 , NaA 1 and NaA 2 as well as the correspond- 

ing counts for Frame B. Since NA3 = NbB 1 + NbB 2 

and NB3 = NaA 1 + NaA2, these are known as well. 
• 

The estimators Yd and 4)belong to this second 
y~4) 

group, represents a fourth iteration raking 

ratio estimator where Xg. = NAg and X.h = NBh and 

all three rows and columns had the RREP applied. 

The variance of Y~P)did not become much smaller 

after the fourth iteration. Table 2 shows that 

the variance of Y~4)is significantly smaller 

than Yd" 

The fin~l group of estimators to be considered 
are those which require knowledge of the cross- 
strata population counts Ng h. The estimators 

YRs and_ Ys belong to this group. Table 2 shows 

that YRs has a smaller variance than Ys" It 

can be seen as well that -(Y~4)has a smaller vari- 

ance than Y . 
S 

In the  c a l c u l a t i o n  of  V (Y 4 )  and V ( 2 0 ) ) ,  

t he  v a l u e s  of  t he  o b s e r v a t i o n s  were  l i n e a r i z e d  
r e p e a t e d l y .  Then t h e  l i n e a r i z e d  r e s u l t s  were  

A 

substituted into the formula for V (YHT) . This 

was done rather than explicitly deriving the 

formula for V (y~4))-" and V (Y2i20)).-" In general, 

to calculate V (Yk('P)),-- the following operations 

are performed. Define 

Ngh 2 Ngh 2 
(u(t-l) . (t)) - 2 R(h) U (t) 

iZ ghi ) = li ~Ughi . gh 

2 
(R (t)) 

+ Ngh . h 

and 

U (t-l) = U (t) R (t) for h = 1 to k (6 2) 
gh gh - Ngh . h 

if t is even and 

(6.1) 

Ngh 2 Ngh 2 
(u (t-l) . (t)) R(t) (t) Z ) = Z - 2 U 

i ghi i £Ughi g. gh 

2 
(R (t)) 

+ Ng h g. (6.3) 

and 

U (t-l) = U (t) R (t) 
gh gh - Ngh g. for g = 1 to k (6.4) 

(t) 
if t is odd where Ughi = Yghi if t = p, R.h = 

U (t) / N and R (t) = U (t) / N . Equations 
.h .h g. g. g. 

(6.1) to (6.4) are applied iteratively starting 

Ng h r ~ 2 
with t = p until Z (u ~Oj ) and U,0Jr ~ i ghi gh are found. 

Ngh 2 
Then Z and are replaced with 

i Yghi Ygh 

Ngh (u(0))2 (0) 
Z ghi and Ugh in the variance formula for 
i 

V (YHT). The result will be the approximate 

variance of Y(P) . Linearizing the data rather 

than explicitly deriving the formula for V (Yk (p)) 

has the advantage that it is very simple to pro- 

gram. Also, V (Yk p))-" for any p can be calculated. 

7. CONCLUSIONS 

When stratified samples are selected from 
different frames, the raking ratio estimator 
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Y P) offers the potential of variances consider- 

ably lower than those of the estimators suggested 
by Hartley (1962). Also, it is computationally 

-(P) to a sample design based on easy to extend Yk 

any number of frames. The approach of Hartley, 
however, becomes complex as the number of frames 
is increased. 
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