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1. INTRODUCTION. With the usual notation
let a finite population of size N with
labelled individuals i be denoted by
P={i: i=1,...,N}. Let the variate vector
under study be y = (Yl""’yi""’yN)' We want

¢ N
to estimate the population total T(y) = zlyi
or the population mean T(y)/N on the basis of

a sample s, s ¢ P and the observed values

¥yt ies. The sample s 1is drawn from

S = {s: s <P} wusing a probability distribution
on S. This probability distribution say p is

called a sampling design. We assume that the

prior knowledge concerning the population vector
can be formalized as a class C(A) of

distributions & on IRn as follows: For a

given vector a = (al,...,aN)

( (i) Yyreer¥y when distributed as

£ are probabilistically
mutually independent,

(ii) EE(Yi) =a; +Bx,, )

1
Cla) = {&: (iii) eg(yi-ai—ﬁxi)2 =0y, i=1,...,N

(Xllé.
given and 8, Oi, i=1,...,N

where x = ”XN) is

belong to specified (known)
intervals

€.(-) denoting the expectation under the

g

distribution £. Then

c(A) = u C(a).

acA

(1.1)

We shall elaborate on the intervals of £ and

2 .
oy and the set A later. x = (xl,...,xN) in

(1.1) is called the fixed covariate vector.

C(A) in (1.1) would also be called a model.
Clearly the model C(A) is constructed from the
usual regression model by taking into account,
(A) the possible departures from the regression
line, by the introduction of the variable vector
a and (B) the possible variations of variances
of Yy i=1,...,N. The model C(A) was first
studied in detail by Godambe, (1982).

2. MODEL BASED ESTIMATION. If in the sub-
model C{a)} in (1.1) Oiz, i=1,...,N are

specified the least square estimate for the
population total T(y) is given by

~ N
e, = z yi +BEX§ +§ai —éai (2.1)

~  ies
} and | being summations

where X- = Ex.,
s L7
s s s ~

for ie€s and i ¢s respectively; Ba is the
usual least squares estimate for B8 I.e.
B = Ox. (v.-a) /00 /0% /0% . (2.2)
a o b i i i o i’ 71
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It is important to note that the estimate e,

in (2.1} is independent of the sampling design
used to draw the sample s. Obviously the
estimate e, is very sensitive to (i) the

variations of a and (ii) the variations in

2

Oi, i=1,...,N. For a restrictive situation

when a corresponds to polynomial regression
the variation (i) can be dealt with by drawing
a suitably balanced sample, (Royall and Herson,
1973), To deal with a very restrictive
variation in (ii), Scott, Brewer and Ho (1978)
have suggested use of unequal probability
sampling designs. Royall and Pfefferman (1982)
have suggested use of a random sampling design
to draw a sample balanced on unknown factors.

The above suggestions to supplement model
based estimation with randomization to achieve
robustness are interesting. But they are of
very limited practical value and moreover, they
contradict the 'likelihood principle' which is
fundamental for model based estimation (Godambe,
1966, 1982); thus the use of randomization here
is adhoc.

In the above approach the randomization or
sampling design is given a secondary role to that
of the model: the estimate (2.1) is obtained by
considering all linear model-unbiased estimates
of T and then choosing from them one that has
smallest variance relative to the model. Thus
the ‘expectations' or 'averages' here are
exclusively with respect to the model. On the
other hand the Unified Theory (Godambe, 1955,
1982) treats distributions generated by
randomization and those given by the model on an
equal footing to investigate the optimum esti-
mation. This approach, as we shall demonstrate
below, provides in relation to the model c(A)
in (1.1), a logically far more satisfactory and
practically far more widely applicable solution
than those provided by the model-based estimation
with its adhoc supplement of randomization.

It is clear that randomization by itself
provides inferences which are outside the scope
of parametric model-based theory (Xempthorne,
1977, Godambe, 1982a). In conjunction with
parametric models, randomization provides robust
inference, (Godambe, 1982).

3. UNIFIED THEORY ESTIMATION. The optimum
estimation here is defined with respect to the
model C = {&}, £ being a probability distri-

bution on IR and a class of sampling designs
D = {p}. For a sampling design p, the inclusion
probability for the individual i is defined as
ﬂi(p) = z p(s), i = 1,...,N. For brevity we

s31i
suppress p 1in T,(p) and denote it by just
TTi. For all p €D, we assume Tri >0, i=1,...,N;
otherwise the class of estimates B given by

(3.2), will be empty. Further we restrict the

class D to fixed sample size (=n say) designs.
That is, if V(s) denotes the size of the
sample s then [V(s)#n] >I[p(s) =0, p eD]. For



a given sampling design p €D we define a class
of estimates e = e(s, y.: i es), a real function

with arguments s and yi: ies,
B = {e: E e, (e-T) =0, Eec}. (3.1)
P P&

If C is a complete class of distributions
(ignoring sets of measure 0 or restricting to
discrete distributiong) we have

Bp = {e: Ep(e—T) =0, VX}’ (3.2)
{Godambe, 1982). For any fimed design p €D, e,

is said to be an optimum estimator for the
population total T (with respect to the model
C) if € eB_ and
P 2 2
E €,(8 -T)® <E €,(e-T) for all ee€B , & eC.
p p &

p & N B
Further a pair (g,p) of an estimator e and
design p is said to provide optimum estimation
(w.r.t. C and D) iff

Beg, (3-T)2 <E £, (e-T) %, e €8, peD, £ cC. (3.9)

p g P&
In (1.1) the class C(A) is complete if
A= {g} is an N-dimensional interval, Godambe,
1982). Note [EE(e—T) =0, £ ¢C] >[e~T =0, a.e.]

if C is complete; that is here model based
unbiased estimation is non-existent. Surely a
small N-interval A in (1.1) does not constitute
a big departure from the classical regression
model obtained from (1.1) by putting

= = .. = . Y
a; a2 ag (unknown) et for such a

departure model-unbiased estimation does not
exist at all! Nor does model-based estimation
contain a bullt in mechanism which can provide
practically satisfactory and well-defined
approximations to optimum estimation. Such a
mechanism is provided by an appropriate sampling
design within the frame-work of the Unified
Theory:
For any sampling design p €D and any distri-
bution £ e€C(A) 2
No.© N
Ee, (e-m? > ] = Yo, (3.5)
1 1t

p &

=

i
for any estimate e EBP, in (3.2), (Godambe and

Joshi, 1965). Further for any specific a, B
and sampling design p €D, the estimator

yi—ai—lixi N
er = § -1 L 1V(a +8x,) (3.6)
m, i 77
i 1
is in Bp of (3.2) and for the submodel
CB(Q) c C(a) obtained by fixing B in (1.1), e*

attains the lower bound in (3.5). That is,
2 Y9 ¥ 2
* = —_
E¢E (e*-1) gﬁi ;oi » EeCgla), (3.7)

(Godambe, 1982). Thus the estimate e* is
locally i.e. for specified a and B optimum.
Now we try to find an estimate, independent of a
and B, which provides a good approximation (in
the following well defined sense) to e* under
the model C(A). Let & be the estimate obtained
from e* by putting in it a, = 0,i=1,...,N

and B = 0. Then it is easy to see that

e* = & -A (3.8)

where
e TS
A=Y = -Ja, +B(} ~=~)x,),
s™ 1% gy 1t
(3.9)
= -€,T .
Ege Eg , & ECB(Q)
Further,

Ee (a-m° ==f ¢

2 2
ofE o E(e*..rr) +EPA , & ece(g).

(3.10)
It is also easy to see that

5 a, N 5 x, N 9 2
EA<| fE (] Ja) +B /B (] ==-)x)
p Pty {1 PgTy 1t

(3.11)

4. APPLICATIONS. Several important
conclusions, with far reaching practical impli-
cations follow from (3.5)-(3.11). Let us
suppose that the sampling design p employed
to select a sample s has inclusion probabili-
ties Wi, i=1,...,N and is such that with

respect to the given model C(A) in (1.1)
N N
2 2 2
E A /(Eoi /s _§Oi Y, (4.1)

(see (3.8), (3.11)) is sufficiently small. In
this situation the use of the estimate & is
justified, for by (3.8)-(3.1l1), and (4.1), the
expected variance of e and that of the locally
(i.e. or given a and 8) optimum estimate e*
differ very little; so do the two estimates &
and e* themselves differ a little on most
probable samples s. Note here the model-based
estimate e, in (2.1) cannot Ee computed

because of the dependence of B in (2.2) on
Oiz, i=1,...,8 and g which are not

specified. Can the model-based approach suggest
some well defined approximation here?

A more realistic situation is obtained when
the model (1.1) is a small departure from the
usual regression model obtained by putting in

(1.1), a; =a, = ... =a, (unknown) . Here for

given inc¢lusion probabilities ﬂi, i=1,...,N
2
reduce the value of EPA in (4.1), we should

choose a sampling design p €D which provides
with large probability samples s for which
simultaneously

N
]in/ﬂi —gxi| and IZl/ﬂi —Nl are very small.

(4.2)
One way of achieving the balancing in (4.2) is
to choose from D a sampling design which, for
given "i' i=1,...,N, consists of stratified

sampling with strata as homogeneous as possible
in xi and ﬂi simultaneously. Then use the

estimate e.
For, let the population P be divided into
strata, Pj’ i=1,...,k, P=u,P. and

J 3]
sj =5 N Pj then in (4.2) sti/ﬂi = giiji/ﬂi.



Further because of the homogeneous stratification
. o . T
in x, and Moo zs,xi/ﬁi nj(sjl ZP_Xi/zP, i

J J J
denoting size of Sj'

n, (s) But stratified
J

sampling implies fixed size sample from each
stratum that is n, (s ) =n, = §P .. Hence in
] J 5 i
(4.2) Ex /s ~Zx Similarly Zl/wi =N,
s
Finally we dlscuss the factors that should
govern the choice of the inclusion probabilities

ﬂi, i=1,...,N. From (3.7) and (3.11) it
follows that if in the model (1.1), B is con=-
siderably larger than Ui and ai‘ we might
N 5 N 5
ignore the factors 26. /m —ZG. and
i i
1 1
N
2 . R
E (Ja, /7, -Ya,)" and just minimize
pgi i 7
N 2
E_(Jx, /7, -¥%.)%; the minimum value namely O is
p it i
achieved by T, «x, i.e. T, = nx./Xx.. On the
i i i 757
2
other hand if Oi , 1i=1,...,N are much larger

than B and lail then (even if their values

are only approximately known) we should have
Further with

N
T, *¢g, i.e. T, = nd,/}0.,.
i 1/z i

i mOi we should choose a stratified random
sampling design with as sharp as stratification
in xi/ﬂi as is possible, if |ai are ignor-
If 0,2
i

ably small. are unknown but are known

to be very large, applying some kind of mint-
Y 2 R
maxity argument* to the factor )0, °/m. -)0,
ll lll
in (3.7) and (3.10), we may choose ﬂi,

i=1,...,N all equal to n/N. Then again use
stratified random sampling with as sharp a

stratification in xi/"fTi i.e. x, as is
possible. In any case the estimate is e. If
2

o, i=1,...,N

above we choose a design p €D with

are known then as indicated

admitting stratified sampling with

la, |
are ignorably small. If such a sharp stratifi-
cation is unavailable but a plausible value of

™= noi/EOi

a sharp stratification in xi/Gi, assuming

B say BO is available then we may improve on
the estimate e by
N
o]
=§‘ yBx
e S +ezx
s

A minimaxity argument similar to one
mentioned before also suggests that in a
commonly occurring practical situation when one
is required to estimate from the same sample s,
population totals of many variates satisfying

28

different regression models with different co-
variates, one should employ a design with all
inclusion probabilities ﬂi =n/N, i=1,...,N,

involving a sharp stratification on all the
covariates.

5, GENERAL REMARKS. One important dis-
tinction between the Unified Theory approach and
the model~based approach brought out by the
above analysis is this: In the former one tries
to_eliminate the nuisance parameters like B,

0.% 2 while in the latter one tries to esti-

mate them. Evidently the 'elimination' pro-
cedure is more widely applicable than the
'‘estimation' procedure; no model based esti-

2

mates of Gi or a are at all available

excepting under a restrictive assumption that

2
all Gi (i=1,...,N) are equal and so are

all ai.

It should be clear from the forgoing dis-
cussion that the estimation based on the
Unified Theory is available for many situations
(broader models) for which model based esti-
mation (even with its supplement of randomiza-
tion) has no solutions. Further the robust
estimation provided by the unified theory has
two components: (i), The sampling design for
which in (3.10), EpA is small produces,

because of (3.8), more often samples on which
the estimates e* and & agree. Thus

criterion robustness is achieved. (ii) The

small value of EPAZ, by (3.10) implies that
2
EEP(e T)
much. Hence efficiency robustness. A
definition of robustness can be satisfactory
only if it is satisfied in relation to both
criterion and efficiency (Box and Tao, 1962).

2
€ and EEEP(e*—T) do not differ
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*Theorem. Let (m (P),...,m,(P),...,T (P))
1 i N

be a permutation P of a fixed vector
T = (ﬂl,...,ﬂi,...,ﬁN). Further let

¥ o 2
M(m) = maxPZOi /m; (B),0,
1
N
subject to Zﬂ. = n Min M(T) =
;i T

being fixed. Then

¥ 2
(N/n)ZOi
1
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